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Abstract

In this paper, we establish the global existence of smooth solutions to the 2-dimensional (2D) com-
pressible isentropic irrotational Euler equations for Chaplygin gases with the short pulse initial data
introduced by Christodoulou. This is related to the Majda’s conjecture on the non-formation of shock
waves of solutions from smooth initial data for multi-dimensional nonlinear symmetric systems which
are totally linearly degenerate. The main ingredients of our analysis consist of showing the positivity of
the inverse foliation density near the outermost conic surface for all time and solving a global Goursat
problem inside the outermost cone. To overcome the difficulties due to the slower time decay rate of the
solutions to the 2D wave equation and the largeness of the solution, we introduce some new auxiliary
energies. It is noted that the methods and results in the paper can be extended to general 2D quasilinear
wave equations satisfying corresponding null conditions for short pulse initial data.
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1 Introduction

1.1 The formulation of the problem and main results

The 2-dimensional (2D) compressible isentropic Euler equations for Chaplygin gases are{
∂tρ+ div(ρv) = 0,

∂t(ρv) + div(ρv ⊗ v) +∇p = 0,
(1.1)

which express the conservations of the mass and momentum respectively. Where ∇ = (∂1, ∂2) =
(∂x1 , ∂x2), (t, x) ∈ R+ ×R2, v = (v1, v2), ρ, p stand for the velocity, density, pressure respectively, and
the equation of state is given by

p(ρ) = P0 −
B

ρ
(1.2)

with P0 and B being positive constants.
Away from vacuum, i.e., ρ > 0, the system can be symmetrized as

A0∂tV +A1∂1V +A2V = 0 (1.3)

with

V =

v1v2
p

 , A0 =

ρ 0 0
0 ρ 0
0 0 ρ

B

 , A1 =

ρv1 0 1
0 ρv1 0
1 0 ρv1

B

 , A2 =

ρv2 0 0
0 ρv2 1
0 1 ρv2

B

 . (1.4)

For any ω = (ω1, ω2) ∈ S1, A−1
0 (ω1A1 + ω2A2) has three real distinct eigenvalues

λ1(V, ω) = ω1v1 + ω2v2 − c(ρ), λ2(V, ω) = ω1v1 + ω2v2, λ3(V, ω) = ω1v1 + ω2v2 + c(ρ),
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with the corresponding right eigenvectors r1(V, ω) = (ω1, ω2,−ρc(ρ))T , r2(V, ω) = (−ω2, ω1, 0)T ,
r3(V, ω) = (ω1, ω2, ρc(ρ))T respectively, where c(ρ) =

√
p′(ρ) =

√
B
ρ is the local sound speed. It is

then easy to verify that for any ω ∈ S1,

∇V λi(V, ω) · ri(V, ω) ≡ 0, i = 1, 2, 3. (1.5)

Thus the 2D compressible isentropic Euler system for Chaplygin gases is the prototype example of
multidimensional quasilinear symmetric hyperbolic systems with totally linearly degenerate structures.
Our main concern is the global in time smooth solutions to such a system for general smooth initial data,
in particular, the non-formation of shock waves for smooth solutions in finite time. This is closely related
to the following conjecture formulated clearly by Majda in [31]:

Conjecture. For any given n-dimensional nonlinear symmetric hyperbolic system with totally linear-
ly degenerate structures, a smooth solution, say in C([0, T ],Hs

ul(Rn)) ∩ C1([0, T ],Hs−1
ul (Rn)), T > 0,

s > n
2 +1, will exist globally in time in general when the solution runs out of the domain of definition of

the Cauchy problem in finite time. In particular, the shock wave formation does not occur in general for
any smooth initial data.

As pointed out in [31] by Majda, such a conjecture is plausible physically and its resolution would
both elucidate the nonlinear nature of the condition requiring linear degeneracy of each characteristic
field and may isolate the fashion in which the shock wave formation arises in quasilinear hyperbolic
systems. However, although some important progress have been achieved in the case n = 1 [24, 27, 28],
yet this conjecture has been far from being solved in multi-dimensions, even for small data except the
special cases [8, 16, 18, 19]. In this paper, we will resolve this conjecture for the physically important
system in 2D, (1.1), for a class of irrotational “short pulse” initial data.

Thus we supplement (1.1) with the irrotational initial data(
ρ, v)(0, · ) = (ρ̄+ ρ0( · ), v0( · )

)
= (ρ̄+ ρ0( · ), v01( · ), v02( · )

)
such that ρ̄ + ρ0(x) > 0 and rot v0(x) = ∂2v

0
1 − ∂1v

0
2 ≡ 0 with ρ̄ being a positive constant which can

be normalized so that c(ρ̄) = 1. Then the irrotationality, rot v(t, · ) = (∂2v1 − ∂1v2)(t, )̇ ≡ 0, holds true
as long as the solution remains smooth. Hence there exists a potential function ϕ such that v = ∇ϕ, and
the Bernoulli’s law, ∂tϕ+ 1

2 |∇ϕ|
2+h(ρ) = 0, holds with the enthalpy h(ρ) satisfying h′(ρ) = c2(ρ)

ρ and
h(ρ̄) = 0. Therefore, for smooth irrotational flows, (1.1) is equivalent to

2∑
α,β=0

gαβ(∂ϕ)∂2αβϕ ≡− ∂2t ϕ+△ϕ− 2
2∑

i=1

∂iϕ∂t∂iϕ+ 2∂tϕ△ϕ

−
2∑

i,j=1

∂iϕ∂jϕ∂
2
ijϕ+ |∇ϕ|2△ϕ = 0

(1.6)

with x0 = t, ∂0 = ∂t, ∂ = (∂0, ∂1, ∂2) and ∆ = ∂21 + ∂22 . We will study the global smooth solution to
equation (1.6) with the initial data of the “short pulse” form as

(ϕ, ∂tϕ)|t=1 = (δ2−ε0/2ϕ0, δ
1−ε0/2ϕ1)(

r − 1

δ
, ω), (1.7)

where r = |x| =
√
x21 + x22, ω = x

r ∈ S1, ε0 ∈ (0, 18 ], (ϕ0, ϕ1)(s, ω) are any fixed smooth functions
with compact supports in (−1, 0) for the variable s. Furthermore, it is required that

(∂t + ∂r)
lϕ|t=1 = O(δ2−lε0/2), l = 1, 2, (1.8)
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and

(∂t + ∂r)
k /∇j

∂iϕ|t=1 = O(δ2−ε0−i), 0 ≤ k ≤ 2, (1.9)

where /∇ stands for the derivative on S1. Note that although the short pulse initial data (ϕ, ∂tϕ)|t=1 in
(1.7) do not have the uniform boundedness (smallness) inH

11
4
+(R2)×H

7
4
+(R2) -norm (independent of

δ) required for the well-posedness of regular solutions for 2D quasilinear wave equations in [1–3,21,35]
(see Remarks 1.1-1.3), yet the conditions (1.7)-(1.9) imply the hyperbolicity of the equation (1.6) and
the suitably stronger smallness of the directional derivatives ∂t + ∂r of ϕ up to the second order. This is
essential for our global existence of smooth solutions to the Cauchy problem (1.6)-(1.7).

The main result of this paper is stated as follows:

Theorem 1.1. Assume that (1.8)-(1.9) hold. Then there exists a suitably small positive constant δ0
such that for all δ ∈ (0, δ0], the Cauchy problem, (1.6)-(1.7), admits a global smooth solution ϕ ∈
C∞([1,+∞)× R2). Furthermore, it holds that for all time t ≥ 1,

|∇ϕ(t, x)| ≤ Cδ1−ε0t−1/2, x ∈ R2, (1.10)

where C > 0 is a constant independent of δ and ε0.

Some comments on the main result and a brief review of some closely related literature are given in
the following remarks.

Remark 1.1. The initial data of form (1.9) are essentially the “short pulse data” first introduced by D.
Christodoulou in [5], where it is shown that the formation of black holes in vacuum spacetime is due
to the condensation of the gravitational waves for the 3D Einstein equations in general relativity (see
also [23]). Note that properties (1.8)-(1.9) hold true for given smooth function ϕ0 and the choice of
ϕ1(

r−1
δ , ω) = −∂sϕ0( r−1

δ , ω) − δ
2ϕ0(

r−1
δ , ω). In addition, a large class of short pulse initial data with

the properties (1.7)-(1.9) can be found for general second order quasilinear wave equations (see [12]).
Roughly speaking, the “short pulse data” can be regarded as some suitable extensions of a class of
“large” symmetric data, for which the smallness restrictions are imposed on angular directions and a-
long the “good” direction tangent to outgoing light cone {t = r}, but the largeness is kept at least for
the second order “bad” directional derivatives ∂t − ∂r. This provides a powerful framework to study
effectively the blowup or the global existence of smooth solutions to the multi-dimensional hyperbolic
systems or the second order quasilinear wave equations with short pulse data by virtue of the corre-
sponding knowledge from the 1D cases, see [5, 6, 11–13, 17, 23, 29, 30, 32, 33, 36, 37] and the references
therein. It is noted that for short pulse data (1.7) and sufficiently small δ > 0, although both ||ϕ||L∞ and
||∂ϕ||L∞ are small at t = 1, yet the initial data are still regarded as “large” in the sense that |∂2ϕ| may
be large, and in fact,

||ϕ(1, · )||Hs(R2) = O(δ
5−ε0

2
−s) → +∞ as δ → 0+ for s ≥ 11

4
. (1.11)

Remark 1.2. Theorem 1.1 implies in particular the uniform (independent of δ) local in time well-
posedness for the Cauchy problem (1.6)-(1.7), which does not follow from the known results [21,22,35].
Indeed, for the Cauchy problem of general 2D quasilinear wave equation with smooth coefficients,

2∑
α,β=0

gαβ(w, ∂w)∂2αβw = 0,

(w(1, x), ∂tw(1, x)) = (w0(x), w1(x)) ∈ (Hs(R2),Hs−1(R2)),

(1.12)

the local in time well-posedness of solution w ∈ C([1, T ],Hs(R2))∩C1([1, T ], Hs−1(R2)) with s > 11
4

has been established in [35]. However, such a theory cannot be applied to (1.6)-(1.7) to yield the local
well-posedness of smooth solution with time interval independent of δ due to (1.11).
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Remark 1.3. Consider the second order quasilinear wave equations of the form

2∑
α,β=0

gαβ(∂w)∂2αβw = 0 (1.13)

with gαβ(∂w) being smooth such that for small |∂w|,

gαβ(∂w) =cαβ0 +

2∑
γ1=0

cαβ,γ1∂γ1w +

2∑
γ1,γ2=0

cαβ,γ1γ2∂γ1w∂γ2w +

2∑
γ1,γ2,γ3=0

cαβ,γ1γ2γ3∂γ1w∂γ2w∂γ3w

+ · · · +
2∑

γ1,γ2,...,γk=0

cαβ,γ1γ2...γk∂γ1w∂γ2w · · · ∂γkw +O(|∂w|k+1),

where k ≥ 2,
2∑

α,β=0

cαβ0 ∂2αβ = � = −∂2t +∆, and cαβ,γ1 , cαβ,γ1γ2 , ..., cαβ,γ1γ2...γk are constants. Then

the l-th null condition (l ≤ k) is defined to be

2∑
α,β,γ1,...,γl=0

cαβ,γ1···γlωαωβωγ1 · · ·ωγl = 0 for ω0 = −1, (ω1, ω2) ∈ S1. (1.14)

If one supplements (1.13) with small data, i.e.,

(w, ∂tw)(1, x) = ε(w0, w1)(x) (1.15)

with (w0, w1) ∈ C∞
0 (R2) and ε > 0 being sufficiently small, then the global well-posedness of the

solution to (1.13) and (1.15) has been studied extensively and it is known that the small data solution
exists globally if both the first and second null conditions hold, while it blows up in general if otherwise,
see [1–3]. However, such a theory does not apply to the Cauchy problem (1.6)-(1.7) since though both
the first and second null conditions are satisfied for (1.6), yet the smallness condition (1.15) can not
be true by the short pulse data (1.7) due to (1.11). It should be noted that recently in [13], we have
considered the global well-posedness problem for (1.13) with short pulse data of the form

(w, ∂tw)(1, x) = (δ2−ε0ϕ0, δ
1−ε0ϕ1)(

r − 1

δ
, ω), (1.16)

where ϕ0(s, ω) and ϕ1(s, ω) are smooth functions supported in (−1, 0) for the variable s, and shown
that there exists an optimal constant ε∗k ∈ (0, 1), (ε∗k → 1+ as k → ∞), such that the smooth solution
to (1.13) and (1.16) exists globally for ε0 ∈ (0, ε∗k) if the k-th null condition and all cαβ,γ1 = cαβ,γ1γ2 =
... = cαβ,γ1γ2...γk−1 = 0 hold, and blows up in finite time if the k-th order null condition fails and
ε0 ∈ [ε∗k, 1).

Remark 1.4. Theorem 1.1 implies that Majda’s conjecture is solved for the 2D compressible Euler
system for Chaplygin gases, (1.1) with small and irrotational data. Yet such a conjecture is still open
for general small data of the form (ρ, v)(0, x) = (ρ̄ + ερ0(x), εv0(x)) with ε > 0 being small without
the irrotationality assumption unless some symmetries are assumed, see [8,16,18,19] and the references
therein.

Remark 1.5. In [11], we have also established the global existence of smooth solutions for the 3D
compressible isentropic Euler equations with irrotational and short pulse initial data of the form (1.7)-
(1.9). Compared with the analysis for 3D in [11], due to the slower time-decay rate of the solutions in
2D, more involved and technical analysis is needed in this paper.
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Remark 1.6. Note that for the short pulse data (1.7) satisfying (1.8)-(1.9), it holds that |∇ϕ| is small
for small δ > 0, which is necessary to ensure the hyperbolicity of (1.6). This is in contrast to the case
in [32], where the global smooth solution φ = (φ1, · · · , φN ) has been established for the following 3D
semi-linear wave system

�φi = Qi(∇φ,∇φ), i = 1, · · · , N (1.17)

with some short pulse data, where Qi(∇φ,∇φ) are quadratic forms in ∇φ and satisfy the first null
condition. In [32], the short pulse data for (1.17) are required to satisfy, instead of (1.9),

|(∂t + ∂r)
k /∇l

∂mφ|t=1 . δ1/2−m, ∀k ≤ N0 (1.18)

for some sufficiently large N0, where /∇ stands for any derivative on S2. Note that though (1.18) imposes
no restriction on the size of ∇φ since the semi-linear wave equation (1.17) is always hyperbolic with
respect to the time, yet N0 is required to be sufficiently large. It should be emphasized that one cannot
require (1.9) holds for large k since it follows from (1.7) and (1.6) that ∂qt,xϕ|t=1 = O(δ2−ε0/2−|q|) hold
such that (1.9) seems to be over-determined for k ≥ 3. Furthermore, our energies for (1.6) are different
from the ones in [32].

Remark 1.7. We have generalized the main ideas and techniques in this paper to study the Cauchy
problem for general 4D quasilinear wave equations of the form

4∑
α,β=0

gαβ(w, ∂w)∂2αβw = 0 (1.19)

with short pulse initial data (1.16), where (1.19) satisfies the first null condition, and ϕ0(s, ω) and
ϕ1(s, ω) are smooth functions on R × S3 with compact support in (−1, 0) for the variable s satisfy-
ing

(∂t + ∂r)
kΩl∂qw|t=1 = O(δ2−ε0−|q|) for 0 ≤ k ≤ 3, Ω ∈ {xi∂j − xj∂i, 1 ≤ i < j ≤ 4}.

We have shown in [12] that there exists an optimal constant ε∗ ∈ (0, 1) such that for ε0 ∈ (0, ε∗), such
a problem has a global smooth solution.

Remark 1.8. There have been many very interesting recent works on global well-posedness or finite
blowup of smooth solutions to various nonlinear multi-dimensional wave equations with some short
pulse initial data. In particular, in [33], Miao and Yu studied the following 3D problem − (1 + 3G′′(0)(∂tϕ)

2)∂2t ϕ+∆ϕ = 0,

(ϕ, ∂tϕ)(−2, x) = (δ3/2ϕ0, δ
1/2ϕ1)(

r − 2

δ
, ω),

(1.20)

where G′′(0) is a non-zero constant, ω ∈ S2, δ > 0 is suitably small, and ϕ0(s, ω) and ϕ1(s, ω) are
given smooth functions supported in (0, 1] with respect to s, and proved the shock formation before time
t = −1 due to the genuinely nonlinear structure in the equation (1.20) which leads to the compression
of incoming characteristic conic surfaces. This is one of main motivations of our works. Moreover,
some systematic results along this line have been obtained in [11, 14, 29] for general quasilinear wave
equations of the form

∑3
α,β=0 g

αβ(∂w)∂2αβw = 0 with short pulse initial data (1.16) (for 0 < ε0 < 1).

Remark 1.9. Note that for the short pulse data (1.7), the corresponding initial data (ρ, v) for (1.1) are
small perturbations of the non-vacuum uniform state (ρ̄, 0). For general large initial data, one cannot
expect the global existence of smooth solution to (1.1) in general. Indeed, even in 1D case, such a global
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existence of smooth solution fails for general large data as shown by the following example. Consider
the following Cauchy problem of the 1D compressible isentropic Euler equation for Chaplygin gases

∂tρ+ ∂x(ρv) = 0

∂t(ρv) + ∂x(ρv
2 + p(ρ)) = 0

(ρ, v)(0, x) =
(
1, v0(x)

) (1.21)

where p(ρ) = 2− 1
ρ , v0(x) ∈ C∞

0 (−1, 1) and v0(x) ̸≡ 0. In terms of Lagrange coordinate (s,m):

s = t, m =

∫ x

η(t,0)
ρ(t, y)dy,

where η(t, y) is the particular path through y, (1.21) becomes
∂sρ+ ρ2∂mv = 0,

∂sv + ∂mp(ρ) = 0,

ρ(0,m) = 1, v(0,m) = v0(m).

Then the special volume V = 1
ρ solves the following problem{

�V = (∂2s − ∂2m)V = 0,

(V, ∂sV )(0,m) = (1, v′0(m)),

whose unique solution is

V (s,m) = 1 +
1

2

(
v0(m+ s)− v0(m− s)

)
. (1.22)

It follows from (1.22) that one can choose v0 such that v0(m2) − v0(m1) = −2 for m1,m2 ∈ (−1, 1)
with m1 < 0 < m2. Hence for such initial data, there exists a s∗ ≤ m2−m1

2 such that

0 < V (s,m), s < s∗,minV (s∗,m) = 0,

which implies max ρ(s,m) → ∞ as s → s∗−, so concentration occurs at s∗. Note that even for such
an example, the Majda’s conjecture still holds true since the singularity is the density concentration,
not formation of shocks. For more results on finite time blow up of smooth solutions to n-dimensional
quasilinear wave equations with general large data (not the short pulse data), we refer to [34] and the
references therein.

Remark 1.10. Finally, we make some brief comments on the analysis of the proof of Theorem 1.1, the
details are given in the next subsection. Our analysis is strongly motivated by the geometric approach
initiated by D. Christodoulou in order to study the formation of shocks for multi-dimensional hyperbolic
systems and the second order wave equations with the genuinely nonlinear conditions, see also [6, 17,
30, 33, 36, 37]. In the seminal work [4], Christodoulou introduced the “inverse foliation density” µ to
measure the compression of the outgoing characteristic surfaces, and proved the finite time formation
of shocks for 3D relativistic Euler equations with small initial data by developing a geometric approach
which has been applied and refined to study shock formation for other important problems, see [4–6,17,
29,33,36,37], where the key is to show that µ is positive away from the shock and approaches 0+ near the
blowup curve in finite time based on the genuinely nonlinear conditions. In this paper, the characteristic
fields for Chaplygin gases are linearly degenerate, so it is possible to exclude the possibility of finite time
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collapse of the outgoing characteristic surfaces. Then as in [4,5,33,36], we may choose a similar inverse
foliation density µ on a domain,A2δ = {(t, x) : t ≥ 1+2δ, 0 ≤ t−r ≤ 2δ}, near the outermost outgoing
conic surface C0 = {t = r}. The first main step is to show that there exists a positive constant C such
that µ ≥ C > 0 on A2δ for all time, which can be established simultaneously with suitable apriori
time-decay estimate on the solution ϕ to (1.6) on A2δ. To this end and to overcome the difficulties due to
the slow time decay rates of solutions to th 2D wave equation, we introduce some new auxiliary energies
and take full advantages that the equation (1.6) is totally linearly degenerate and satisfies both the first
and second null conditions, which are rather different from the analysis in [4, 31]. Then we can obtain
the global smooth solution ϕ of (1.6) with suitable time-decay in A2δ. The second main step to prove
Theorem 1.1 is to solve a Goursat problem for (1.6) in the domain B2δ = {(t, x) : t ≥ 1+ δ, t−r ≥ 2δ}
inside the outermost outgoing cone {r ≤ t}. To this end, we first derive some delicate estimates on
C̃2δ = {(t, x) : t ≥ 1 + 2δ, t− r = 2δ} which is the lateral boundary of B2δ (see the end of Section 10
for details). Then we can establish the global weighted energies of ϕ in B2δ by making use of both the
first and second null conditions satisfied by (1.6). It should be noted that (1.7) is the short pulse data, it
seems difficult to adopt the ideas in [8, 32] where the data are small. Finally, Theorem 1.1 follows from
these two main steps.

1.2 Sketch for the proof of Theorem 1.1

Since the proof of Theorem 1.1 is rather lengthy, for convenience of the reader, we will outline the main
steps and ideas of the analysis in this subsection. Recall some notations in Remark 1.10: C0 = {(t, x) :
t ≥ 1+ 2δ, t = r} is the outermost outgoing conic surface; A2δ = {(t, x) : t ≥ 1+ 2δ, 0 ≤ t− r ≤ 2δ}
is a domain containing C0; and B2δ = {(t, x) : t ≥ 1 + δ, t− r ≥ 2δ} is a conic domain inside C0 with
the lateral boundary given by C̃2δ = {(t, x) : t ≥ 1 + 2δ, t − r = 2δ}. Then the proof of Theorem 1.1
consists of three parts: the local existence of solution ϕ for t ∈ [1, 1 + 2δ], the global existence of the
solution in A2δ, and the global existence in B2δ. The main ideas are sketched as follows.

1.2.1 Local existence of the solution for t ∈ [1, 1 + 2δ]

At first, by the energy method and the special structure of equation (1.6), one can obtain the local exis-
tence of the smooth solution ϕ to (1.6) with (1.7)-(1.9) for t ∈ [1, 1 + 2δ]. Furthermore, following basic
estimates on ϕ(1 + 2δ, x) can be derived:

|La∂αΩκϕ(1 + 2δ, x)| . δ2−|α|−ε0 for r ∈ [1− 2δ, 1 + 2δ], (1.23)

|La∂αΩκϕ(1 + 2δ, x)| . δ2−|α|−ε0 for r ∈ [1− 3δ, 1 + δ], (1.24)

where a ∈ N0 can be chosen as large as needed, α ∈ N3
0, κ ∈ N0, L = ∂t + ∂r, L = ∂t − ∂r, and

Ω = x1∂2 − x2∂1. Note that (1.23) and (1.24) yield some better smallness property of ϕ along certain
directional derivatives L or L in different space domains than that on the whole hypersurface {(t, x) :
t = 1+2δ} (i.e., |La∂αΩκϕ(1+2δ, x)| . δ4−|a|−|α|−ε0 and |La∂αΩκϕ(1+2δ, x)| . δ2−|a|−|α|−ε0 can
be obtained for x ∈ R2 and a ≥ 2). Based on these crucial estimates together with the totally linearly
degenerate structure of (1.6), we can obtain the desired delicate estimates of ϕ near C0, which is one of
the key points for proving the global existence of ϕ in A2δ.

1.2.2 Global existence of the solution in A2δ

Motivated by the strategy of D. Christodoulou in [4], we start to construct the solution ϕ of (1.6) in
A2δ. Note that although the main results in [4] concern the finite time blowup of smooth solutions to the
3-D compressible Euler equations, which seem to be different from our goal to establish global smooth
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solution to (1.6)-(1.7), yet we can still make full use of the idea in [4] to verify whether the outgoing
characteristic surfaces collapse since the intersection of characteristic surfaces will lead to the formation
of singularities of smooth solutions and further correspond to the formation of shock waves, as indicated
in other studies for global existence of smooth solutions to the compressible Euler equation [7, 38–41].
In this process, one of the key elements is to derive the suitable time-decay rates of the solution ϕ in
A2δ under some suitable coordinate transformation. Due to the slower time-decay rate of solutions to
the 2-D wave equation, we need to introduce some new auxiliary energies and carry out some delicate
analysis on the related nonlinear forms by utilizing the distinguished characters of the resulting new 2-D
quasilinear wave equations satisfying the first and second null conditions as well as the totally linearly
degenerate condition. This is rather different from those in [4] and [36] for the 3D small data solution
problem with the genuinely nonlinear condition.

As in [4] or [36], for a given smooth solution ϕ to (1.6), one can study the related eikonal equation
2∑

α,β=0

gαβ(∂ϕ)∂αu∂βu = 0 with the initial data u(1 + 2δ, x) = 1 + 2δ − r. Then the inverse foliation

density µ = −(
∑2

α,β=0 g
αβ∂αu∂βt)

−1 can be defined. Under the suitable bootstrap assumptions on
∂ϕ (see (⋆) in Section 4) and with the help of the totally linearly degeneracy of (1.6), then µ satisfies

L̊µ = O(δ1−ε0t−3/2µ), where L̊ = −µ
2∑

α,β=0

gαβ∂αu∂β is a vector field approximating ∂t + ∂r. Thus

µ ∼ 1 can be derived. The positivity of µ means that the outgoing characteristic conic surfaces never
intersect as long as the smooth solution ϕ exists. Set φ = (φ0, φ1, φ2) := ∂ϕ = (∂0ϕ, ∂1ϕ, ∂2ϕ). Then
it follows from (1.6) that

µ�gφγ = Fγ(φ, ∂φ), γ = 0, 1, 2, (1.25)

where g = gαβ(φ)dx
αdxβ is the Lorentzian metric, (gαβ(φ)) is the inverse matrix of (gαβ(φ)), �g =

1√
|det g|

2∑
α,β=0

∂α(
√

| det g|gαβ∂β), and Fγ are smooth functions in their arguments. To study the quasi-

linear wave system (1.25), we first focus on its linearization

µ�gΨ = Φ. (1.26)

Note that the function µ never goes to 0 in the paper, which means that the defined energies and the
fluxes of Ψ (see (6.20)-(6.23) in Section 6) do not contain the degenerate factors. As in [12], it is crucial
to derive the global time-decay rate of Ψ since Ψ = Ψk = Zkφ will be chosen in (1.26), here Z
stands for one of some first order vector fields. In this case, by computing the commutator [µ�g, Z

k],
there will appear the quantities containing the (k + 2)-th order derivatives of φ in the expression Φ of
(1.26). For examples, /∇Zk−1λ and /∇2

Zk−1µ will occur in Φ, where λ = g(DX L̊,X) is the second
fundamental form of Ss,u with D being the Levi-Civita connection of g and X = ∂

∂ϑ (ϑ is the extended
local coordinate of θ ∈ S1 which is described by L̊ϑ = 0 and ϑ|t=1+2δ = θ). Following the analogous
procedures in Section 3-Section 11 of [12] and by the much involved analysis to the 2D problem (1.6)
with (1.7), we can eventually obtain |φ| . δ1−ε0t−1/2 and further close the basic bootstrap assumptions.
However, compared with the corresponding treatments for the global 4D problem in [12] or the 3D
problem before the shock formation in [4, 36], it is more difficult and complicated to derive the global
weighted energy estimates for the 2D system (1.26) with the suitable time-decay rates due to the lower
space dimensions. In order to obtain the global weighted energy of Ψ, one can proceed as usual to
compute

∫
Dt,u µ�gΨ(VΨ) through appropriate choices of some first order vector field V , where Dt,u =
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{(t′, u′, ϑ) : 1 ≤ t′ < t, 0 ≤ u′ ≤ u, 0 ≤ ϑ ≤ 2π}. We will choose the vector field V as, respectively,

J1 = −ϱ2m
2∑

α,κ,β=0

gακQκβL̊
β∂α,

J2 = −
2∑

α,κ,β=0

gακQκβL̊
β
∂α,

J3 =

2∑
α=0

(1
2
ϱ2m−1ΨDαΨ− 1

4
Ψ2Dα(ϱ2m−1)

)
∂α,

where m ∈ (12 ,
3
4) is a fixed constant, ϱ = t − u, L̊ = −µ(L̊ + 2

2∑
ν=0

gν0∂ν), and Q is the energy-

momentum tensor field of Ψ given as

Qαβ = (∂αΨ)(∂βΨ)− 1

2
gαβ

2∑
ν,λ=0

gνλ(∂νΨ)(∂λΨ).

It should be pointed out that the weight ϱ acts as the time t in J1 and J3 since ρ ∼ t, and the
requirement of m > 1

2 in J1 is due to the slow time-decay rate of solutions to the 2-D wave equation
such that some related integrals are convergent (see (9.22) in Section 9, where

∫ t
t0
τ−1/2−mdτ will be

uniformly bounded for t). However, once m > 1
2 is chosen, then

∫
Dt,u µ�gΨ(VΨ) with V = J1 and

J2 will contain the non-negative integral (m− 1
2)

∫
Dt,u µϱ

2m−1|/dΨ|2 which cannot be controlled by the
corresponding energies and fluxes on the left hand side of the resulting inequality. To overcome this
crucial difficulty, we introduce a new vector field J3. Thanks to the special structure of J3 and by some
technical manipulations, we can eventually obtain a new term (m − 1)

∫
Dt,u µϱ

2m−1|/dΨ|2 instead of
(m− 1

2)
∫
Dt,u µϱ

2m−1|/dΨ|2 on the right hand side of the related energy inequality, which has the desired
sign for m < 1. Meanwhile, in the estimate of

∫
Dt,u µ�gΨ(J3Ψ), it is necessary to restrict m < 3

4 since
the integral

∫ t
t0
τ2m−5/2dτ is required to be uniformly bounded (see (6.32)). In addition, it is noted that

for the shock formation problem of the 3-D potential flow equation for polytropic gases with small initial
data, the vector fields J1 with m = 1 and J2 are chosen in the related energy estimates, see Subsection
10.2 of [36].

1.2.3 Global existence of the solution in B2δ

It follows from (1.23) and (1.24) that for r ∈ [1− 3δ, 1+ δ], ∂αϕ admit the smallness of the higher order
δ2−|α|−ε0 at time t = 1 + 2δ. In addition, note that the outgoing characteristic cones of (1.6) starting
from {t = 1 + 2δ, 1 − 2δ ≤ r ≤ 1 + δ} are almost straight, and contain C̃2δ. By the properties (1.23)
and (1.24), we can prove that on C̃2δ, the solution ϕ and its derivatives satisfy |∂αϕ| . δ2−ε0t−1/2 with
the better smallness O(δ2−ε0). Based on such “good” smallness of ϕ on C̃2δ, we will solve the global
Goursat problem of (1.6) in the conic domainB2δ. To this end, we intend to establish the global weighted
energy estimates for the solution ϕ in B2δ and make use of the Klainerman-Sobolev inequality to get the
time-decay rates for ∂αϕ. However, since the classical Klainerman-Sobolev inequality holds generally
on the whole space (see Proposition 6.5.1 in [21]), we need a modified Klainerman-Sobolev inequality
for B2δ whose lateral boundary is C̃2δ. Using this together with the bootstrap energy assumptions, and
a careful analysis on the weighted energy estimates with the ghost weight W = e2(1+t−r)−1/2

, we can
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obtain the large time behaviours of the solution ϕ up to the forth order derivatives (see Proposition 11.1),
for examples, (ωi∂t+∂i)ϕ = O(δ25/16−ε0)t−3/2(1+t−r), (ωi∂t+∂i)∂ϕ = O(δ9/8−ε0)t−3/2(1+t−r),
(ωi∂t+∂i)∂

2ϕ = O(δ5/16−ε0)t−3/2(1+t−r) and (ωi∂t+∂i)∂
3ϕ = O(δ−9/16−ε0)t−3/2(1+t−r) with

i = 1, 2 (which imply that ∂4ϕ may be large). On the other hand, the bootstrap assumptions can not be
closed directly since the corresponding higher order energies of ϕ may grow in time as t2ι (here ι > 0 is
some positive constant, see Theorem 11.1). To overcome this difficulty, we turn to studying the nonlinear
equation for the error ϕ̇ = ϕ− ϕa, where ϕa is the solution to the 2D free wave equation �ϕa = 0 with
the initial data (ϕ(1+ 2δ, x), ∂tϕ(1+ 2δ, x)), and obtain the uniformly controllable energy estimates for
ϕ by a delicate analysis. Based on this, the bootstrap energy assumptions of ϕ can be closed, and the
global existence of ϕ with |∂ϕ| ≤ Cδ25/16−ε0t−1/2 inside B2δ is established.

1.3 Organization of the paper

Our paper is organized as follows. In Section 2, we prove the local existence of the solution ϕ for
1 ≤ t ≤ 1+2δ by the energy method, moreover, some desired smallness properties of ϕ are obtained. In
Section 3, we first list some preliminary knowledge in the differential geometry, such as the definitions
of the optical function, the inverse foliation density µ, the deformation tensor, the null frame and some
norms of smooth functions. Then the equation for µ is derived, and some elementary calculations for
the covariant derivatives of the null frame and for the deformation tensors are given. In Section 4, the
crucial bootstrap assumptions (⋆) in A2δ are listed, meanwhile, under assumptions (⋆) we derive some
estimates on several quantities which will be extensively used in subsequent sections. In Section 5,
under assumptions (⋆), the L∞ estimates for the higher order derivatives of φ in A2δ are established. In
Section 6, we carry out the energy estimates for the linearized equation µ�gΨ = Φ and define some
suitable higher order weighted energies and fluxes as in [36]. In Section 7, under assumptions (⋆), we
derive the higher order L2 estimates of several key quantities. In Section 8, L2 estimates on the highest
order derivatives of trλ and /△µ are established, where trλ is the trace of the second fundamental form
λ, and /△ is the Laplacian operator on S1. In Section 9, we deal with the error terms appeared in the
energy inequalities of Section 6. Based on all the estimates in Section 4-Section 9, in Section 10 we
complete the bootstrap argument and further establish the global existence of the solution ϕ to (1.6) in
A2δ. In addition, in the end of Section 10, we derive the delicate estimates of ϕ on C̃2δ, which will
play an important role in solving the global Goursat problem inside B2δ. Finally, we establish the global
existence of the solution ϕ in B2δ and complete the proof of Theorem 1.1 in Section 11.

1.4 Notations

Through the whole paper, unless stated otherwise, Greek indices {α, β, · · · }, corresponding to the s-
pacetime coordinates, are chosen in {0, 1, 2}; Latin indices {i, j, k, · · · }, corresponding to the spatial
coordinates, are {1, 2}; and we use the Einstein summation convention to sum over repeated upper and
lower indices. In addition, the convention f . g means that there exists a generic positive constant C
such that f ≤ Cg.

Since (1.6) is a nonlinear wave equation, it is natural to introduce the inverse spacetime metric (gαβ)
as follows:

g00 = −1, gi0 = g0i = −∂iϕ, gij = cδij − ∂iϕ∂jϕ, (1.27)

while (gαβ) represents the corresponding metric:

g00 = −1 + c−1|∇ϕ|2, gi0 = g0i = −c−1∂iϕ, gij = c−1δij , (1.28)

where c = 1 + 2∂tϕ+ |∇ϕ|2, and δij is the usual Kronecker symbol.
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Finally, the following notations will be used throughout the paper:

t0 = 1 + 2δ,

L = ∂t + ∂r,

L = ∂t − ∂r,

Ω = ϵjix
i∂j ,

S = t∂t + r∂r =
t− r

2
L+

t+ r

2
L,

Hi = t∂i + xi∂t = ωi
(r − t

2
L+

t+ r

2
L
)
+
tωi

⊥
r

Ω,

Σt = {(t′, x) : t′ = t, x ∈ R2},

where ϵ21 = 1, ϵ12 = −1, ϵii = 0 and ω⊥ = (−ω2, ω1).

2 Local existence of the smooth solution ϕ

In this section, we use the energy method to prove the local existence of the smooth solution ϕ to (1.6)
with (1.7) for 1 ≤ t ≤ t0. Furthermore, we derive the important smallness estimates of ϕ(t0, x) on some
special spatial domains. The main result is:

Theorem 2.1. Under the assumptions (1.8) and (1.9) on (ϕ0, ϕ1), when δ > 0 is suitably small, the
Cauchy problem, (1.6)-(1.7), admits a local smooth solution ϕ ∈ C∞([1, t0] × R2). Moreover, for
a ∈ N0, b ∈ N0, q ∈ N3

0 and k ∈ N0, it holds that

(i)

|La∂qΩkϕ(t0, x)| . δ2−|q|−ε0 , r ∈ [1− 2δ, 1 + 2δ], (2.1)

|La∂qΩkϕ(t0, x)| . δ2−|q|−ε0 , r ∈ [1− 3δ, 1 + δ]. (2.2)

(ii)

|∂qΩkϕ(t0, x)| .
{

δ2−ε0 , as |q| ≤ 2,

δ4−|q|−ε0 , as |q| > 2,
r ∈ [1− 3δ, 1 + δ]. (2.3)

(iii)
|LaLbΩkϕ(t0, x)| . δ2−ε0 , r ∈ [1− 2δ, 1 + δ]. (2.4)

Proof. Although the proof is rather analogous to that of Theorem 3.1 in [12], due to the different struc-
tures between the general 4D quasilinear wave equation satisfying the first null condition in [12] and the
2D quasilinear equation (1.6) fulfilling the first and second null conditions, we still give the details for
the reader’s convenience.

Denote by Zg any fixed vector field in {S,Hi, i = 1, 2}. Suppose that for 1 ≤ t ≤ t0 and N0 ∈ N0

with N0 ≥ 6,
|∂qΩkZa

gϕ| ≤ δ3/2−|q| (|q|+ k + a ≤ N0, a ≤ 2). (2.5)

Define the following energy for (1.6) and for n ∈ N0,

Mn(t) =
∑

|q|+k+a≤n

δ2|q|∥∂∂qΩkZa
gϕ(t, · )∥2L2(R2).
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Let w = δ|q|∂qΩkZa
gϕ (|q| + k + a ≤ 2N0 − 2). It follows from (1.27), (1.6) and integration by

parts that∫ t

1

∫
Στ

(∂twg
αβ∂2αβw)(τ, x)dxdτ

=
1

2

∫
Σt

(
− (∂tw)

2 − gij∂iw∂jw
)
(t, x)dx− 1

2

∫
Σ1

(
− (∂tw)

2 − gij∂iw∂jw
)
(1, x)dx

+

∫ t

1

∫
Στ

(
− ∂ig

0i(∂tw)
2 − (∂ig

ij)∂jw∂tw +
1

2
(∂tg

ij)∂iw∂jw
)
(τ, x)dxdτ

(2.6)

with

gαβ∂2αβw = δ|q|
∑

Σ2
i=1(qi, ki, ai) ≤ (q, k, a)
(q2, k2, a2) < (q, k, a)

(∂∂q1Ωk1Za1
g ϕ)(∂2∂q2Ωk2Za2

g ϕ)

+ δ|q|
∑

Σ3
i=1(qi, ki, ai) ≤ (q, k, a)
(q3, k3, a3) < (q, k, a)

(∂∂q1Ωk1Za1
g ϕ)(∂∂q2Ωk2Za2

g ϕ)(∂2∂q3Ωk3Za3
g ϕ),

(2.7)

where we have neglected the unnecessary constant coefficients in (2.7).
It follows from the assumption (2.5) and (2.6) that∫

Σt

(
(∂tw)

2 + |∇w|2
)
(t, x)dx

.
∫
Σ1

(
(∂tw)

2 + |∇w|2
)
(1, x)dx+

∫ t

1

∫
Στ

δ−1/2
(
(∂tw)

2 + |∇w|2
)
(τ, x)dxdτ

+

∫ t

1

∫
Στ

|(∂twgαβ∂2αβw)|(τ, x)dxdτ.

(2.8)

Using the bootstrap assumption (2.5) to estimate (2.7) and substituting the resulting estimates into (2.8),
one can get from the Gronwall’s inequality that for 1 ≤ t ≤ t0,

M2N0−3(t) .M2N0−3(1)e
δ−1/2(t−1) . δ3−2ε0 .

Next, it follows from the following Sobolev’s imbedding theorem on the circle S1r (with center at the
origin and radius r):

|w(t, x)| . 1√
r
∥Ω≤1w∥L2(S1r),

together with r ∼ 1 for t ∈ [1, t0] and (t, x) ∈ supp w that

|∂qΩkZa
gϕ(t, x)| . ∥Ω≤1∂qΩkZa

gϕ∥L2(S1r) . δ1/2∥∂Ω≤1∂qΩkZa
gϕ∥L2(Σt) . δ2−|q|−ε0 , (2.9)

when |q| + k + a ≤ N0 and a ≤ 2, where N0 ≥ 6 has been used. Therefore, (2.5) can be closed for
suitably small δ > 0 and ε0 < 1

2 .
This, together with L = (t+ r)−1(S + ωiHi), yields

|La∂qΩkϕ(t, x)| . |Za
g ∂

qΩkϕ(t, x)| . δ2−|q|−ε0 (2.10)

with |q|+ k + a ≤ N0 and a ≤ 2.
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Figure 1. Space-time domain D1 = {(t, r) : 1 ≤ t ≤ t0, 2− t ≤ r ≤ t}

Now we start to improve the L∞ estimate of ϕ(t0, x) on some special domains. Note that (1.6) can
be rewritten as

LLϕ =
1

Θ

{ 1

2r
Lϕ− 1

2r
Lϕ+

1

r2
Ω2ϕ+

1

2
L2ϕ ·Lϕ+

1

2
L2ϕ ·Lϕ− 1

2r
(Lϕ)2 +G1 +G2

}
, (2.11)

where Θ = 1 + 1
2Lϕ, G1 and G2 are quadratic and cubic nonlinearities in the first and second order

derivatives of ϕ, which have better smallness due to (2.10).
Acting the operator L2 on both sides of (2.11) yields an expression of LL3ϕ by LL = LL and direct

computations. It can be checked easily that the worst terms in the expression of LL3ϕ are 1
2Θ(L

4ϕ)(Lϕ)
and 1

2Θ(L
2ϕ)(L3ϕ). Then one can use (2.10) to get |LL3ϕ| . δ1−2ε0 . Using this together with the

vanishing property of ϕ on C0, one can integrate LL3ϕ along integral curves of L to show that for
(t, r) ∈ D1 (see Figure 1),

|L3ϕ(t, x)| . δ2−2ε0 . (2.12)

Similarly, it holds that for (t, r) ∈ D1,

|L3∂qΩkϕ(t, x)| . δ2−|q|−2ε0 for |q|+ k ≤ N0 − 4. (2.13)

Substituting (2.10) and (2.13) into the expression of LL3ϕ again, and noting that the worst term in the
expression of LL3ϕ becomes − 1

2rΘL
2Lϕ, one then further gets |LL3ϕ| . δ1−ε0 for (t, r) ∈ D1 by

(2.10). Hence the following improved smallness estimate holds:

|L3ϕ(t0, x)| . δ2−ε0 for 1− 2δ ≤ r ≤ 1 + 2δ.

Similar arguments show that

|L3∂qΩkϕ(t0, x)| . δ2−|q|−ε0 , for |q|+ k ≤ N0 − 5 and 1− 2δ ≤ r ≤ 1 + 2δ.

Analogously, for r ∈ [1− 2δ, 1 + 2δ], an induction argument yields that

|L2La∂qΩkϕ(t0, x)| . δ2−|q|−ε0 , 3a+ |q|+ k ≤ N0 − 2. (2.14)
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Figure 2. Space domain for 1− 3δ ≤ r ≤ 1 + δ on Σ1+2δ

Similarly, by the expression of LLa∂qΩκϕ, integrating along integral curves of L yields that for
r ∈ [1− 3δ, 1 + δ] (see Figure 2),

|La∂qΩkϕ(t0, x)| . δ2−|q|−ε0 , 2a+ |q|+ k ≤ N0 − 1. (2.15)

Furthermore, since ∂t = 1
2(L+ L) and ∂i = ωi

2 (L− L) +
ωi
⊥
r Ω, so (2.15), (2.11) and (2.10) imply that

when |q|+ k ≤ N0 − 3 and r ∈ [1− 3δ, 1 + δ],

|∂qΩkϕ(t0, x)| .
{

δ2−ε0 , as |q| ≤ 2,

δ4−|q|−ε0 , as |q| > 2.
(2.16)

Next we prove the final estimate (2.4). Note that (2.16) implies that on the surface Σt0 with r ∈
[1−2δ, 1+ δ], |L≤2Ωkϕ| . δ2−ε0 and |L≤2Ωkϕ| . δ2−ε0 for k ≤ N0−5, and hence |LLΩkϕ| . δ2−ε0

by (2.11). Furthermore, we claim that

|LaLbΩkϕ| . δ2−ε0 , for 3a+ 3b+ k ≤ N0 − 1. (2.17)

(2.17) can be proved by induction. Indeed, assume that (2.17) holds for a + b ≤ n0 with n0 ∈ N0

satisfying 3n0 + k ≤ N0 − 1. One needs to verify the estimate in (2.17) for 3(n0 + 1) + k ≤ N0 and
a+ b = n0. If a ≥ 1, by (2.11) and the induction assumption, one can get that

|LaLb+1Ωkϕ| = |La−1LbΩk(LLϕ)|
.δ2−ε0 + δ2−ε0 |La+1LbΩ≤kϕ|+ δ2−ε0 |La−1Lb+2Ω≤kϕ|.

(2.18)

This together with an induction argument yields

|LaLb+1Ωkϕ| . δ2−ε0 + δ2−ε0 |La+1LbΩ≤kϕ|. (2.19)

If b ≥ 1, similar to the proof of (2.19), one has

|La+1LbΩkϕ| . δ2−ε0 + δ2−ε0 |LaLb+1Ω≤kϕ|. (2.20)

Combining (2.19) with (2.20) yields

|LaLb+1Ωkϕ|+ |La+1LbΩkϕ| . δ2−ε0 ,

which means (2.4). Therefore, the proof of Theorem 2.1 is finished.
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3 Some preliminaries

3.1 The related geometry and definitions

In this subsection, we give some preliminaries on the related geometry and definitions, which will be
utilized as basic tools later on. It is assumed that a smooth solution ϕ to (1.6) is given. The “optical
function” corresponding to (1.6) can be introduced as in [4] (see also Definition 3.4 of [36]).

Definition 3.1 (Optical function). A C1 function u(t, x) is called the optical function of problem (1.6) if
u satisfies the eikonal equation

gαβ∂αu∂βu = 0. (3.1)

Choose the initial data u(t0, x) = 1 + 2δ − r and pose the condition ∂tu > 0 for (3.1). For a given
optical function, the inverse foliation density µ of the outgoing cones is defined as

µ := − 1

gαβ∂αu∂βt
(= − 1

gα0∂αu
). (3.2)

We will show that µ ≥ C > 0 as long as the smooth solution ϕ to (1.6) exists. We adopt most of
terminologies and definitions introduced by Christodoulou in [4] (see also [36]).

Note that
L̃ = −gαβ∂αu∂β

is a tangent vector field for the outgoing light cone {u = C}. In addition, L̃ is geodesic and L̃t = µ−1.
Then it is natural to rescale L̃ as

L̊ = µL̃,

which actually approximates to L = ∂t + ∂r. To obtain the approximate vector field of the incoming
light cone, one sets T̃ = −gν0∂ν − L̊, which is near −∂r for t = t0. Then in order to define a null frame,
one can set

T = µT̃ , L̊ = µL̊+ 2T,

where L̊ and L̊ are two vector fields in the null frame. Finally, the third vector field X in the null frame
can be constructed by using L̊. Extending the local coordinate θ on S1 as{

L̊ϑ = 0,

ϑ|t=t0 = θ.

Subsequently, let X = ∂
∂ϑ . Then X is the tangent vector on St,u. Rewrite X = Xα∂α. Then X0 = 0

holds due to ∂t
∂ϑ = 0.

Lemma 3.1. {L̊, L̊,X} constitutes a null frame with respect to the metric (gαβ), and admits the follow-
ing identities:

g(L̊, L̊) = g(L̊, L̊) = g(L̊,X) = g(L̊,X) = 0, (3.3)

g(L̊, L̊) = −2µ. (3.4)

In addition,

L̊t = 1, L̊u = 0, (3.5)

L̊t = µ, L̊u = 2. (3.6)
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And

g(L̊, T ) = −µ, g(T, T ) = µ2, (3.7)

Tt = 0, Tu = 1. (3.8)

As in [36] or [33], one can perform the change of coordinates: (t, x1, x2) −→ (t, u, ϑ) near C0 with
t = t,

u = u(t, x),

ϑ = ϑ(t, x).

(3.9)

Under the new coordinate (t, u, ϑ), we introduce the following subsets (see Figure 3 below):

Definition 3.2. Set

Σu
t := {(t′, u′, ϑ) : t′ = t, 0 ≤ u′ ≤ u}, u ∈ [0, 4δ],

Cu := {(t′, u′, ϑ) : t′ ≥ t0, u
′ = u},

Ct
u := {(t′, u′, ϑ) : t0 ≤ t′ ≤ t, u′ = u},

St,u := Σt ∩ Cu,

Dt,u := {(t′, u′, ϑ) : t0 ≤ t′ < t, 0 ≤ u′ ≤ u}.

Next, we list some geometric notations which will be used frequently.

Definition 3.3. For the metric g on the spacetime,

• g = (gij) is defined as the induced metric of g on Σt, i.e., g(U, V ) = g(U, V ) for any tangent
vectors U and V of Σt;

• /Π
β
α := δβα−δ0αL̊β+L̊αT̃

β is the projection tensor field on St,u of type (1, 1), where δβα is Kronecker
delta;

• /ξ = /Πξ is the tensor field on St,u for any (m,n)-type spacetime tensor field ξ, whose components
are

/ξα1···αm
β1···βn

:= (/Πξ)α1···αm
β1···βn

= /Π
β′
1

β1
· · · /Πβ′

n
βn
/Π
α1

α′
1
· · · /Παm

α′
m
ξ
α′
1···α′

m

β′
1···β′

n
.

In particular, /g = (/gαβ) is the induced metric of g on St,u;

• (/gXX) is defined as the inverse of /gXX
with /gXX

= g(X,X);

• D and /∇ denote the Levi-Civita connection of g and /g, respectively;

• �g := gαβD2
αβ , /△ := /gXX /∇2

X ;

• LV ξ is the Lie derivative of ξ with respect to V and /LV ξ := /Π(LV ξ) for any tensor field ξ and
vector V ;

• For any (m,n)-type spacetime tensor field ξ,

|ξ|2 := gα1α′
1
· · · gαmα′

m
gβ1β′

1 · · · gβnβ′
nξα1···αm

β1···βn
ξ
α′
1···α′

m

β′
1···β′

n
;
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• divU := DαU
α for any vectorfield U ; /divY := /∇XY

X and /divκ := /∇X
κX are angular diver-

gence for any vectorfield Y and one form κ on St,u.

Figure 3. The indications of some domains

Under the frame {L̊, L̊,X}, the second fundamental forms λ and θ̃ can be defined as

λXX = g(DX L̊,X), θ̃XX = g(DX T̃ ,X). (3.10)

At the same time, define one-form tensors ζ and ξ as

ζX = g(DX L̊, T̃ ), ξX = −g(DXT, L̊). (3.11)

Then µζX = −Xµ+ ξX . For any vector field V , denote its associate deformation tensor by

(V )παβ = g(DαV, ∂β) + g(DβV, ∂α). (3.12)

On the initial hypersurface Σ4δ
t0 , one has that T̃ i = −x

i

r
+ O(δ1−ε0), L̊0 = 1, L̊i =

xi

r
+ O(δ2−ε0)

and λXX =
1

r
/gXX

+ O(δ1−ε0). Note that on Σt0 , r is just t0 − u. For t ≥ t0, we define the “error
vectors” with the components being

Ľ0 := 0,

Ľi := L̊i − xi

ϱ
,

Ť i := T̃ i +
xi

ϱ
,

λ̌XX := λXX − 1

ϱ
/gXX

,

(3.13)

where ϱ := t− u.
Note that ϑ is the coordinate on St,u. Then under the new coordinate system (t, u, ϑ), one has L̊ = ∂

∂t .
In addition, it follows from (3.8) that T = ∂

∂u − ηXX for some smooth function ηX . And moreover, a
similar analysis as for Lemma 3.66 of [36] gives that
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Lemma 3.2. In domain Dt,u, the Jacobian determinant of map (t, u, ϑ) → (x0, x1, x2) is

det
∂(x0, x1, x2)

∂(t, u, ϑ)
= µ(det g)−1/2

√
/gXX

. (3.14)

Remark 3.1. It follows from (3.14) that if the metrics g and /g are regular, that is, det g > 0 and
/gXX

> 0, then the transformation of coordinates between (t, u, ϑ) and (x0, x1, x2) makes sense as long
as µ > 0.

On S1, one is used to applying the standard rotation vector field Ω = ϵjix
i∂j as the tangent derivative.

In order to project Ω on St,u, as in (3.39b) of [36], one can denote by

R := /ΠΩ, /d := /Πd

the rotation vectorfield and differential of St,u, respectively. Then

R = (/ΠΩ)i∂i = (/Π
i
jΩ

j)∂i = (δkj − gjaT̃
aT̃ k)Ωj∂k = Ω− gjaT̃

aΩjT̃ . (3.15)

Set
υ := gjaT̃

aΩj = gijŤ
iΩj . (3.16)

Then one has
R = Ω− υT̃ .

For domains with µ > 0, we give some definitions of related integrations and norms, which will be
utilized repeatedly in subsequent sections.

Definition 3.4 (Integrations and norms). For any continuous function f , set∫
St,u

f :=

∫
St,u

fdν/g :=

∫
S1
f(t, u, ϑ)

√
/gXX

(t, u, ϑ)dϑ, ∥f∥2L2(St,u)
:=

∫
St,u

|f |2,∫
Ct

u

f :=

∫ t

t0

∫
Sτ,u

f(τ, u, ϑ)dν/gdτ, ∥f∥2L2(Ct
u)

:=

∫
Ct

u

|f |2,∫
Σu

t

f :=

∫ u

0

∫
St,u′

f(t, u′, ϑ)dν/gdu
′, ∥f∥2L2(Σu

t )
:=

∫
Σu

t

|f |2,∫
Dt,u

f :=

∫ t

t0

∫ u

0

∫
Sτ,u′

f(τ, u′, ϑ)dν/gdu
′dτ, ∥f∥2L2(Dt,u) :=

∫
Dt,u

|f |2.

For reader’s convenience, the notation of contractions is recalled as follows:

Definition 3.5 (Contraction). If Θ is a (0, 2)-type spacetime tensor, κ is a one form, U and V are vector
fields, the contraction of Θ with respect to U and V is then defined as

ΘUV := ΘαβU
αV β,

and the contraction of κ with respect to U is

κU := καU
α.

Definition 3.6. If ξ is a (0, 2)-type tensor on St,u, then the trace of ξ is defined as

trξ := /g
XXξXX .
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3.2 Basic equalities in the null frames

In this subsection, with the help of λ, θ̃, ζ and ξ defined in Section 3.1, we will derive some basic
equalities in the frame {L̊, L̊,X} or {T, L̊,X}.

Set

Gγ
αβ :=

∂gαβ
∂φγ

and Gγν
αβ :=

∂Gγ
αβ

∂φν
.

For any vector fields U = Uα ∂

∂xα
and V = V α ∂

∂xα
, as in Definition 3.5, one can define Gγ

UV :=

Gγ
αβU

αV β and Gγν
UV := Gγν

αβU
αV β . Direct computations yield

Gγ

L̊L̊
= −2c−1L̊γ , G0

L̊T̃
= 2c−1, Ga

L̊T̃
= 2c−1φa − c−1T̃ a,

G0
T̃ T̃

= −2c−1, Ga
T̃ T̃

= −2c−1φa, G0
L̊X

= 0, Ga
L̊X

= −c−1/dXx
a,

Gγ

T̃X
= 0, G0

XX = −2c−1
/gXX

, Ga
XX = −2c−1φa/gXX

(3.17)

and

G00
L̊L̊

= 8c−2, G0a
L̊L̊

= 4c−2(φa + L̊a), Gab
L̊L̊

= 4c−2(φaL̊
b + φbL̊

a),

G00
XX = 8c−2

/gXX
, G0a

XX = 8c−2φa/gXX
, Gab

XX = 2c−2(4φaφb − cδab)/gXX
,

G00
L̊X

= 0, G0a
L̊X

= 2c−2/dXx
a, Gab

L̊X
= 2c−2(φa/dXx

b + φa/dXx
a),

G00
L̊T̃

= −8c−2, G0a
L̊T̃

= 2c−2(T̃ a − 4φa), Gab
L̊T̃

= 2c−2(cδab − 4φaφb + φaT̃
b + φbT̃

a),

G00
T̃ T̃

= 8c−2, G0a
T̃ T̃

= 8c−2φa, Gab
T̃ T̃

= 2c−2(4φaφb − cδab), Gαβ

T̃X
= 0,

(3.18)

where /dXf = Xi/dif and /dif = /Π
α
i (dαf) = /Π

α
i (∂αf) for any smooth function f .

Based on (3.17), µ satisfies the following transport equation.

Lemma 3.3. µ satisfies

L̊µ = c−1µ
(
L̊αL̊φα − L̊c

)
. (3.19)

Proof. Note that L̃ = −gαβ∂αu∂β is geodesic, i.e., DL̃L̃ = 0. Then it holds that

L̃α(∂αL̃
β)∂β + L̃αL̃βΓγ

αβ∂γ = 0, (3.20)

where Γγ
αβ are the Christoffel symbols. Since L̃0 = µ−1 and L̊ = µL̃, taking the component relative to

t in (3.20) yields

L̊µ = µL̃µ = µL̊αL̊βΓ0
αβ

=
1

2
Gα

L̊L̊
(Tφα)−

1

2
µGα

L̊L̊
(L̊φα)− µGα

T̃ L̊
L̊φα.

(3.21)

Since Tφα = µ
∑
i

φi∂iφα − µL̊φα + µ∂tφα and ∂αφβ = ∂βφα, one can get from (3.17) that

Gα
L̊L̊

(Tφα) = −2c−1µT̃ a(L̊φa). (3.22)

Substituting (3.22) into (3.21) and applying (3.17) yield (3.19) immediately.
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Remark 3.2. The importance of the expression (3.19) should be emphasized here. Due to the special

structure of equation (1.6), L̊µ is just the combination of L̊φα (note that L̊c = 2L̊φ0 + 2
2∑

i=1

φiL̊φi).

With the smallness and some suitable time-decay rate of L̊φα, we will be able to show that µ ≥ C for
some positive constant C (see (4.2) in Section 4). This is in contrast to the cases in [4], [33] and [36],
where the expressions of L̊µ contain the “bad” factor Tφα which leads to µ → 0+ in finite time (e.g.
(2.36) in [33]).

Note that the quantity “deformation tensor” defined in (3.12) will occur in the subsequent energy
estimates. It is necessary to check the components of (V )π in the null frame {L̊, L̊,X}.

Let (V )/πUX = (V )πUX for U ∈ {L̊, L̊,X}. Following the computations for Proposition 7.7 of [36],
one can have

(1) for V = T ,

(T )πL̊L̊ = 0, (T )πT T̃ = 2Tµ, (T )πL̊T = −Tµ, (T )/πTX = 0,

(T )/πL̊X = −/dXµ− 2c−1µT̃ a/dXφa,
(T )/πXX = 2µθ̃XX ;

(3.23)

(2) for V = L̊,

(L̊)πL̊L̊ = 0, (L̊)πT T̃ = 2L̊µ, (L̊)πL̊T = −L̊µ, (L̊)/πL̊X = 0,

(L̊)/πTX = /dXµ+ 2c−1µT̃ a/dXφa,
(L̊)/πXX = 2λXX ;

(3.24)

(3) for V = R,

(R)πL̊L̊ = 0, (R)πT T̃ = 2Rµ, (R)πL̊T = −Rµ,
(R)/πL̊X = −RX λ̌XX + gajϵ

j
i Ľ

i/dXx
a + υc−1T̃ a/dXφa −

1

2
c−1RX

/gXX
(L̊c)− 1

2
c−1υ/dXc

(R)/πTX = µRX λ̌XX + υ/dXµ+ µgajϵ
j
i Ť

i/dXx
a +

1

2
c−1µRX

/gXX
(L̊c)− c−1µ(Rφa)/dXx

a

+
1

2
c−1µυ/dXc,

(R)/πXX = 2υλXX + c−1υ(L̊c)/gXX
− 2c−1υ(/dXx

a)/dXφa − c−1(Rc)/gXX
.

(3.25)

As seen in (3.19) and (3.23)-(3.25), the components of L̊ and T̃ appear frequently. In view of
T̃ i = φi − L̊i, one can find the equations for L̊i and Ľi under the actions of the derivatives in the
null frame {T, L̊,X}.

Lemma 3.4. It holds that

L̊L̊i = −c−1L̊α(L̊φα)T̃
i, (3.26)

L̊
(
ϱĽi

)
= ϱL̊L̊i = −c−1ϱL̊α(L̊φα)T̃

i, (3.27)

/dX L̊
i = (trλ)/dXx

i +
1

2
c−1(L̊c)/dXx

i − 1

2
c−1(/dXc)T̃

i + c−1T̃ a(/dXφa)T̃
i, (3.28)

/dX Ľ
i = (trλ̌)/dXx

i +
1

2
c−1(L̊c)/dXx

i − 1

2
c−1(/dXc)T̃

i + c−1T̃ a(/dXφa)T̃
i, (3.29)

where /dXf = /gXX/dXf = /gXX(Xf) for any smooth function f .
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Proof. As for the proof of Proposition 4.7 in [36], (3.26)-(3.29) can be obtained directly by using (3.17).

In addition, it follows from (3.10)-(3.11), (3.17) and Lemma 3.4 that

ζX = c−1T̃ a(/dXφa), ξX = c−1µT̃ a(/dXφa) + /dXµ, (3.30)

θ̃XX = −1

2
c−1µ−1(Tc)/gXX

− 1

2
c−1(L̊c)/gXX

+ c−1(/dXφa)/dXx
a − λXX , (3.31)

which have been given in Lemma 5.1 of [36] in terms of GXY . Then (3.30) implies that

T L̊i = −c−1(T̃ aL̊φa)T
i + (/dXµ)(/d

X
xi) + c−1µ(T̃ a/dXφa)/d

X
xi +

1

2
c−1µ(/d

X
c)(/dXx

i). (3.32)

For later analysis, one also needs the following connection coefficients in the new frames, which are
given in Lemma 5.1 and Lemma 5.3 of [36].

Lemma 3.5. The covariant derivatives in the frame {T, L̊,X} are

DL̊L̊ = (µ−1L̊µ)L̊, DT L̊ = −L̊µL̊+ ξXX, DX L̊ = −ζX L̊+ trλX,

DL̊T = −L̊µL̊− µζXX, DTT = µL̊µL̊+ (µ−1Tµ+ L̊µ)T − µ(/d
X
µ)X,

DXT = µζX L̊+ µ−1ξXT + (µtrθ̃)X,

DXX = /∇XX + (θ̃XX + λXX)L̊+ µ−1λXXT.

(3.33)

Lemma 3.6. The covariant derivatives in the frame {L̊, L̊,X} are

DL̊L̊ = −L̊µL̊+ 2ξXX, DL̊L̊ = −2µζXX,

DL̊L̊ = (µ−1L̊µ+ L̊µ)L̊− (2µ/d
X
µ)X.

(3.34)

Next we compute the equation for φγ under the action of the covariant wave operator �g. With the
metric g given in (1.28), one has

�gφγ =
1√
|detg|

∂α
(√

|detg|gαβ∂βφγ

)
=− c−1gαβ∂αc(∂βφγ) + gαβ∂2αβφγ

−
∑
i

∂iφi(∂t +
∑
j

φj∂j)φγ +
∑
i

∂iφγ(∂t +
∑
j

φj∂j)φi.

(3.35)

Differentiating (1.6) with respect to the variable xγ yields

gαβ∂2αβφγ = 2
∑
i

∂iφγ(∂t +
∑
j

φj∂j)φi − 2
∑
i

∂iφi(∂t +
∑
j

φj∂j)φγ . (3.36)

Substituting (3.36) into (3.35) yields

�gφγ =− c−1gαβ(∂αc)(∂βφγ)

− 3
∑
i

∂iφi(∂t +
∑
j

φj∂j)φγ + 3
∑
i

∂iφγ(∂t +
∑
j

φj∂j)φi.
(3.37)

Note that

gαβ = −L̊αL̊β − T̃αL̊β − L̊αT̃ β + (/dXx
α)(/d

X
xβ), (3.38)
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∂i = c−1µ−1T̃ iT + c−1(/d
X
xi)X, (3.39)

∂t +
∑
j

φj∂j = L̊+ µ−1T. (3.40)

Then in the frame {T, L̊,X}, (3.37) can be rewritten as

µ�gφγ =c−1
{1
2
µL̊c+ Tc− 3T̃ iTφi −

3

2
µT̃ iL̊φi −

3

2
µ/d

X
xi(/dXφi)

}
L̊φγ

+
1

2
c−1

{
L̊c+ 3T̃ iL̊φi − 3/d

X
xi(/dXφi)

}
L̊φγ

+ c−1
{
− µ/d

X
c+ 3µ(L̊φi)/d

X
xi + 3(Tφi)/d

X
xi
}
/dXφγ ,

(3.41)

where γ = 0, 1, 2.

For later use, we list in the following lemmas some identities involving commutators, which are given
in Lemmas 4.10, 8.9 and 8.11 of [36].

Lemma 3.7. In the frame {L̊, T,R}, it holds that

[L̊, R] = (R)/πL̊
X
X,

[L̊, T ] = (T )/πL̊
X
X,

[T,R] = (R)/πT
X
X,

(3.42)

where (R)/πL̊
X

= /gXX (R)/πL̊X and (R)/πL̊X = (R)πL̊X = (R)παβL̊
αXβ .

Lemma 3.8. For any vector field Z ∈ {L̊, T,R},

1. if f is a smooth function, then

(
[ /∇2

, /LZ ]f
)
XX

=
1

2
/∇X

(
tr(Z)/π

)
/dXf ;

2. if Θ is a one-form on St,u, then

([ /∇X , /LZ ]Θ)X =
1

2
/∇X

(
tr(Z)/π

)
ΘX ;

3. if Θ is a (0, 2)-type tensor on St,u, then

([ /∇X , /LZ ]Θ)XX = /∇X

(
tr(Z)/π

)
ΘXX ,

([ /∇X , /LZ ] /∇Θ)XXX =
3

2
/∇X

(
tr(Z)/π

)
/∇XΘXX ,

where (Z)/πXX = (Z)πXX .



24

4 Bootstrap assumptions on ∂ϕ near C0 and some related estimates

To show the global existence of a solution to (1.6) near C0, we will utilize a bootstrap argument. To this
end, for any given smooth solution ϕ to (1.6), we make the following assumptions in Dt,u ⊂ A2δ:

δl∥L̊Zαφγ∥L∞(Σu
t )

≤Mδ1−ε0t−3/2,

δl∥/dZαφγ∥L∞(Σu
t )

≤Mδ1−ε0t−3/2,

δl∥L̊Zαφγ∥L∞(Σu
t )

≤Mδ−ε0t−1/2,

∥ /∇2
φγ∥L∞(Σu

t )
≤Mδ1−ε0t−5/2,

∥φγ∥L∞(Σu
t )

≤Mδ1−ε0t−1/2,

(⋆)

where |α| ≤ N , N is a fixed large positive integer, M is some positive number to be suitably chosen
later (at least double bounds of the corresponding quantities on time t0), Z ∈ {ϱL̊, T,R}, and l is the
number of T included in Zα.

We now give a rough estimate of µ under assumptions (⋆). Note that 1 = gijT̃
iT̃ j =

(
1 +

O(Mδ1−ε0t−1/2)
) 2∑
i=1

|T̃ i|2 by (3.7). This means

|T̃ i|, |L̊i| ≤ 1 +O(Mδ1−ε0t−1/2) (4.1)

due to L̊i = φi − T̃ i. This, together with (⋆) and (3.19), implies |L̊µ| .Mδ1−ε0t−3/2µ. When δ > 0 is
small, by integrating L̊µ along integral curves of L̊ and noting µ = 1√

c
= 1+O(δ1−ε0) on Σt0 , one can

get directly that
µ = 1 +O(Mδ1−ε0). (4.2)

To improve the assumptions (⋆), we may rewrite (3.41) in the frame {L̊, L̊,X} as

L̊L̊φγ +
1

2ϱ
L̊φγ = Hγ , (4.3)

here one has used the fact that µ�gφγ = −D2
L̊L̊
φγ + µ/gXXD2

Xφγ = L̊L̊φγ − 2µζX/dXφγ + µ /△φγ −
µ(trθ̃ + trλ)L̊φγ − trλTφγ by (3.33) and (3.34). In addition, by (3.30)-(3.31),

Hγ =µ /△φγ +
{
− 1

2
c−1Tc+ 3c−1T̃ aTφa +

3

2
c−1µT̃ aL̊φa +

1

2
c−1µ(/d

X
xa)/dXφa

+
1

2
µtrλ̌+

µ

2ϱ

}
L̊φγ +

{
− 1

2
trλ̌− 1

2
c−1L̊c− 3

2
c−1T̃ aL̊φa +

3

2
c−1(/d

X
xa)/dXφa

}
L̊φγ

− c−1µ
{
3T̃ a + L̊α

}
(/d

X
φα)/dXφγ .

(4.4)

It follows from the expression of Hγ that when there are some terms containing factors Tφα or L̊φα

which are not small “enough” and have slow decay rate in time, then there will appear always some ac-
companying factors L̊φγ or trλ̌with the “good” smallness and fast time-decay rate (see −1

2c
−1(Tc)(L̊φγ)

and −1
2 trλ̌(L̊φγ) inHγ). This implies thatHγ may possess some desired “good” properties for our anal-

ysis later.
Unless stated otherwise, from now on to Section 9, the pointwise estimates for the corresponding

quantities are all made inside the domain Dt,u.
It follows from (4.3) that L̊φγ can be estimated by integrating (4.3) along integral curves of L̊. To

this end, we start with the estimates of /dxi, λ̌ and so on in Hγ .
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Note that |/dxi|2 = /gab/dax
i/dbx

i = c− (T̃ i)2. Then (⋆) and (4.1) imply that

|/dxi| . 1. (4.5)

To estimate λ̌, one needs to study the structure equation of λ by utilizing the Riemann curvature R
of the metric g, which is defined as follows (see the Definition 11.1 of [36]):

RWXY Z := −g(D2
WXY − D2

XWY, Z), (4.6)

where W , X , Y and Z are vector fields and D2
WXY := WαXβDαDβY . Due to (3.17) and (3.18), one

has

Lemma 4.1. Let R be the Riemann curvature tensor defined as (4.6). Then in the frame {L̊, T,X},
RTXL̊X and RL̊XL̊X have the following forms:

RTXL̊X =− 1

2
c−1/dXx

a(/dXTφa) + c−1
/gXX

(L̊Tφ0 + φaL̊Tφa)

− c−1µ
{
/∇2
Xφ0 + (φa −

1

2
T̃ a) /∇2

Xφa

}
+

1

2
c−1(T̃ a/dXφa)/dXµ

− 1

2
c−1µ/dXx

a(/dXφa)trλ+
1

2
c−1(Tc)λXX − 1

2
c−1(T̃ aTφa)λXX

+ c−2f1(L̊
i, φ)

(
µL̊φ
Tφ

)(
/gXX

L̊φ
/dXx

a · /dXφa

)
+ c−2f2(L̊

i, φ)

(
µ/dXφ · /dXφ

/gXXµ(/dXx
a/dXφa)

2

)
,

(4.7)

RL̊XL̊X =− c−1/dXx
a(/dX L̊φa) + c−1

/gXX

(
L̊2φ0 + φaL̊

2φa

)
+ c−1L̊γ( /∇2

Xφγ)

+ c−1trλ(/dXx
a)/dXφa − c−1λXX(T̃ aL̊φa) + c−2f(L̊i, φ)


/dXφ · /dXφ

/gXX(/dXx
a/dXφa)

2

/gXX
(L̊φ)(L̊φ)

(/dXx
a/dXφa)L̊φ

 ,

(4.8)

where f , f1 and f2 are generic smooth functions with respect to their arguments and

 A1
...
An


 B1

...
Bm


stands for those terms which are of forms AiBj (1 ≤ i ≤ n, 1 ≤ j ≤ m).

Proof. Note that R is a (0, 4)-type tensor field. Taking W = ∂κ, X = ∂λ, Y = ∂α and Z = ∂β in (4.6),
and applying Dα∂β = gγνΓαγβ∂ν , one gets

Rκλαβ = ∂λΓαβκ − ∂κΓλβα − gδγΓαγκΓλδβ + gδγΓλγαΓκδβ

with the Christoffel symbols

Γαβκ =
1

2

{
Gγ

βκ∂αφγ +Gγ
αβ∂κφγ −Gγ

ακ∂βφγ}.
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Then

Rκλαβ =
1

2

{
Gν

βκD
2
λαφν −Gν

ακD
2
λβφν −Gν

βλD
2
καφν +Gν

αλD
2
κβφν

}
− 1

4
gδγGν

βκG
σ
λα(∂δφσ)(∂γφν) +

1

4
gδγGν

βλG
σ
κα(∂δφσ)(∂γφν)

− 1

4
gδγ

(
Gν

δ(β∂λ)φν

)(
Gσ

γ(κ∂α)φσ

)
+

1

4
gδγ

(
Gν

δ(β∂κ)φν

)(
Gσ

γ(λ∂α)φσ

)
+

1

2

{
Gνσ

βκ(∂λφσ)(∂αφν)−Gνσ
ακ(∂λφσ)(∂βφν)−Gνσ

λβ(∂κφσ)(∂αφν)

+Gνσ
λα(∂κφσ)(∂βφν)

}
,

where Gγ
κ(λ∂α)φγ := Gγ

κλ∂αφγ +Gγ
κα∂λφγ . It follows from (3.38) that

gδγ(∂δφb)(∂γφa) = (/d
X
φa)(/dXφb)− (L̊φa)(L̊φb)− µ−1(Tφa)(L̊φb)− µ−1(Tφb)(L̊φa).

Contracting Rκλαβ with T κ(/dXx
λ)L̊α(/dXx

β) leads to

RTXL̊X =
1

2

{
µGν

XT̃
D2

XL̊
φν − µGν

L̊T̃
D2

Xφν −Gν
XXD2

L̊T
φν +Gν

XL̊
D2

XTφν

}
+ c−2f(/dx⃗, L̊a, φ, /g)

 µL̊φ
Tφ
µ/dφ

(
L̊φ
/dφ

)
.

(4.9)

In addition, (3.31), (3.30) and Lemma 3.5 imply that

D2
XTφγ =/dXTφγ − (DXT )φγ

=/dXTφγ − (µ−1Tφγ)/dXµ+ (µ/dXφγ)trλ+ c−2f(/dx⃗, L̊a, φ, /g)

 µL̊φ
µ/dφ
Tφ

(
L̊φ
/dφ

)
.

(4.10)

Similarly,

D2
L̊T
φγ = L̊Tφγ + c−2f(/dx⃗, L̊a, φ, /g)

(
µL̊φ
µ/dφ

)(
L̊φ
/dφ

)
, (4.11)

µD2
Xφγ = µ /∇2

Xφγ − λXX(Tφγ) + c−2f(/dx⃗, L̊a, φ, /g)

 µL̊φ
µ/dφ
Tφ

(
L̊φ
/dφ

)
. (4.12)

Substituting (4.10)-(4.12) into (4.9) yields (4.7).
(4.8) follows by an analogous argument for (4.7), the details are omitted here. However, it should be

emphasized that the terms containing factors TφαL̊φβ and Tφα/dφβ in (4.7) disappear in (4.8) due to
the special structure of (1.6).

Note that in Lemma 4.1, RTXL̊X and RL̊XL̊X are obtained after contracting Rκλαβ with respect to
the corresponding vectorfields. If using (4.6) directly, e.g. RL̊XL̊X = g

(
DX(DL̊L̊) − DL̊(DX L̊), X

)
,

then one can get the following structure equations for λXX and λ̌XX with the help of Lemmas 4.1.



27

Lemma 4.2. The second fundamental form λ and its “error” form λ̌, defined in (3.10) and (3.13) re-
spectively, satisfy the following structure equations:

L̊λXX =c−1/dXx
a(/dX L̊φa)− c−1

/gXX

(
L̊2φ0 + φaL̊

2φa

)
− c−1L̊γ( /∇2

Xφγ) + (trλ)λXX

− c−1trλ(/dXx
a)/dXφa −

1

2
c−1(L̊c)λXX + c−2f(L̊i, φ)


(/dXφ)(/dXφ)

/gXX(/dXx
a/dXφa)

2

/gXX(L̊φ)(L̊φ)

(/dXx
a/dXφa)L̊φ

 ,
(4.13)

/LTλXX = /∇2
Xµ+ c−1

{1

2
/dXx

a(/dXTφa)− /gXX
(L̊Tφ0 + φaL̊Tφa) + µ /∇2

Xφ0

+ µ(φa +
1

2
T̃ a) /∇2

Xφa

}
− µ(trλ)λXX − 1

2
c−1(T̃ aTφa + Tc)λXX

+
1

2
c−1µ(/dXx

a/dXφa)trλ+
3

2
c−1(T̃ a/dXφa)/dXµ

+ c−2f1(L̊
i, φ)

(
µL̊φ
Tφ

)(
/gXX

L̊φ⃗
/dXx

a · /dφa

)
+ c−2f2(L̊

i, φ)

(
µ(/dXφ)(/dXφ)

/gXXµ(/dXx
a/dφa)

2

)
,

(4.14)

and hence,

L̊λ̌XX =c−1/dXx
a(/dX L̊φa)− c−1

/gXX

(
L̊2φ0 + φaL̊

2φa

)
− c−1L̊γ( /∇2

Xφγ)−
1

2
c−1(L̊c)λ̌XX

− c−1(trλ̌)(/dXx
a)/dXφa −

1

2
ϱ−1c−1(L̊c)/gXX

− ϱ−1c−1(/dXx
a)/dXφa + (trλ̌)λ̌XX

+ c−2f(L̊i, φ)


(/dXφ)(/dXφ)

/gXX(/dXx
a/dXφa)

2

/gXX(L̊φ)(L̊φ)

(/dXx
a/dXφa)L̊φ

 ,

(4.15)

/LT λ̌XX = /∇2
Xµ+ c−1

{1

2
/dXx

a(/dXTφa)− /gXX
(L̊Tφ0 + φaL̊Tφa) + µ /∇2

Xφ0 + µ(φa +
1

2
T̃ a) /∇2

Xφa

}
− µ(trλ̌)λ̌XX − 1

2
c−1(T̃ aTφa + Tc)λXX +

1

2
c−1µ(/dXx

a/dXφa)trλ+
3

2
c−1(T̃ a/dXφa)/dXµ

+
c−1

ϱ
(Tc)/gXX

+
c−1µ

ϱ
(L̊c)/gXX

− 2c−1µ

ϱ
/dXx

a/dXφa +
µ− 1

ϱ2
/gXX

+ c−2f1(L̊
i, φ)

(
µL̊φ
Tφ

)(
/gXX

L̊φ
/dXx

a · /dφa

)
+ c−2f2(L̊

i, φ)

(
µ(/dXφ)(/dXφ)

/gXXµ(/dXx
a/dφa)

2

)
.

(4.16)

Proof. 1. It follows from (4.6) that

RL̊XL̊X = g
(
DX(DL̊L̊)− DL̊(DX L̊), X

)
. (4.17)

Substituting the expressions for DL̊L̊ and DX L̊ in Lemma 3.5 into (4.17) and noting that λXX =

g(DX L̊,X) = g(DL̊X,X), one can get

RL̊XL̊X = µ−1(L̊µ)λXX − L̊λXX + (trλ)λXX . (4.18)

This, together with (4.8) and (3.19), yields (4.13). On the other hand, (4.15) follows directly from
λ̌XX = λXX − 1

ϱ/gXX
and L̊/gXX

= 2λXX .
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2. Using the definition of Lie derivatives, and by some detailed computations, one has

/LTλXX = LTλXX = g(DXDT L̊,X) + g(DX L̊,DTX)− g(X,D[T,X]L̊)− RTXL̊X , (4.19)

where

g(DXDT L̊,X) = g
(
DX(−L̊µL̊+ ξXX), X

)
= /∇2

Xµ+ /∇X(µζX)− (L̊µ)λXX

(4.20)

and

g(DX L̊,DTX) =ζXξX + g(DΠDTX L̊,X)

=ζXξX + g(D[T,X]L̊,X) + g(D/ΠDXT L̊,X)

=ζXξX + g(D[T,X]L̊,X) + µtrθ̃g(DX L̊,X),

(4.21)

here (3.10), (3.11) and (3.33) have been used repeatedly. Substituting (4.20) and (4.21) into (4.19)
yields

/LTλXX = /∇2
Xµ+ /∇X(µζX)− (L̊µ)λXX + ζXξX + µtrθ̃g(DX L̊,X)− RTXL̊X .

This leads to (4.14) with the help of (3.30), (3.19), (3.31), (4.7) and (3.10). Similarly for (4.15),
one can use λ̌XX = λXX − 1

ϱ/gXX
and /LT /gXX

= 2µθ̃XX to obtain (4.16).

Based on L̊λ̌ in (4.15), the estimate of λ̌ could be achieved by integrating along integral curves of L̊.

Proposition 4.1. Under the assumptions (⋆) with δ > 0 suitably small, it holds that

|λ̌| = |trλ̌| .Mδ1−ε0t−3/2, (4.22)

and
|λ| = 1

ϱ
+O(Mδ1−ε0t−3/2). (4.23)

Proof. It follows from trλ̌ = /gXX λ̌XX that

L̊
(
trλ̌

)
= −2(trλ̌)2 − 2

ρ
trλ̌+ /g

XX L̊λ̌XX . (4.24)

Substituting (4.15) into (4.24) and using (⋆), (4.1) and (4.5) to estimate the right hand side of (4.24)
except λ̌ itself, one can get

|L̊
(
ϱ2trλ̌

)
| .Mδ1−ε0t−5/2ϱ2 +Mδ1−ε0t−3/2|ϱ2trλ̌|+ ϱ−2|ϱ2trλ̌|2.

Thus, for small δ > 0, we obtain (4.22) by integrating along integral curves of L̊, which also yields
(4.23) directly due to (3.13).

It follows from Proposition 4.1, (3.28) and (3.29) that for small δ > 0,

|/dL̊i| . ϱ−1, |/dĽi| .Mδ1−ε0t−3/2. (4.25)

Note that
L̊
(
ϱ2|/dµ|2

)
= 2ϱ2

{
− trλ̌|/dµ|2 + (/dX L̊µ)(/d

X
µ)
}
. (4.26)
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Substituting (3.19) into (4.26) and applying (⋆), (4.1) and (4.25) give

|L̊
(
ϱ|/dµ|

)
| .Mδ1−ε0t−3/2

(
ϱ|/dµ|

)
+Mδ1−ε0t−3/2.

This implies immediately that
|/dµ| .Mδ1−ε0t−1. (4.27)

Now we are ready to improve the estimate on L̊φγ , which will lead to better estimates for L̊φγ and
some other related quantities independent of M .

Proposition 4.2. Under the assumptions (⋆) with δ > 0 suitably small, it holds that

|L̊φγ(t, u, ϑ)|+ |Tφγ(t, u, ϑ)| . δ−ε0t−1/2. (4.28)

Proof. By (⋆), (4.1), (4.5) and (4.22), it follows from (4.3) that

|L̊L̊φγ +
1

2ϱ
L̊φγ | .M2δ1−2ε0t−2.

This yields
|L̊
(
ϱ1/2L̊φγ

)
(t, u, ϑ)| .M2δ1−2ε0t−3/2. (4.29)

Integrating (4.29) along integral curves of L̊ gives

|ϱ1/2L̊φγ(t, u, ϑ)− ϱ
1/2
0 L̊φγ(t0, u, ϑ)| .M2δ1−2ε0 , (4.30)

where ϱ0 = t0 − u. Then the estimate on |L̊φγ | in (4.28) follows from (4.30) for small δ. This, together
with L̊ = µL̊+ 2T , yields the estimate for |Tφγ | in (4.28) by (⋆).

To improve the estimate on φγ further, we need to treat η first since T = ∂
∂u − ηXX .

Lemma 4.3. Under the assumptions (⋆), it holds that for δ > 0 small,

|η| =
√
gXXηXηX .Mδ1−ε0t. (4.31)

Proof. Note that η is a vector field on St,u and one has

L̊ηX = [T, L̊]X =
(
DT L̊− DL̊T

)X
= /d

X
µ+ 2µζX . (4.32)

Then, it follows from (3.30) that

L̊(ϱ−2|η|2) = ϱ−2
{
2trλ̌|η|2 + /dXµη

X + 2c−1µT̃ a/dXφaη
X
}
.

This, together with (4.27), (4.22) and (⋆), yields

|L̊(ϱ−1|η|)| .Mδ1−ε0t−3/2(ϱ−1|η|) +Mδ1−ε0t−2. (4.33)

Thus (4.31) follows immediately by integrating (4.33) along integral curves of L̊.

Based on Proposition 4.2 and Lemma 4.3, we can now improve the estimates on φγ and L̊φγ which
are independent of M .

Proposition 4.3. Under the assumptions (⋆) with δ > 0 suitably small, it holds that

|φγ(t, u, ϑ)| . δ1−ε0t−1/2, |L̊φγ(t, u, ϑ)| . δ1−ε0t−3/2. (4.34)
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Proof. First, substituting T = ∂
∂u − ηXX into (4.28) and using (⋆) and (4.31) lead to

| ∂
∂u
φγ(t, u, ϑ)| . δ−ε0t−1/2. (4.35)

Integrating (4.35) from 0 to u yields the desired estimate on φγ in (4.34) since φγ vanishes on C0.
Next, note that L̊φγ satisfies the equation

L̊L̊φγ = − 1

2ϱ
L̊φγ +Hγ − L̊µL̊φγ + 2ηA/dAφγ + 2µζA/dAφγ

due to (3.34) and (4.3). Then |L̊L̊φγ | . δ−ε0t−3/2 follows from (4.4), (3.19) and (3.30). Similarly as
for (4.35), one can get

| ∂
∂u
L̊φγ(t, u, ϑ)| . δ−ε0t−3/2. (4.36)

Then the estimate for L̊φγ in (4.34) follows by integrating (4.36) from 0 to u.

One can now use Propositions 4.2 and 4.3 to measure the errors of the components of the frames.

Lemma 4.4. Under the assumptions (⋆) with δ > 0 suitably small, the following estimates hold:

|Ľi| . δ1−ε0t−1/2, |Ť i| . δ1−ε0t−1/2, (4.37)

|r
ϱ
− 1| . δ1−ε0t−1/2, (4.38)

|Rk − Ωk| . δ1−ε0t1/2. (4.39)

Proof. First, it follows from (4.1), (4.34), and (3.27) that

|L̊
(
ϱĽi

)
| . δ1−ε0t−1/2. (4.40)

Integrating (4.40) along integral curves of L̊ yields the desired estimate on Ľi in (4.37), which implies
the estimate on Ť i in (4.37) by Ť i = φi − Ľi.

Next, since gij(Ť i − xi

ϱ
)(Ť j − xj

ϱ
) = 1, then r2

ϱ2
= c− δijŤ

iŤ j + 2δij Ť
i xj

ϱ . Thus,

r

ϱ
− 1 =

2(φ0 + φiω
i) + 2Ľiφi − δijĽ

iĽj − 2δijĽ
iωj√

c+ (δijŤ iωj)2 − δij Ť iŤ j + 1− δij Ť iωj
, (4.41)

which implies (4.38) due to (⋆) and (4.37).
Finally, (4.39) follows directly from (3.16), (4.37) and (4.38).

Note that the rotation vector field R behaves just as the scaling operator r /∇ under the assumptions
(⋆) and the estimate (4.22) as stated in the following lemma, which is similar to Lemma 12.22 in [36] or
Sect.3.3.3 in [33].

Lemma 4.5. Under the assumptions (⋆) with δ > 0 suitably small, it holds that
(i) if κ is a 1-form on St,u, then

(κ ·R)2 =
(
1 +O(δ1−ε0t−1/2)

)
r2|κ|2, (4.42)

|/LRκ|2 =
(
1 +O(δ1−ε0t−1/2)

)
r2| /∇κ|2 +O(δ1−ε0t−1/2M2)|κ|2; (4.43)

(ii) if Θ is a 2-form on St,u, then

|/LRΘ|2 = r2| /∇Θ|2
(
1 +O(δ1−ε0t−1/2)

)
+ |Θ|2O(δ1−ε0t−1/2M2). (4.44)
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5 L∞ estimates for the higher order derivatives of ∂ϕ and some related
quantities near C0

Note that although the L∞ estimates for lower order derivatives of some geometrical quantities (such
as (4.22), (4.25) and (4.27)) and the M -independent estimates for the first order derivatives of φγ (see
(4.28) and (4.34)) obtained in Section 4 are not enough to close the assumptions (⋆), yet the method
proving (4.34) indicates that it is possible to improve the estimates on φγ by making use of the equation
(4.3). Thus, in this section, under the assumptions (⋆), we will improve the estimates of φγ up to the
(N − 1)th order derivatives. To this end, we start with some preliminary results which involve only the
rotational vector fields on St,u.

Lemma 5.1. Under the assumptions (⋆) with δ > 0 suitably small, it holds that for k ≤ N − 1,

|/Lk+1
R /dxi| . 1, |/Lk

Rλ̌| .Mδ1−ε0t−3/2, |Rk+1L̊j | . 1,

|/Lk
R
(R)/π| .Mδ1−ε0t−1/2, |/Lk

R
(R)/πL̊| .Mδ1−ε0t−1/2,

|Rk+1Ľj | .Mδ1−ε0t−1/2, |Rk+1υ| .Mδ1−ε0t1/2.

(5.1)

Proof. This will be proved by induction with respect to the number k.
First, for k = 0, the desired estimates for λ̌, RL̊j , RĽj , (R)/π, (R)/πL̊X and Rυ follow easily from

(4.22), (4.25), (4.37), (4.42), (3.16) and (3.25), respectively. Since

R2xi = R(Ωi − υT̃ i) = ϵijRx
j −R(υT̃ i),

then |R2xi| . t by (4.38) and (4.39). This and (4.42) with ξ = /dRxi yield

|/LR/dx
i| = |/dRxi| . r−1|R2xi| . 1. (5.2)

Next, assuming that (5.1) holds up to the order k− 1 (0 ≤ k ≤ N − 1), one needs to show that (5.1)
is also true for the number k. This is done by the following three steps:

(1) Treatments of /Lk
Rλ̌ and /Lk

R
(R)/πL̊

Using the expression of (R)/πL̊X obtained in (3.25) and the induction assumption, one can check that

|/Lk
R
(R)/πL̊| . t|/Lk

Rλ̌|+ δ1−ε0M t−1/2. (5.3)

Then |/Lk
R
(R)/πL̊| admits the upper bound once t|/Lk

Rλ̌| is bounded suitably. Thus, it remains to
estimate /Lk

Rλ̌. It follows from direct computations that

L̊
(
ϱ2tr(/Lk

Rλ̌)
)
= −2ϱ2(trλ̌)tr(/Lk

Rλ̌) + ϱ2/g
XX(/LL̊

/Lk
Rλ̌XX)

= −2ϱ2(trλ̌)tr(/Lk
Rλ̌) + ϱ2/g

XX(/Lk
R/LL̊λ̌XX)

+

k−1∑
k1=0

ϱ2/g
XX /Lk1

R

(
(R)/πL̊X /∇X /Lk−k1−1

R λ̌XX + /Lk−k1−1
R λ̌XX /div(R)/πL̊

)
,

(5.4)

where we have neglected the constant coefficients in the summation above. It then follows from
(5.4), (4.15), and the induction assumptions that

|L̊
(
ϱ2tr(/Lk

Rλ̌)
)
| .Mδ1−ε0t−3/2|ϱ2tr(/Lk

Rλ̌)|+Mδ1−ε0t−1/2. (5.5)

Integrating the inequality (5.5) along integral curves of L̊ and using (5.3) yield that for small δ > 0,

|/Lk
Rλ̌|+ t−1|/Lk

R
(R)/πL̊| .Mδ1−ε0t−3/2.



32

(2) Treatments of Rk+1Ľi, Rk+1L̊i, Rk+1υ and /Lk
R
(R)/π

Due to (3.29), it holds that

Rk+1Ľi = Rk(RX/dX Ľ
i)

=Rk
{

trλ̌(Rxi) +
1

2
c−1(L̊c)Rxi − 1

2
c−1(Rc)T̃ i + c−1T̃ a(Rφa)T̃

i
}
.

(5.6)

This implies |Rk+1Ľi| . Mδ1−ε0t−1/2 by (⋆), the induction assumptions and the estimate on /Lk
Rλ̌

in part (1). Hence |Rk+1L̊i| . 1 holds for small δ > 0. It follows from this and induction assump-
tions that the desired estimate for Rk+1υ can be obtained by applying (3.16) directly. In addition,
|/Lk

R
(R)/π| .Mδ1−ε0t−1/2 holds due to (3.25).

(3) Treatment of /Lk+1
R /dxi

Note that

Rk+2xi = ϵijR
k+1xj −Rk+1(υT̃ i).

Then by the induction assumptions, the estimates on Rk+1υ and Rk+1T̃ j(= Rk+1φj −Rk+1L̊j) in
part (2), one can get |Rk+2xj | . t, and hence |/Lk+1

R /dxj | . 1 as for (5.2).

Based on Lemma 5.1, one has the following estimate on the higher order rotational derivatives of µ.

Proposition 5.1. Under the same assumptions in Lemma 5.1, it holds that

|Rk+1µ| .Mδ1−ε0 , k ≤ N − 1. (5.7)

Proof. This will be proved by induction.
When k = 0, (5.7) follows from (4.27) and (4.42). Assume that (5.7) holds up to the order k − 1

(k ≤ N − 1). Then (3.19) and (3.42) imply

L̊Rk+1µ = [L̊, Rk+1]µ+Rk+1L̊µ

=
∑

k1+k2=k

Rk1
((R)

/πL̊
X/dXR

k2µ
)
+Rk+1

{
c−1µ(L̊αL̊φα − L̊c)

}
. (5.8)

Using (⋆), the induction assumptions and Lemma 5.1, one can estimate the right hand side of (5.8) to get

|L̊Rk+1µ| .Mδ1−ε0t−3/2|Rk+1µ|+Mδ1−ε0t−3/2. (5.9)

Integrating (5.9) along integral curves of L̊ yields |Rk+1µ| .Mδ1−ε0 for small δ > 0.

One can conclude from (3.25), Lemma 5.1 and Proposition 5.1 that

|/Lk
R
(R)/πT | .Mδ1−ε0t−1/2, k ≤ N − 1. (5.10)

Similarly, we can estimate the derivatives containing T as follows.
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Proposition 5.2. Under the assumptions (⋆) with small δ > 0, it holds that for k ≤ N − 1 and any
operator Z̄ ∈ {T,R},

|/Lk+1;i
Z̄

/dxj | . δ1−it−1, |/Lk;i
Z̄ λ̌| .Mδ1−i−ε0t−3/2, |/Lk+1;i

Z̄ R| .Mδ2−i−ε0t−1/2,

|/Lk;i
Z̄

(R)/π| .Mδ1−i−ε0t−1/2, |/Lk;i
Z̄

(R)/πL̊| .Mδ1−i−ε0t−1/2,

|Z̄k+1;iĽj | .Mδ2−i−ε0t−1, |Z̄k+1;iŤ j | .Mδ1−i−ε0t−1/2, |Z̄k+1;iυ| .Mδ1−i−ε0t1/2,

|Z̄k+1;iµ| .Mδ1−i−ε0 , |/Lk;i
Z̄

(R)/πT | .Mδ1−i−ε0t−1/2, |/Lk;i
Z̄

(T )/π| .Mδ−i−ε0t−1/2,

(5.11)

where the array (k; i) means that the number of Z̄ is k and of T is i (i ≥ 1).

Proof. We first check the special case of i = 1.

1. Taking Lie derivative Rm on both hand sides of (4.16), and using Lemma 5.1, Proposition 5.1 and
the assumptions (⋆), one can get that for m ≤ N − 2,

|/Lm
R /LT λ̌| .Mδ−ε0t−3/2. (5.12)

Note that [T,R] =
(R)
/πT

XX in (3.42) and for k1 + k2 ≤ m,

/Lk1
R /LT /L

k2
R λ̌ = /Lk1

R /Lk2
R /LT λ̌+

∑
l1+l2=k2−1

/Lk1
R /Ll1

R /L[T,R]/L
l2
Rλ̌.

Then |/Lk;1
Z̄ λ̌| . δ−ε0M t−3/2 follows for k ≤ N − 1 by making use of (5.12), (5.10) and the

estimate of λ̌ in Lemma 5.1.

2. Similarly, noting that

/LT /dx
j = (/dµ)T̃ j + µ/dT̃ j ,

T Ľj = T L̊j − µ− 1

ϱ
T̃ j − Ť j

ϱ
,

Tυ=ϵbagjb
{
− c−1(Tc)xaŤ j − µ

xa

ϱ
Ť j + xaT Ť j

}
,

/LTR = [T,R] = (R)/πXT X,

which are due to the definitions, (3.16) and (3.42), one can get the estimates in (5.11) for /Lk+1;1
Z̄

/dxj ,
/Lk+1;1
Z̄ R, Z̄k+1;1Ľj , Z̄k+1;1Ť j , Z̄k+1;1υ by (3.32) and Ť b = φb − Ľb.

3. Now we estimate µ by induction.

Differentiating (3.19) with respect to T and using (3.42) lead to

L̊Tµ = [L̊, T ]µ+ T L̊µ = (−/dXµ− 2c−1µT̃ a/d
X
φa)/dXµ+ T{c−1µ(L̊αL̊φα − L̊c)}.

Then
|L̊Tµ| .Mδ−ε0t−3/2 + δ1−ε0t−3/2|Tµ| (5.13)

holds due to (⋆) and (5.7).

Integrating (5.13) along integral curves of L̊ and applying Gronwall’s inequality yield

|Tµ| .Mδ−ε0 . (5.14)
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Assume that for n ≤ m− 1 (m ≤ N − 1),

|RnTµ| .Mδ−ε0 . (5.15)

Note that

L̊RmTµ =
∑

m1+m2=m−1

Rm1
((R)

/πL̊
X/dXR

m2Tµ
)

+Rm
{
(−/dXµ− 2c−1µT̃ a/d

X
φa)/dXµ+ T [c−1µ(L̊αL̊φα − L̊c)]

}
.

It follows from (5.15), Lemma 5.1 and Proposition 5.1 that

|L̊RmTµ| .Mδ1−ε0t−3/2|RmTµ|+Mδ−ε0t−3/2,

which yields (5.15) for n = m by integrating along integral curves of L̊, and hence |Z̄k+1;1µ| .
Mδ−ε0 follows from induction. The estimates of /Lk;1

Z̄
(R)/π, /Lk;1

Z̄
(T )/π and /Lk;1

Z̄
(R)/πL̊ follow easily

from using (3.23) and (3.25). Meanwhile, /Li;1
Z̄

(R)/πT can be estimated by (3.25).

Analogously, (5.11) for i ≥ 2 can be proved by induction.

We can now improve the L∞ estimates on derivatives of φγ with respect to Z̄ ∈ {T,R}.

Corollary 5.1. Under the same assumptions as in Proposition 5.2, it holds that for k ≤ N − 1,

|Z̄k;iL̊φγ(t, u, ϑ)|+ |Z̄k;iTφγ(t, u, ϑ)| . δ−i−ε0t−1/2, (5.16)

|Z̄k;iφγ(t, u, ϑ)| . δ1−i−ε0t−1/2, (5.17)

here i is the number of T in Z̄k.

Proof. For any k ∈ N with k + i ≤ N − 1, one has from (4.3) that

RkT iHγ = RkT i
(
L̊L̊φγ +

1

2ϱ
L̊φγ

)
=L̊

(
RkT iL̊φγ

)
+

1

2ϱ
RkT iL̊φγ −

∑
k1+k2=k−1

Rk1
(
(R)/πX

L̊
/dXR

k2T iL̊φγ

)
−

∑
i1+i2=i−1

RkT i1
(
(T )/πX

L̊
/dXT

i2L̊φγ

)
+

∑
i1+i2=i,i1≥1

T i1(
1

2ϱ
) ·RkT i2L̊φγ .

(5.18)

Since the last three summations above can be estimated by Lemma 5.1 and Proposition 5.2, one gets
from (5.18) that

RkT iHγ = L̊
(
RkT iL̊φγ

)
+

1

2ϱ
RkT iL̊φγ +O

(
M2δ1−i−2ε0t−2

)
. (5.19)

On the other hand, one can also estimate Rk
i T

iHγ by the expression of Hγ in (4.4) as follows

|RkT iHγ | .M2δ1−i−2ε0t−2. (5.20)

Combining (5.19) and (5.20) yields |L̊
(
ϱ1/2RkT iL̊φγ

)
| . M2δ1−i−2ε0t−3/2, which can be integrated

along integral curves of L̊ to obtain

|ϱ1/2RkT iL̊φγ(t, u, ϑ)− ϱ
1/2
0 RkT iL̊φγ(t0, u, ϑ)| .M2δ1−i−2ε0 .

This yields that |RkT iL̊φγ(t, u, ϑ)| . δ−i−ε0t−1/2 for small δ > 0. This, together with the commutator
relation and L̊ = 2T + µL̊, implies (5.16).

Note that (5.16) also implies |T Z̄k;iφγ(t, u, ϑ)| . δ−i−ε0t−1/2. Thus, (5.17) can be derived in the
same way as for (4.34).
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It remains to deal with the derivatives involving the scaling vectorfield ϱL̊. To this end, due to (4.15)
and (3.27), one can take Lie derivatives of ϱL̊λ̌ with respect to Z̄ to estimate /Lk

Z̄ /LϱL̊λ̌ as for (5.12).

Note that the terms containing the derivatives of ϱL̊ can be estimated in the same way as in the proof of
Proposition 5.2. We can now state the main results as follows without tedious proofs.

Proposition 5.3. Under the assumptions (⋆) with δ > 0 small, it holds that for any operate Z ∈
{ϱL̊, T,R} and k ≤ N − 1,

|/Lk+1;i,l
Z /dxj | . δ−i, |/Lk;i,l

Z λ̌| .Mδ1−i−ε0t−3/2, |/Lk+1;i,l
Z R| .Mδ1−i−ε0t1/2,

|/Lk;i,l
Z

(R)/π| .Mδ1−i−ε0t−1/2, |/Lk;i,l
Z

(R)/πL̊| .Mδ1−i−ε0t−1/2,

|Zk+1;i,lĽj | .Mδ1−i−ε0t−1/2, |Zk+1;i,lŤ j | .Mδ1−i−ε0t−1/2, |Zk+1;i,lυ| .Mδ1−i−ε0t1/2,

|Zk+1;i,lµ| .Mδ1−i−ε0t−1/2, |/Lk;i,l
Z

(R)/πT | .Mδ1−i−ε0t−1/2, |/Lk;i,l
Z

(T )/π| .Mδ−i−ε0t−1/2,

(5.21)

where the array (k; i, l) means that the number of Z is k, the number of T is i , and the number of ϱL̊ is
l (l ≥ 1).

Note first that (5.16) implies |RkT iL̊φγ(t, u, ϑ)| . δ−i−ε0t−1/2 for k + i ≤ N − 1. Assume now
that the following estimates hold:

|RkT i(ϱL̊)l−1L̊φγ(t, u, ϑ)| . δ−i−ε0t−1/2 (k + i+ l − 1 ≤ N − 1, l ≥ 1). (5.22)

(4.3) gives that

RkT i(ϱL̊)lL̊φγ = RkT i(ϱL̊)l−1
(
− 1

2
L̊φγ + ϱHγ

)
. (5.23)

Due to (4.4), RkT i(ϱL̊)l−1(ϱHγ) can be estimated easily by (5.1), (5.2) or (5.21). This, together with
the induction assumption (5.22), shows that

|RkT i(ϱL̊)lL̊φγ | . δ−i−ε0t−1/2, k + i+ l ≤ N, (5.24)

which implies | ∂
∂uR

kT i(ϱL̊)lφγ | . δ−i−ε0t−1/2 as for (4.35). Thus, one obtains also that for k+ i+ l ≤
N and l ≥ 1,

|RkT i(ϱL̊)lφγ | . δ1−i−ε0t−1/2. (5.25)

Using Lemma 3.7 and rearranging the orders of derivatives in (5.24) and (5.25) lead to

Corollary 5.2. Under the same assumptions as in Proposition 5.3, it holds that for k ≤ N − 1,

|Zk+2;i+1,l+1φγ(t, u, ϑ)| . δ−i−ε0t−1/2, (5.26)

|Zk+1;i,l+1φγ(t, u, ϑ)| . δ1−i−ε0t−1/2. (5.27)

Finally, it is noted that under the assumptions (⋆), we have obtained not only the estimates with M
dependent bounds in Lemma 5.1, Proposition 5.1, 5.2 and 5.3, but also more refined results independent
of M in Corollary 5.1 and Corollary 5.2. On the other hand, if starting with Corollary 5.1-5.2 and
repeating the above analysis as in Section 5, one can improve the conclusions in Lemma 5.1, Proposition
5.1, 5.2 and 5.3 such that all the related constants are independent of M when k ≤ N − 3. Therefore,
from now on, we may apply these estimates without the constant M since N could be chosen large
enough.
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6 Energy estimates for the linearized equation

To close the bootstrap assumptions (⋆), one needs further refined estimates than those derived in Section
5. To this end, we plan to construct some suitable energies for higher order derivatives of φγ . Note that
φγ satisfies the nonlinear equation (3.41), and each derivative of φγ also fulfills similar equation with the
same metric. Thus, in the section, we focus on the energy estimates for any smooth function Ψ solving
the following linear equation

µ�gΨ = Φ (6.1)

for a given function Φ, where Ψ and its derivatives vanish on Ct
0. The following divergence theorem in

Dt,u will be used to find the related energies adapting to our problem.

Lemma 6.1. For any vector field J , it holds that∫
Dt,u

µDαJ
αdν/gdu

′dτ =

∫
Σu

t

(
− JT − µJL̊

)
dν/gdu

′ −
∫
Σu

t0

(
− JT − µJL̊

)
dν/gdu

′

−
∫
Ct

u

JL̊dν/gdτ.

(6.2)

Proof. This follows from the proof of Lemma 10.12 in [36].

The vectorfields J’s in (6.2) will be chosen as

J1 := −ϱ2mgακQκβL̊
β∂α, (6.3)

J2 := −gακQκβL̊
β
∂α, (6.4)

J3 :=
(1
2
ϱ2m−1ΨDαΨ− 1

4
Ψ2Dα(ϱ2m−1)

)
∂α, (6.5)

where m ∈ (12 ,
3
4) is a fixed constant and Q is the energy-momentum tensor field of Ψ defined as

Qαβ = Qαβ [Ψ] := (∂αΨ)(∂βΨ)− 1

2
gαβg

νλ(∂νΨ)(∂λΨ)

= (∂αΨ)(∂βΨ)− 1

2
gαβ

{
|/dΨ|2 − µ−1(L̊Ψ)(L̊Ψ)

}
.

Each term in (6.2) will be analyzed respectively.
We start with the estimates of right hand side of (6.2). Note that the components of Qαβ relative to

{L̊, L̊,X} are

QL̊L̊ = (L̊Ψ)2, QL̊L̊ = (L̊Ψ)2, QL̊L̊ = µ|/dΨ|2,

QL̊X = (L̊Ψ)(/dXΨ), QL̊X = (L̊Ψ)(/dXΨ),

QXX =
1

2
(/dXΨ)(/dXΨ) +

1

2
/gXX

µ−1(L̊Ψ)(L̊Ψ).

Then it follows from (6.2)-(6.4) that∫
Dt,u

µDαJ1
α =

∫
Σu

t

1

2
µϱ2m

(
(L̊Ψ)2 + |/dΨ|2

)
−
∫
Σu

t0

1

2
µϱ2m

(
(L̊Ψ)2 + |/dΨ|2

)
+

∫
Ct

u

ϱ2m(L̊Ψ)2
(6.6)
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and ∫
Dt,u

µDαJ2
α =

∫
Σu

t

1

2

(
(L̊Ψ)2 + µ2|/dΨ|2

)
−
∫
Σu

t0

1

2

(
(L̊Ψ)2 + µ2|/dΨ|2

)
+

∫
Ct

u

µ|/dΨ|2.
(6.7)

While (6.2) and (6.5) yield

Lemma 6.2. It holds that∫
Dt,u

µDαJ3
α =

∫
Σu

t

(
− 1

2
ϱ2m−1Ψ(µL̊Ψ) +

1

4
ϱ2m−2Ψ2((2m− 1)(µ− 2) + ϱµtrθ̃)

)
−

∫
Σu

t0

(
− 1

2
ϱ2m−1Ψ(µL̊Ψ) +

1

4
ϱ2m−2Ψ2((2m− 1)(µ− 2) + ϱµtrθ̃)

)
+

∫
Ct

u

(
− 1

4
trλ · ϱ2m−1Ψ2 − ϱ2m−1ΨL̊Ψ

)
.

(6.8)

Proof. Applying (6.2) directly to J3 yields∫
Dt,u

µDαJ3
α =

∫
Σu

t

(
− 1

2
ϱ2m−1Ψ(TΨ)− 1

2
ϱ2m−1Ψ(µL̊Ψ) +

2m− 1

4
ϱ2m−2Ψ2(µ− 1)

)
−

∫
Σu

t0

(
− 1

2
ϱ2m−1Ψ(TΨ)− 1

2
ϱ2m−1Ψ(µL̊Ψ) +

2m− 1

4
ϱ2m−2Ψ2(µ− 1)

)
+

∫
Ct

u

(
− 1

2
ϱ2m−1Ψ(L̊Ψ) +

2m− 1

4
ϱ2m−2Ψ2

)
.

(6.9)

Note that Ψ vanishes on u = 0. Then∫
St,u

ϱ2m−1Ψ2dν/g =

∫ u

0

( ∂

∂u′

∫
St,u′

ϱ2m−1Ψ2dν/g

)
du′

=

∫
Σu

t

(
− (2m− 1)ϱ2m−2Ψ2 + 2ϱ2m−1ΨTψ + ϱ2m−1µtrθ̃Ψ2

)
,

which is∫
Σu

t

−1

2
ϱ2m−1Ψ(TΨ) = −1

4

∫
St,u

ϱ2m−1Ψ2+
1

4

∫
Σu

t

(
− (2m− 1)ϱ2m−2Ψ2+ϱ2m−1µtrθ̃Ψ2

)
. (6.10)

Taking t = t0 in (6.10) gives∫
Σu

t0

−1

2
ϱ2m−1Ψ(TΨ) = −1

4

∫
St0,u

ϱ2m−1Ψ2+
1

4

∫
Σu

t0

(
−(2m−1)ϱ2m−2Ψ2+ϱ2m−1µtrθ̃Ψ2

)
. (6.11)

Thanks to the following identity∫
St,u

ϱ2m−1Ψ2dν/g =

∫
St0,u

ϱ2m−1Ψ2dν/g +

∫ t

t0

∂

∂τ

(∫
Sτ,u

ϱ2m−1Ψ2dν/g

)
dτ

=

∫
St0,u

ϱ2m−1Ψ2dν/g +

∫
Ct

u

(
L̊(ϱ2m−1Ψ2) + trλ · ϱ2m−1Ψ2

)
dν/gdτ,
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then (6.10) becomes∫
Σu

t

−1

2
ϱ2m−1Ψ(TΨ) =− 1

4

∫
St0,u

ϱ2m−1Ψ2 − 1

4

∫
Ct

u

(
L̊(ϱ2m−1Ψ2) + trλ · ϱ2m−1Ψ2

)
+

1

4

∫
Σu

t

(
− (2m− 1)ϱ2m−2Ψ2 + ϱ2m−1µtrθ̃Ψ2

)
.

(6.12)

Substituting (6.12) and (6.11) into (6.9) yields (6.8).

It follows from (6.8) and (6.6) together with (4.2) that∫
Dt,u

µ(DαJ1
α − DαJ3

α)

=
1

2

∫
Σu

t

(
µϱ2m|/dΨ|2 + µϱ2m(L̊Ψ)2 + µϱ2m−1Ψ(L̊Ψ) +mϱ2m−2Ψ2 +O(δ−ε0ϱ2m−3/2Ψ2)

)
− 1

2

∫
Σu

t0

(
µϱ2m|/dΨ|2 + µϱ2m(L̊Ψ)2 + µϱ2m−1Ψ(L̊Ψ) +mϱ2m−2Ψ2 +O(δ−ε0ϱ2m−3/2Ψ2)

)
+

∫
Ct

u

(
(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 +O(δ1−ε0ϱ2m−5/2Ψ2)

)
,

(6.13)

here one has used the estimate |µtrθ̃| . δ−ε0t−1/2 due to (3.31) and the estimates in Section 5.
In order to estimate δ−ε0

∫
Σu

t
ϱ2m−3/2Ψ2 and δ1−ε0

∫
Ct

u
ϱ2m−5/2Ψ2 in (6.13), one needs the follow-

ing inequality.

Lemma 6.3. Under the assumptions (⋆), it holds that for any f ∈ C1(Dt,u) which vanishes on Ct
0,∫

Σu
t

µf2 + δ

∫
Ct

u

ϱ−1f2 .
∫
Σu

t0

µf2 +

∫
Dt,u

(
|L̊(f2)|+ δ|T (ϱ−1f2)|

)
. (6.14)

Proof. It follows from Lemma 3.4 in [30] that for any vectorfield J ,

µDαJ
α = −L̊(µJL̊ + JT )− T (JL̊) + /div(µ/J)− µ(trθ̃ + trλ)JL̊ − trλJT , (6.15)

where /J is the projection of J on St,u. Take J = f2L̊ and J = δϱ−1µ−1f2T in (6.15) respectively, and
then use (6.2) to obtain ∫

Σu
t

µf2 =

∫
Σu

t0

µf2 +

∫
Dt,u

(
(L̊µ+ µtrλ)f2 + µL̊(f2)

)
, (6.16)

δ

∫
Ct

u

ϱ−1f2 = δ

∫
Dt,u

(
µϱ−1trθ̃f2 + T (ϱ−1f2)

)
. (6.17)

By adding (6.16) and (6.17) together with the estimates on the coefficients in the right hand sides of
(6.16)-(6.17), one arrives at∫

Σu
t

µf2 + δ

∫
Ct

u

ϱ−1f2 .
∫
Σu

t0

µf2 +

∫
Dt,u

(
ϱ−1f2 + µ|L̊(f2)|+ δ|T (ϱ−1f2)|

)
.

Hence (6.14) follows directly from Gronwall’s inequality.
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Let f = δ−ε0/2ϱm−3/4Ψ in (6.14). Using the facts that

|L̊(f2)| . ϱ−1f2 + δ−ε0ϱ2m−1/2|L̊Ψ|2

and
|T (ϱ−1f2)| . δ−1ϱ−1f2 + δ1−ε0ϱ2m−5/2|TΨ|2,

one then can get∫
Σu

t

µδ−ε0ϱ2m−3/2Ψ2 +

∫
Ct

u

δ1−ε0ϱ2m−5/2Ψ2

.
∫
Σu

t0

µδ−ε0ϱ2m−3/2Ψ2 +

∫
Dt,u

(
δ−ε0ϱ−1/2(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 + δ2−ε0ϱ2m−5/2|TΨ|2

)
.

(6.18)

Substituting (6.18) into (6.13) yields∫
Dt,u

µ
(
DαJ1

α − DαJ3
α
)

&
∫
Σu

t

(
ϱ2m|/dΨ|2 + ϱ2m(L̊Ψ)2 + ϱ2m−2Ψ2

)
−
∫
Σu

t0

(
|/dΨ|2 + (L̊Ψ)2 + δ−ε0Ψ2

)
+

∫
Ct

u

(ϱmL̊Ψ+
1

2
ϱm−1Ψ)2 −

∫
Dt,u

δ−ε0
(
ϱ−1/2(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 + δ2ϱ2m−5/2(L̊Ψ)2

)
.

(6.19)

By (6.19) and the identity (6.7), it is natural to define the following energies and fluxes

E1[Ψ](t, u) :=

∫
Σu

t

(
ϱ2m(L̊Ψ)2 + ϱ2m|/dΨ|2 + ϱ2m−2Ψ2

)
, (6.20)

E2[Ψ](t, u) :=

∫
Σu

t

((L̊Ψ)2 + |/dΨ|2), (6.21)

F1[Ψ](t, u) :=

∫
Ct

u

(ϱmL̊Ψ+
1

2
ϱm−1Ψ)2, (6.22)

F2[Ψ](t, u) :=

∫
Ct

u

|/dΨ|2. (6.23)

Next, we treat the left hand side of (6.2). Set

V1 = ϱ2mL̊, V2 = L̊.

Direct computations give that

µDαJ1
α = −Φϱ2m(L̊Ψ)− 1

2
µQαβ [Ψ](V1)παβ , (6.24)

µDαJ2
α = −Φ(L̊Ψ)− 1

2
µQαβ[Ψ](V2)παβ, (6.25)

µDαJ3
α =

1

2
ϱ2m−1ΨΦ+

(
− 1

2
ϱ2m−1(L̊Ψ)(L̊Ψ) +

1

2
µϱ2m−1|/dΨ|2

)
+

1

4
Ψ2(2m− 1)ϱ2m−2

(
(2m− 2)ϱ−1(µ− 2) + L̊µ+ µtrθ̃ + (µ− 1)trλ

)
. (6.26)
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Recall that the components of (Vi)παβ in the frame {L̊, L̊,X} have been given in (3.23)-(3.25). To
compute Qαβ(Vi)παβ in (6.24)-(6.25), we can use the components of the metric in the frame {L̊, L̊,X},
given in (3.38), to derive directly that

− 1

2
µQαβ [Ψ](V1)παβ

=− 1

4
µ−1(V1)πL̊L̊QL̊L̊ − 1

8
µ−1(V1)πL̊L̊QL̊L̊ +

1

2
(V1)πX

L̊
QL̊X − 1

2
µ(V1)/πXXQXX

=(
1

2
ϱ2mL̊µ+ µ(m− 1

2
)ϱ2m−1)|/dΨ|2 +

(
m(µ− 2)ϱ2m−1 − 1

2
ϱ2mL̊µ

)
(L̊Ψ)2 + ϱ2m(/d

X
µ

+ 2c−1µT̃ a/d
X
φa)(L̊Ψ)(/dXΨ)− 1

2
µϱ2mtrχ̌|/dΨ|2 − 1

2
ϱ2mtrχ(L̊Ψ)(L̊Ψ)

(6.27)

and

− 1

2
µQαβ [Ψ](V2)παβ

=
1

2
(L̊µ+ µL̊µ+ c−1µTc+ c−1µ2L̊c+ µ2trλ− 2c−1µ2/dXx

a · /dXφa)|/dΨ|2

− (2µc−1T̃ a/d
X
φa + /d

X
µ)(/dXΨ)(L̊Ψ)− µ/d

X
µ(L̊Ψ)(/dXΨ)

+
(1
2
c−1Tc+

1

2
µc−1L̊c− c−1µ/d

X
xa · /dXφa +

1

2
µtrχ

)
(L̊Ψ)(L̊Ψ).

(6.28)

We first treat the terms involving J1 and J3.
Combining (6.24) and (6.26) and using (6.27), 1

2 < m < 3
4 and µ < 2, one can get by using the

estimates in Section 5 that∫
Dt,u

(
µDαJ1

α − µDαJ3
α
)

=−
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ) +

∫
Dt,u

(
µ(m− 1)ϱ2m−1 +

1

2
ϱ2mL̊µ− 1

2
µϱ2mtrλ̌

)
|/dΨ|2

+

∫
Dt,u

ϱ2m
(
mϱ−1(µ− 2)− 1

2
L̊µ

)
(L̊Ψ)2 +

∫
Dt,u

ϱ2m(/dXµ+ 2c−1µT̃ a/dXφa)(L̊Ψ)(/d
X
Ψ)

−
∫
Dt,u

1

4
Ψ2(2m− 1)ϱ2m−2

(
(2m− 2)ϱ−1(µ− 2) + L̊µ+ µtrθ̃ + (µ− 1)trλ

)
−

∫
Dt,u

1

2
ϱ2mtrλ̌(L̊Ψ)(L̊Ψ)

≤−
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ) +

∫
Dt,u

1

2
ϱ2m

(
L̊µ− µtrλ̌

)
|/dΨ|2 −

∫
Dt,u

1

2
ϱ2mL̊µ(L̊Ψ)2

+

∫
Dt,u

ϱ2m(/dXµ+ 2c−1µT̃ a/dXφa)(L̊Ψ)(/d
X
Ψ)−

∫
Dt,u

1

2
ϱ2mtrλ̌(L̊Ψ)(L̊Ψ)

−
∫
Dt,u

1

4
(2m− 1)ϱ2m−2Ψ2(L̊µ+ µtrθ̃ + (µ− 1)trλ)

.|
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ)|+

∫
Dt,u

(
δ1−ε0ϱ2m−3/2|/dΨ|2 + δ2−ε0ϱ2m−5/2|L̊Ψ|2

)
+

∫
Dt,u

δ−ε0ϱ−1/2(ϱmL̊Ψ+
1

2
ϱm−1Ψ)2 +

∫
Dt,u

δ−ε0ϱ2m−5/2Ψ2.

(6.29)
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The last integral in (6.29) can be estimated by taking f = ϱm−3/4Ψ in (6.14) as

δ

∫
Ct

u

ϱ2m−5/2Ψ2 .
∫
Σu

t0

Ψ2 +

∫
Dt,u

(
ϱ2m−1/2|L̊Ψ|2 + δ2ϱ2m−5/2|L̊Ψ|2 + ϱ2m−5/2Ψ2

)
.
∫
Σu

t0

Ψ2 +

∫
Dt,u

(
ϱ−1/2(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 + δ2ϱ2m−5/2|L̊Ψ|2

)
+

∫
Dt,u

ϱ2m−5/2Ψ2.

This, together with Gronwall’s inequality, yields

δ

∫
Ct

u

ϱ2m−5/2Ψ2 .
∫
Σu

t0

Ψ2 +

∫
Dt,u

(
ϱ−1/2(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 + δ2ϱ2m−5/2|L̊Ψ|2

)
.

Thus∫
Dt,u

ϱ2m−5/2Ψ2 .
∫
Σu

t0

Ψ2 +

∫
Dt,u

(
ϱ−1/2(ϱmL̊Ψ+

1

2
ϱm−1Ψ)2 + δ2ϱ2m−5/2|L̊Ψ|2

)
. (6.30)

Substituting (6.30) into (6.29), we arrive at∫
Dt,u

(
µDαJ1

α − µDαJ3
α
)

.|
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ)|+

∫
Dt,u

(
δ1−ε0ϱ2m−3/2|/dΨ|2 + δ2−ε0ϱ2m−5/2|L̊Ψ|2

)
+

∫
Dt,u

δ−ε0ϱ−1/2(ϱmL̊Ψ+
1

2
ϱm−1Ψ)2 +

∫
Σu

t0

δ−ε0Ψ2.

(6.31)

It follows from (6.19), (6.31) and Gronwall’s inequality that

E1[Ψ](t, u) + F1[Ψ](t, u) .E1[Ψ](t0, u) +

∫
Σt0

δ−ε0Ψ2 + δ2−ε0

∫ t

t0

τ2m−5/2E2[Ψ](τ, u)dτ

+ |
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ)|.

(6.32)

It remains to treat (6.25) involving J2. Recalling (6.28) and estimating each coefficient in it by using
Proposition 5.3, one can get

−
∫
Dt,u

1

2
µQαβ [Ψ](V2)παβ

.δ−ε0

∫
Dt,u

(
|/dΨ|2 + δτ−1|L̊Ψ| · |/dΨ|+ δτ−1|L̊Ψ| · |/dΨ|+ τ−1/2|L̊Ψ| · |L̊Ψ|

)
.δ−ε0

∫ u

0
F2[Ψ](t, u′)du′ +

∫ t

t0

τ−m− 1
2E2[Ψ](τ, u)dτ + δ−2ε0

∫ t

t0

τ−m− 1
2E1[Ψ](τ, u)dτ.

(6.33)

Then, it follows from (6.7), (6.21), (6.23), (6.25), (6.33) and Gronwall’s inequality that

E2[Ψ](t, u)+F2[Ψ](t, u) . E2[Ψ](t0, u)+

∫
Dt,u

|Φ| · |L̊Ψ|+ δ−2ε0

∫ t

t0

τ−m− 1
2E1[Ψ](τ, u)dτ. (6.34)
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Combining (6.32) with (6.34) and using Gronwall’s inequality again, due to m ∈ (12 ,
3
4), we obtain

finally that

δE2[Ψ](t, u) + δF2[Ψ](t, u) + E1[Ψ](t, u) + F1[Ψ](t, u)

.δE2[Ψ](t0, u) + E1[Ψ](t0, u) +

∫
Σt0

δ−ε0Ψ2 + δ

∫
Dt,u

|Φ · L̊Ψ|

+ |
∫
Dt,u

Φ(ϱ2mL̊Ψ+
1

2
ϱ2m−1Ψ)|.

(6.35)

(6.35) will be used to derive the energy estimates for φγ and its derivatives. To this end, we will
choose Ψ = Ψk+1

γ := Zk+1φγ and then Φ = Φk+1
γ := µ�gΨ

k+1
γ (k ≤ 2N − 6) in (6.35). Note that

Φk+1
γ = µ�gΨ

k+1
γ = µ[�g, Z]Ψ

k
γ + Z

(
µ�gΨ

k
γ

)
− (Zµ)�gΨ

k
γ

= µdiv(Z)Ck
γ + (Z + (Z)Λ)Φk

γ ,
(6.36)

where

(Z)Ck
γ =

(
(Z)πνβ − 1

2
gνβtrg(Z)π

)
∂νΨ

k
γ∂β,

(Z)Λ =
1

2
trg(Z)π − µ−1Zµ,

Ψ0
γ = φγ , Φ0

γ = µ�gφγ

(6.37)

with trg(Z)π = gαβ(Z)παβ and Φ0
γ being the right hand side of (3.41). Consequently, for Ψk+1

γ =

Zk+1Zk · · ·Z1φγ with Zi ∈ {ϱL̊, T,R}, we can derive by (6.36) and an induction argument that

Φk+1
γ =

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)(
µdiv(Zk+1−j)Ck−j

γ

)
+ µdiv(Zk+1)Ck

γ +
(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Z1 +

(Z1)Λ
)
Φ0
γ , k ≥ 1,

Φ1
γ =

(
Z1 +

(Z1)Λ
)
Φ0
γ + µdiv(Z1)C0

γ .

(6.38)

In order to estimate (Z)Λ and µdiv(Z)Ck
γ , it is more convenient to rewrite

trg(Z)π = −2µ−1(Z)πL̊T + tr/g
(Z)/π.

It follows from (3.23)-(3.25) that

(T )Λ = −1

2
c−1Tc− 1

2
c−1µL̊c+ c−1µ/dxa · /dφa − µtr/gλ,

(ϱL̊)Λ = ϱtrλ̌+ 2,

(R)Λ = υtrλ+
1

2
c−1υ(L̊c)− c−1υ/dxa · /dφa −

1

2
c−1Rc.

(6.39)

In addition, in the null frame {L̊, L̊,X}, the term µdiv(Z)Ck
γ can be written as

µdiv(Z)Ck
γ =− 1

2
L̊
(
(Z)Ck

γ ,L̊

)
− 1

2
L̊
(
(Z)Ck

γ ,L̊

)
+ /div

(
µ
(Z) /C

k
γ

)
− 1

2

(
L̊µ+ µtrλ+ 2µtrθ̃

)
(Z)Ck

γ ,L̊
− 1

2
trλ(Z)Ck

γ ,L̊
,

(6.40)
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where

(Z)Ck
γ ,L̊

= (Z)/πL̊X(/d
X
Ψk

γ)−
1

2
(tr(Z)/π)L̊Ψk

γ ,

(Z)Ck
γ ,L̊

= −2((Z)πLT + µ−1(Z)πTT )(L̊Ψ
k
γ) +

(Z)/πL̊X(/d
X
Ψk

γ)−
1

2
(tr(Z)

/π)L̊Ψk
γ ,

µ
(Z) /C

k
γ,X

= −1

2
(Z)/πL̊X(L̊Ψk

γ)−
1

2
(Z)/πL̊X(L̊Ψk

γ) +
(Z)πL̊T (/dXΨk

γ) +
1

2
µtr(Z)/π/dXΨk

γ .

(6.41)

A direct substitution of (6.41) into (6.40) would result in a lengthy and complicated equation for µdiv(Z)Ck
γ .

To overcome this difficulty and to get the desired estimates efficiently, we follow the ideas in [33] to de-
compose µdiv(Z)Ck

γ as
µdiv(Z)Ck

γ = (Z)Dk
γ,1 +

(Z)Dk
γ,2 +

(Z)Dk
γ,3, (6.42)

where

(Z)Dk
γ,1 =

1

2
tr(Z)/π

(
L̊L̊Ψk

γ +
1

2
trλL̊Ψk

γ

)
− (Z)/πL̊X(/d

X
L̊Ψk

γ)− (Z)/πL̊X(/d
X
L̊Ψk

γ)

+ ((Z)πL̊T + (Z)πT̃ T )(L̊
2Ψk

γ) +
1

2
µtr(Z)/π /△Ψk

γ +
(Z)πL̊T /△Ψk

γ ,

(6.43)

(Z)Dk
γ,2 =L̊(

(Z)πL̊T + (Z)πT̃ T )L̊Ψ
k
γ −

(1
2
/∇X (Z)/πL̊X − 1

4
L̊(tr(Z)/π)

)
L̊Ψk

γ

− (
1

2
/LL̊

(Z)/πL̊X − /dX
(Z)πL̊T )/d

X
Ψk

γ +
1

2
/d
(
µtr(Z)/π

)
· /dΨk

γ

− 1

2
( /∇X (Z)/πL̊X)L̊Ψk

γ −
1

2
(/LL̊

(Z)/πL̊X)/d
X
Ψk

γ +
1

4
L̊(tr(Z)/π)L̊Ψk

γ ,

(6.44)

(Z)Dk
γ,3 =

{
trλ((Z)πL̊T + (Z)πT̃ T ) + (

1

4
µtrλ+

1

2
µtrθ̃)tr(Z)/π − 1

2
/d
X
µ(Z)/πL̊X

}
L̊Ψk

γ

+
1

2

{
(tr(Z)/π)(ξX + µζX) + (µtrλ− L̊µ)(Z)/πL̊X + trλ(Z)/πL̊X

}
/d
X
Ψk

γ .

(6.45)

Note that all the terms in (Z)Dk
γ,1 are the products of the deformation tensor and the second order deriva-

tives of Ψk
γ , except the first term containing the factor of the form L̊L̊Ψk

γ + 1
2 trλL̊Ψk

γ (see (6.43)). It
should be emphasized here that such a structure is crucial in our analysis since Ψk

γ is the derivative of
φγ and by (4.3), L̊L̊φγ + 1

2 trλL̊φγ = Hγ + 1
2 trλ̌L̊φγ admits the better smallness and the faster time-

decay rate than those for L̊L̊φγ and 1
2 trλL̊φγ separately. In addition, (Z)Dk

γ,2 collects all the products of
the first order derivatives of the deformation tensor and the first order derivatives of Ψk

γ , while (Z)Dk
γ,3

denotes all the other terms.
The explicit expression for Φk+1

γ obtained from (6.38)-(6.39) and (6.42)-(6.45) will be used to esti-
mate the corresponding last two integrals in (6.35). Due to the structure of (6.35) for Ψ = Ψk+1

γ , it is
natural to define the corresponding weighted energy and flux as in [33]:

Ei,p+1(t, u) =
2∑

γ=0

∑
|α|=p

δ2lEi[Z
αφγ ](t, u), i = 1, 2, (6.46)

Fi,p+1(t, u) =
2∑

γ=0

∑
|α|=p

δ2lFi[Z
αφγ ](t, u), i = 1, 2, (6.47)

Ei,≤p+1(t, u) =
∑

0≤n≤p

Ei,n+1(t, u), i = 1, 2, (6.48)
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Fi,≤p+1(t, u) =
∑

0≤n≤p

Fi,n+1(t, u), i = 1, 2, (6.49)

where l is the number of T in Zα. We will treat these weighted energies in subsequent sections.

7 Higher order L2 estimates for some quantities

In this section, we shall carry out the higher order L2 estimates for some related quantities so that the last
two terms of (6.35) can be absorbed by the left hand side, and hence the higher order energy estimates
on (3.41) can be done. To this end, we first state two elementary lemmas, whose 3D analogous results
can be found in Lemma 7.3 of [33] and Lemma 12.57 of [36] respectively.

Lemma 7.1. For any function ψ ∈ C1(Dt,u) vanishing on C0, it holds that for small δ > 0,∫
St,u

ψ2 . δ

∫
Σu

t

(
|L̊ψ|2 + µ2|L̊ψ|2

)
, (7.1)∫

Σu
t

ψ2 . δ2
∫
Σu

t

(
|L̊ψ|2 + µ2|L̊ψ|2

)
. (7.2)

Therefore, ∫
St,u

ψ2 . δ
(
E2[ψ](t, u) + ϱ−2mE1[ψ](t, u)

)
, (7.3)∫

Σu
t

ψ2 . δ2
(
E2[ψ](t, u) + ϱ−2mE1[ψ](t, u)

)
. (7.4)

Furthermore,
E1,≤k+1(t, u) . δ2ϱ2m−2E2,≤k+2(t, u) + δ2ϱ−2E1,≤k+2(t, u). (7.5)

Proof. For any function f ∈ C1(Dt,u) which vanishes on C0, it follows from (3.23) and (3.31) that

∂

∂u

∫
St,u

fdν/g =

∫
St,u

(
Tf +

1

2
tr(T )/π · f

)
dν/g

=

∫
St,u

(
Tf +

1

2

(
− c−1Tc− µc−1L̊c+ 2c−1µ/dXx

a(/d
X
φa)− 2µtrλ

)
f
)
.

This leads to
| ∂
∂u

∫
St,u

fdν/g| .
∫
St,u

(|Tf |+ δ−ε0 |f |). (7.6)

Setting f = ψ2 and integrating (7.6) from 0 to u yield∫
St,u

ψ2dν/g .
∫
Σu

t

(|Tψ| · |ψ|+ δ−ε0ψ2) .
∫ u

0

∫
St,u′

δ−1ψ2dν/gdu
′ +

∫ u

0

∫
St,u′

δ|Tψ|2dν/gdu′.

Thus Gronwall’s inequality implies that∫
St,u

ψ2dν/g .
∫ u

0

∫
St,u′

δ|Tψ|2dν/gdu′. (7.7)

Since T = 1
2 L̊− 1

2µL̊, then (7.1) is proved. And hence (7.2) follow from (7.1).
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Lemma 7.2. Assume that (⋆) holds for small δ > 0. Then for any f ∈ C(Dt,u), F (t, u, ϑ) :=∫ t
t0
f(τ, u, ϑ)dτ admits the following estimate:

∥F∥L2(Σu
t )

≤ (1 + Cδ1−ε0)
√
ϱ(t, u)

∫ t

t0

1√
ϱ(τ, u)

∥f∥L2(Σu
τ )
dτ. (7.8)

We now turn to derive L2 estimates for higher order derivatives of λ̌, /πL̊X , /πXX , Ľ, υ and xj . To
this end, as in Section 5, one starts with estimates for the rotational vector field.

Proposition 7.1. Under the assumptions (⋆) with small δ > 0, it holds that for k ≤ 2N − 6,

∥/Lk
Rλ̌∥L2(Σu

t )
. δ3/2−ε0t−3/2 ln t+ t−m

√
Ẽ1,≤k+2(t, u) + δ2−ε0t−3/2 ln t

√
Ẽ2,≤k+2(t, u),

∥(Rk+1Ľj , /Lk
R
(R)/π)∥L2(Σu

t )
. δ3/2−ε0 + ϱ1−m

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u),

∥/Lk+1
R /dx∥L2(Σu

t )
. δ1/2t1/2 + ϱ1−m

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u),

∥Rk+1υ∥L2(Σu
t )

. δ3/2−ε0t+ ϱ2−m
√
Ẽ1,≤k+2(t, u) + δt

√
Ẽ2,≤k+2(t, u),

where Ẽi,≤k+2(t, u) = supt0≤τ≤tEi,≤k+2(τ, u) (i = 1, 2).

Proof. Since the L∞ estimates for lower order derivatives of the above quantities have been given in
Lemma 5.1, the corresponding rough L2 estimates can be obtained by the fact ∥1∥L2(Σu

t )
.

√
δϱ(t, u)

(see Corollary 12.54 in [36]). In particular, one has

∥RĽi∥L2(Σu
t )

. δ3/2−ε0 , ∥(R)/π∥L2(Σu
t )

. δ3/2−ε0 ,

∥/LR/dx
i∥L2(Σu

t )
. δ1/2t1/2, ∥Rυ∥L2(Σu

t )
. δ3/2−ε0t.

(7.9)

To treat higher order derivatives of Ľj , one can use (3.29) forRk+1Ľj as (5.6) in the proof of Lemma
5.1 by carrying out the following two steps:

• Keep the L2 norms for the highest order derivatives of λ̌, Ľ, xj and φ, while apply the L∞ estimates
in Section 5 to treat the corresponding coefficients in these terms.

• Instead of controlling the L2-norm of Z≤k+1φ (Z ∈ {R, ϱL̊}) directly by ϱ1−m
√
E1,≤k+1(t, u),

one can use (7.4) to obtain better smallness and decay rate for ||Zk+1φ||L2(Σu
t )

, for example, ∥R≤kL̊c∥L2(Σu
t )

can be controlled by δϱ−1−m
√
E1,≤k+2(t, u) + δϱ−1

√
E2,≤k+2(t, u).

Consequently, one can arrive at

∥Rk+1Ľj∥L2(Σu
t )

.δ1−ε0t−1/2∥/L≤k−1
R

(R)/π∥L2(Σu
t )

+ t∥/L≤k
R λ̌∥L2(Σu

t )
+ δ1−ε0t−1/2∥/L≤k

R /dx∥L2(Σu
t )

+ δϱ−m
√
E1,≤k+2(t, u) + δ

√
E2,≤k+2(t, u) + δ1−ε0t−1/2∥R≤kĽj∥L2(Σu

t )
.

Using this iteratively and taking into account of (7.9), one then gets

∥Rk+1Ľj∥L2(Σu
t )

.δ5/2−2ε0t−1/2 + δ1−ε0t−1/2∥/L≤k−1
R

(R)/π∥L2(Σu
t )

+ t∥/L≤k
R λ̌∥L2(Σu

t )

+ δ1−ε0t−1/2∥/L≤k
R /dx∥L2(Σu

t )
+ δϱ−m

√
E1,≤k+2 + δ

√
E2,≤k+2.

(7.10)

Similarly, one also has

∥Rk+1υ∥L2(Σu
t )

.δ1−ε0t1/2∥/L≤k
Ri
/dx∥L2(Σu

t )
+ t∥R≤k+1Ľj∥L2(Σu

t )
+ δϱ1−m

√
E1,≤k+2

+ δϱ
√
E2,≤k+2,

(7.11)



46

∥/Lk
R
(R)/π∥L2(Σu

t )
.δ5/2−2ε0t−1/2 + t−1∥R≤kυ∥L2(Σu

t )
+ δ1−ε0t1/2∥/L≤k

R λ̌∥L2(Σu
t )

+ δϱ−m
√
E1,≤k+2 + δ

√
E2,≤k+2 + δ2−2ε0t−1∥/L≤k

R /dx∥L2(Σu
t )
,

(7.12)

∥/Lk+1
R /dx∥L2(Σu

t )
.δ1/2t1/2 + t−1∥R≤k+1υ∥L2(Σu

t )
+ δ1−ε0t−1/2∥R≤k+1Ľj∥L2(Σu

t )

+ δ2−ε0ϱ−m−1/2
√
E1,≤k+2 + δ2−ε0ϱ−1/2

√
E2,≤k+2.

(7.13)

It follows from (7.9)-(7.12) and a direct induction that

∥Rk+1Ľj∥L2(Σu
t )

. δ3/2−ε0 + t∥/L≤k
R λ̌∥L2(Σu

t )
+ δϱ−m

√
E1,≤k+2 + δ

√
E2,≤k+2, (7.14)

∥/Lk+1
R /dx∥L2(Σu

t )
. δ1/2t1/2 + t∥/L≤k

R λ̌∥L2(Σu
t )

+ δϱ−m
√
E1,≤k+2 + δ

√
E2,≤k+2, (7.15)

∥Rk+1υ∥L2(Σu
t )

. δ3/2−ε0t+ t2∥/L≤k
R λ̌∥L2(Σu

t )
+ δϱ1−m

√
E1,≤k+2 + δϱ

√
E2,≤k+2, (7.16)

∥/Lk
R
(R)/π∥L2(Σu

t )
. δ3/2−ε0 + t∥/L≤k

R λ̌∥L2(Σu
t )

+ δϱ−m
√
E1,≤k+2 + δ

√
E2,≤k+2. (7.17)

It remains to estimate /Lk
Rλ̌ in L2 norm. To this end, as in Lemma 5.1, one needs to treat each term

in /LL̊
/Lk
Rλ̌ (see (5.4) and (4.15)). We treat /Lk

R(/dx
a · /dL̊φa) in details as an example.

Note that /LR/dx
j = ϵja/dxa − /d

(
υ(φj − Ľj − xj

ϱ )
)
. Then

|/Lk
R/dx

j | . 1 + t−1|R≤kυ|+ δ1−ε0t−1/2
(
|R≤kφj |+ |R≤kĽj |

)
.

This implies that

∥/Lk
R(/dx

a · /dL̊φa)∥L2(Σu
t )

.
∑

k1+k2=k

∥|/dRk2L̊φ|+ δ1−ε0t−5/2|/L≤k2−1
R

(R)/π|

+
(
t−1|R≤k1υ|+ δ1−ε0t−1/2(|R≤k1φj |+ |R≤k1|Ľj |)

)
|/dRk2L̊φ|∥L2(Σu

t )

.t−1−m
√
E1,≤k+2 + δ1−ε0t−7/2∥R≤kυ∥L2(Σu

t )
+ δ2−2ε0t−3∥R≤kĽj∥L2(Σu

t )

+ δ1−ε0t−5/2∥/L≤k−1
R

(R)/π∥L2(Σu
t )
.

The same results hold also for the L2 norms of /Lk
R(

xa

ϱ
/∇2
φa) and /Lk

R(/dx
a · /dφa), where xa

ϱ
/∇2
φa arises

in the term −c−1L̊a( /∇2
φa) = −c−1Ľa( /∇2

φa)− c−1ϱ−1xa /∇2
φa in (4.15).

Let F (t, u, ϑ) = ϱ(t, u)2tr(/Lk
Rλ̌)(t, u, ϑ)− ϱ(t0, u)

2tr(/Lk
Rλ̌)(t0, u, ϑ) in (7.8). Then

∥ϱ2tr(/Lk
Rλ̌)∥L2(Σu

t )
. δ3/2−ε0√ϱ+√

ϱ

∫ t

t0

τ−1/2∥L̊
(
ϱ2tr(/Lk

Rλ̌)
)
∥L2(Σu

τ )
dτ. (7.18)

Apply (5.4) and (4.15) to estimate the integrand in (7.18) to get

∥ϱ3/2tr(/Lk
Rλ̌)∥L2(Σu

t )
.δ3/2−ε0 +

∫ t

t0

(
τ1/2−m

√
E1,≤k+2(τ, u)

+ δ1−ε0τ−1∥R≤kĽi∥L2(Σu
τ )

+ δ1−ε0τ−1∥/L≤k−1
R

(R)/π∥L2(Σu
τ )

+ δ1−ε0τ−2∥R≤kυ∥L2(Σu
τ )

+ δ1−ε0∥tr(/L≤k
R λ̌)∥L2(Σu

τ )

)
dτ.

(7.19)

Substituting the estimates (7.14)-(7.17) into (7.19) and utilizing the Gronwall’s inequality yield

∥tr(/Lk
Rλ̌)∥L2(Σu

t )
. δ3/2−ε0t−3/2 ln t+ t−m

√
Ẽ1,≤k+2(t, u) + δ2−ε0t−3/2 ln t

√
Ẽ2,≤k+2(t, u). (7.20)

Then the remaining inequalities in Proposition 7.1 follow from this and (7.14)-(7.17).
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As a consequence of (R)/πL̊X in (3.25) and Proposition (7.1), it is direct to get

∥/Lk
R
(R)/πL̊∥L2(Σu

t )
. δ3/2−ε0 + t1−m

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u). (7.21)

Next we estimate the L2 norms of the derivatives of µ.

Proposition 7.2. Under the same assumptions in Proposition 7.1, it holds that for k ≤ 2N − 6,

∥Rk+1µ∥L2(Σu
t )

. δ3/2−ε0t1/2 + t1/2
√
Ẽ1,≤k+2(t, u) + δ2−ε0t1/2

√
Ẽ2,≤k+2(t, u). (7.22)

Proof. It follows from (5.8), Proposition 7.1 and the L∞ norm estimates in Section 5 that

∥L̊Rk+1µ∥L2(Σu
t )

.δ1−ε0t−1∥/L≤k
R

(R)/πL̊∥L2(Σu
t )

+ δ1−ε0t−3/2∥R≤k+1µ∥L2(Σu
t )

+ t−m
√
E1,≤k+2(t, u) + δ1−ε0t−3/2∥R≤k+1Ľj∥L2(Σu

t )
+ δ1−ε0t−3/2∥R≤k/dxj∥L2(Σu

t )

.δ3/2−ε0t−1 + t−m
√
Ẽ1,≤k+2(t, u) + δ2−ε0t−1

√
Ẽ2,≤k+2(t, u)

+ δ1−ε0t−3/2∥R≤k+1µ∥L2(Σu
t )
.

(7.23)

Applying (7.8) to F (t, u, ϑ) = Rk+1µ(t, u, ϑ)−Rk+1µ(t0, u, ϑ) and using (7.23) lead to

∥t−1/2Rk+1µ∥L2(Σu
t )

.δ3/2−ε0 +

∫ t

t0

{
δ3/2−ε0τ−3/2 + τ−1/2−m

√
Ẽ1,≤k+2(τ, u)

+ δ2−ε0τ−3/2
√
Ẽ2,≤k+2(τ, u) + δ1−ε0τ−3/2∥τ−1/2R≤k+1µ∥L2(Σu

τ )

}
dτ.

(7.24)

This, together with Gronwall’s inequality and the fact m ∈ (12 ,
3
4), yields (7.22).

For any vectorfield Z ∈ {ϱL̊, T}, we can also obtain similar L2 estimates for the corresponding
quantities as in Proposition 7.1 and 7.2. The main ideas and methods for this are along the same lines
of establishing Proposition 5.2, 5.3 from Lemma 5.1 and Proposition 5.1, so the details are omitted. We
may conclude from this and Proposition 7.1 and 7.2 that

Proposition 7.3. Under the same assumptions in Proposition 7.1, it holds that for k ≤ 2N − 6,

δl∥Zk+1Ľi∥L2(Σu
t )

. δ3/2−ε0 + t1−m
√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u), (7.25)

δl∥Zk+2xi∥L2(Σu
t )

. δ1/2t3/2 + t2−m
√
Ẽ1,≤k+2(t, u) + δt

√
Ẽ2,≤k+2(t, u), (7.26)

δl∥/Lk+1
Z /g∥L2(Σu

t )
. δ1/2t1/2 + t1−m

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u), (7.27)

δl∥Zk+1υ∥L2(Σu
t )

. δ3/2−ε0t+ t2−m
√
Ẽ1,≤k+2(t, u) + δt

√
Ẽ2,≤k+2(t, u), (7.28)

δl∥/Lk
Z λ̌∥L2(Σu

t )
. δ3/2−ε0t−1 + t−m

√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u), (7.29)

δl∥/Lk
Z

(
(R)/π, (R)/πL̊,

(R)/πT
)
∥L2(Σu

t )
. δ3/2−ε0 + ϱ1−m

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u), (7.30)

δl∥/Lk
Z
(T )/πL̊∥L2(Σu

t )
. δ3/2−ε0t−1/2 + ϱ−1/2

√
Ẽ1,≤k+2(t, u) + δt−1/2

√
Ẽ2,≤k+2(t, u), (7.31)

δl∥/Lk
Z
(T )/π∥L2(Σu

t )
. δ1/2−ε0 + δ−ε0ϱ1/2−m

√
Ẽ1,≤k+2(t, u) +

√
Ẽ2,≤k+2(t, u), (7.32)

δl∥Zk+1µ∥L2(Σu
t )

. δ3/2−ε0t1/2 + t1/2
√
Ẽ1,≤k+2(t, u) + δt1/2

√
Ẽ2,≤k+2(t, u), (7.33)

where l is the number of T in the corresponding derivatives.
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8 L2 estimates for the highest order derivatives of trλ and /△µ

Note that due to (6.36) and (6.44), the top orders of derivatives of φ, λ and µ for the energy estimates
in (6.35) are 2N − 4, 2N − 5 and 2N − 4 respectively. However, as shown in Proposition 7.3, the L2

estimates for the (2N−5)th order derivatives of λ and (2N−4)th order derivatives of µ can be controlled
by the (2N − 3) order energy of φ. So there is a mismatch here. To overcome this difficulty, we need to
deal with trλ and /△µ with the corresponding top order derivatives.

As in Proposition 7.1, we also modify the associated fluxes as follows:

F̃i,p+1(t, u) = sup
t0≤τ≤t

{
Fi,p+1(τ, u)

}
, i = 1, 2, (8.1)

F̃i,≤p+1(t, u) =
∑

0≤n≤p

F̃i,n+1(t, u), i = 1, 2. (8.2)

8.1 Estimates for the derivatives of trλ

Due to (4.13), trλ satisfies a transport equation as

L̊(trλ) =c−1/dxa · /dL̊φa − c−1(L̊2φ0 + φaL̊
2φa)− c−1L̊γ /△φγ −

1

2
c−1(L̊c)trλ

− c−1trλ(/dxa · /dφa)− |λ|2 + c−2f(/dx, L̊i, φ, /g)


/dφ · /dφ

(/dxa · /dφa)
2

(L̊φ)(L̊φ)

(/dxa · /dφa)L̊φ

 .
(8.3)

In addition, (4.3) can be rewritten as

µ /△φγ = L̊L̊φγ +
1

2ϱ
L̊φγ − H̃γ , (8.4)

where H̃γ = Hγ − µ /△φγ . Then (8.3) can be written as

L̊
(
trλ− E) =

(
− 2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ

)
trλ+

1

ϱ2
− |λ̌|2 + e, (8.5)

which contains only the first or zeroth order derivatives of φγ on the right hand side, where

E =c−1/dxa · /dφa −
3

2
c−1L̊c+ c−1L̊βL̊φβ, (8.6)

e =c−2f(/dx, L̊i, φ, /g)


/dφ · /dφ

(/dxa · /dφa)
2

(L̊φ)(L̊φ)

(/dxa · /dφa)L̊φ

 . (8.7)

Set F k = /dZktrλ− /dZkE with Z ∈ {ϱL̊, T,R}. It then follows from (8.5) inductively that

/LL̊F
k =

(
− 2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ

)
F k

+
(
− 2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ

)
/dZkE − /dZk(|λ̌|2) + ek,

(8.8)
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where for k ≥ 1,

ek =/Lk
Ze

0 +
∑

k1+k2=k−1

/Lk1
Z /L[L̊,Z]F

k2

+
∑

k1≤k−1

Zk−k1
(
− 2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ

)
/dZk1 trλ

(8.9)

and

e0 =/de+ /d
(
− c−1L̊c+ c−1L̊βL̊φβ

)
trλ. (8.10)

Note that for any one-form κ on St,u, it holds that

L̊(ϱ2|κ|2) = −2ϱ2trλ̌|κ|2 + 2ϱ2(tr/LL̊κ)|κ|. (8.11)

Then choosing κ = ϱ2F k in (8.11) and using (8.8) lead to

L̊
(
ϱ6|F k|2

)
=ϱ6

{
− 2trλ̌|F k|2 + 2

(
− c−1L̊c+ c−1L̊βL̊φβ

)
|F k|2 + 2ek ·F k

+ 2
(
− 2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ

)
/dZkE ·F k − 2/dZk(|λ̌|2) ·F k

}
.

This yields,

|L̊(ϱ3|F k|)| .ϱ3|λ̌| · |F k|+ ϱ3| − c−1L̊c+ c−1L̊γL̊φγ | · |F k|+ ϱ3| − 2

ϱ
− c−1L̊c

+ c−1L̊γL̊φγ | · |/dZkE|+ ϱ3|/dZk(|λ̌|2)|+ ϱ3|ek|.
(8.12)

Then it follows from this and (7.8) that

δlϱ3∥F k∥L2(Σu
t )

=δl∥F k(t0, · , · )∥L2(Σu
t )

+ δlϱ1/2
∫ t

t0

{
τ5/2∥λ̌∥L∞(Σu

τ )
· ∥F k∥L2(Σu

τ )

+ τ5/2∥ − c−1L̊c+ c−1L̊γL̊φγ∥L∞(Σu
τ )
· ∥F k∥L2(Σu

τ )

+ τ5/2∥ − 2

ϱ
− c−1L̊c+ c−1L̊γL̊φγ∥L∞(Σu

τ )
· ∥/dZkE∥L2(Σu

τ )

+ τ5/2∥/dZk(|λ̌|2)∥L2(Σu
τ )

+ τ5/2∥ek∥L2(Σu
τ )

}
dτ.

Thus, the Gronwall’s inequality yields

δlϱ5/2∥F k∥L2(Σu
t )

. δ3/2−ε0 + δl
∫ t

t0

{
τ3/2∥/dZkE∥L2(Σu

τ )
+ τ5/2∥/dZk(|λ̌|2)∥L2(Σu

τ )

+ τ5/2∥ek∥L2(Σu
τ )

}
dτ.

(8.13)

Each term in the integrand of (8.13) will be estimated as follows.
We start with /dZkE. Since E = c−1/dxa · /dφa − 3

2c
−1L̊c+ c−1L̊βL̊φβ , then

δl∥/dZkE∥L2(Σu
t )

. δ3/2−ε0t−2 + t−1−m
√
Ẽ1,≤k+2(t, u) + δ2−ε0t−5/2

√
Ẽ2,≤k+2(t, u), (8.14)

where one has used L∞ estimates in Section 5, Proposition 7.3 and Lemma 7.1.
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Next, we treat /dZk(|λ̌|2). Direct computations give

/dZk(|λ̌|2) =2trλ̌(/dZktrλ) + 2
∑

k1+k2=k, k1≤k−1

Zk2 trλ̌(/dZk1 trλ̌)

=2trλ̌(F k + /dZkE) + 2
∑

k1+k2=k, k1≤k−1

Zk2 trλ̌(/dZk1 trλ̌).
(8.15)

Taking L2 norm of (8.15) on the surfaces Σu
t directly, and applying the estimates in Section 5 and Section

7 to handle the lower and higher order derivatives respectively, one can deduce

δl∥/dZk(|λ̌|2)∥L2(Σu
t )

.δ1−ε0t−3/2δl∥F k∥L2(Σu
t )

+ δ5/2−2ε0t−7/2

+ δ1−ε0t−5/2−m
√
Ẽ1,≤k+2(t, u) + δ2−ε0t−7/2

√
Ẽ2,≤k+2(t, u).

(8.16)

Finally, it remains to treat ek.
At first, we deal with the term /Lk1

Z /L[L̊,Z]F
k2 in (8.9) with k1 + k2 = k − 1. If Z ∈ {R, T}, then

[L̊, Z] = (Z)/πX
L̊
X by (3.42), and therefore, /L[L̊,Z]F

k2 = (Z)/πL̊ · /∇F k2 + F k2 · /∇(Z)/πL̊. This leads to
that by Proposition 7.3,

δl∥/Lk1
Z /L[L̊,Z]F

k2∥L2(Σu
t )

. δ1−ε0t−3/2δl∥F k∥L2(Σu
t )

+ δ5/2−2ε0t−7/2

+ δ1−ε0t−5/2−m
√
Ẽ1,≤k+2(t, u) + δ2−ε0t−7/2

√
Ẽ2,≤k+2(t, u).

(8.17)

If Z = ϱL̊, then by [L̊, Z] = L̊ and (8.8),

/Lk1
Z /L[L̊,Z]F

k2 = /Lk1
Z

{
(−2

ϱ
− c−1L̊c+ c−1L̊γL̊φγ)/dZ

k2 trλ− /dZk2(|λ̌|2) + ek2
}
. (8.18)

Note that the estimate of /Lk1
Z /dZ

k2(|λ̌|2) in (8.18) can be obtained by Proposition 7.3 immediately,

δl∥/dZk−1(|λ̌|2)∥L2(Σu
t )

.δ5/2−2ε0t−7/2 + δ1−ε0t−5/2−m
√
Ẽ1,≤k+2(t, u)

+ δ2−ε0t−7/2
√
Ẽ2,≤k+2(t, u).

(8.19)

The other two terms in (8.18) can be estimated similarly as for the remaining terms in (8.9), which will
be done below.

Indeed, for the term Zk−k1(−2
ϱ − c−1L̊c+ c−1L̊βL̊φβ)/dZ

k1 trλ in (8.9) with k1 ≤ k− 1, by Propo-
sition 7.3, one can get

δl∥Zk−k1(−2

ϱ
− c−1L̊c+ c−1L̊βL̊φβ)/dZ

k1 trλ∥L2(Σu
t )

.δ3/2−ε0t−3 + t−2−m
√
Ẽ1,≤k+2(t, u) + δt−3

√
Ẽ2,≤k+2(t, u).

(8.20)

It remains to estimate /Lk
Ze

0 in (8.9). By (8.10), (8.7) and Proposition 7.3, one has

δl∥/Lk
Ze

0∥L2(Σu
t )

.δ3/2−ε0t−3 + t−2−m
√
Ẽ1,≤k+2(t, u)s+ δ2−ε0t−7/2

√
Ẽ2,≤k+2(t, u). (8.21)

Combining the estimates (8.17)-(8.21) and (8.9) yields

δl∥ek∥L2(Σu
t )

.δ1−ε0t−3/2δl∥F k∥|L2(Σu
t )
dτ + δ3/2−ε0t−3 + t−2−m

√
Ẽ1,≤k+2(t, u)

+ δt−3
√
Ẽ2,≤k+2(t, u).

(8.22)
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By inserting (8.14), (8.16) and (8.22) into (8.13), one obtains from (8.5) and (8.6) that

δl∥F k∥L2(Σu
t )

.δ3/2−ε0t−2 + t−1−m
√
Ẽ1,≤k+2(t, u) + δt−2

√
Ẽ2,≤k+2(t, u). (8.23)

In addition, due to the definition of F k, /dZktrλ = F k + /dZkE, and hence,

δl∥/dZktrλ∥L2(Σu
t )

+ δl∥ /div/Lk
Z λ̌∥L2(Σu

t )

.δ3/2−ε0t−2 + t−1−m
√
Ẽ1,≤k+2(t, u) + δt−2

√
Ẽ2,≤k+2(t, u)

(8.24)

holds true, where one has used (8.23) and (8.14).

Remark 8.1. Since /dZktrλ̌ = /dZktrλ by (3.13), so (8.24) gives also the L2 estimate for /dZktrλ̌.

8.2 Estimates for the derivatives of /△µ

As in Subsection 8.1, one can use (3.19) to estimate /△µ. Indeed, it follows from [L̊, /△]µ = −2(trλ̌) /△µ−
2ϱ−1 /△µ− /dtrλ̌ · /dµ due to Lemma 3.8 and (3.19) that

L̊ /△µ =[L̊, /△]µ+ /△L̊µ

=− 2(trλ̌) /△µ− 2

ϱ
/△µ− /dtrλ̌ · /dµ+ ( /△µ)c−1(L̊αL̊φα − L̊c) + 2/dµ · /d(c−1L̊αL̊φα

− c−1L̊c) + µ
{
/△(c−1L̊α)
:::::::::

L̊φα + 2/d(c−1L̊α) · /dL̊φα

}
+ L̊(c−1µL̊α /△φα)

− L̊(c−1µL̊α) /△φα − c−1µL̊α[L̊, /△]φα + µ[L̊, /△] ln c− L̊(µ /△ ln c) + (L̊µ) /△ ln c.

(8.25)

To estimate the term with wavy line in (8.25), one notes that (3.29) implies

/△Ľa =/dtrλ · /dxa + trλ̌ /△xa + /∇X{1
2
c−1(L̊c)/dXx

a − 1

2
c−1(/dXc)T̃

a + c−1T̃ b(/dXφb)T̃
a
}
, (8.26)

and the L2 norm of each term in (8.26) can be estimated by (8.24).
Observe that the two terms with the underline in (8.25) are both derivatives with respect to L̊, and

then can be moved to the left hand side of (8.25). Let Ẽ = c−1µL̊α /△φα − µ /△ ln c and F̃ = /△µ − Ẽ.
Then (8.25) can be rewritten as

L̊F̃ =(−2trλ̌− 2ϱ−1 + c−1L̊αL̊φα − c−1L̊c)F̃

− /dtrχ · (/dµ− c−1µL̊φa/dx
a − c−1µL̊α/dφα + µ/d ln c) + ẽ.

Recall that Z̄ is any vector field in {T,R} defined in Proposition (5.2). Set F̄ k = Z̄k /△µ − Z̄kẼ, one
can get by induction as for (8.8) that

L̊F̄ k =(−2trλ̌− 2ϱ−1 + c−1L̊γL̊φγ − c−1L̊c)F̄ k

− /dZ̄ktrλ · (/dµ− c−1µL̊φa/dx
a − c−1µL̊α/dφα + µ/d ln c) + [L̊, Z̄]X/dX F̄

k−1 + ēk
(8.27)

with

ēk =
∑

k1 + k2 = k − 1
|k1| ≥ 1

/Lk1
Z̄ [L̊, Z̄]X/dX F̄

k2 + Z̄kẽ+
∑

k1 + k2 = k
|k1| ≥ 1

{
Z̄k1(−2trλ̌− 2ϱ−1 + c−1L̊γL̊φγ − c−1L̊c)F̄ k2

− (/dZ̄k2 trλ) · /Lk1
Z̄ (/dµ− c−1µL̊φa/dx

a − c−1µL̊α/dφα + µ/d ln c)
}
,
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where the first sum on the right hand side above vanishes when k = 1. Thus, applying (7.8) to
F (t, u, ϑ) = ϱ2F̄ k(t, u, ϑ)− ϱ20F̄

k(t0, u, ϑ) and using (8.27) lead to

δlϱ3/2∥F̄ k∥L2(Σu
t )

.δ3/2−ε0 +

∫ t

t0

δ1−ε0δl∥F̄ k∥L2(Σu
τ )
dτ

+

∫ t

t0

δ1+l−ε0τ1/2∥/dZ̄ktrλ∥L2(Σu
τ )
dτ +

∫ t

t0

τ3/2δl∥ēk∥L2(Σu
τ )
dτ.

(8.28)

It follows from (8.24) and Proposition 7.3 that∫ t

t0

δ1+l−ε0τ1/2∥/dZ̄ktrλ∥L2(Σu
τ )
dτ +

∫ t

t0

τ3/2δl∥ēk∥L2(Σu
τ )
dτ

.δ3/2−ε0 +

∫ t

t0

(
τ−1/2−m

√
Ẽ1,≤k+2(τ, u) + δτ−3/2

√
Ẽ2,≤k+2(τ, u)

)
dτ

.δ3/2−ε0 +

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u).

(8.29)

Inserting (8.29) into (8.28) and appying the Gronwall’s inequality yield

δlϱ3/2∥F̄ k∥L2(Σu
t )

.δ3/2−ε0 +

√
Ẽ1,≤k+2(t, u) + δ

√
Ẽ2,≤k+2(t, u),

and hence,

δl∥Z̄k /△µ∥L2(Σu
t )

.δ3/2−ε0t−3/2 + t−3/2
√
Ẽ1,≤k+2(t, u) + δt−3/2

√
Ẽ2,≤k+2(t, u).

The other cases, which contain at least one ϱL̊ in Zk, can be treated by using (3.19) and commutators
[ϱL̊, Z̄] and [ϱL̊, /△]. Therefore, we eventually arrive at

δl∥Zk /△µ∥L2(Σu
t )

.δ3/2−ε0t−3/2 + t−3/2
√
Ẽ1,≤k+2(t, u) + δt−3/2

√
Ẽ2,≤k+2(t, u).

(8.30)

At the end of this section, we are going to improve the L2 estimate of /Lk
Z λ̌ in (7.29). It follows from

the proof of Proposition 7.1 and 7.3 that the estimate of L2 norm of /Lk
Z λ̌ was obtained by integrating

/LL̊
/Lk
Z λ̌ along integral curves of L̊. Such an approach leads to losses of time decay of some related

terms. To avoid such a difficulty, we now make use of the estimates (8.24) and (8.30) and carry out the
L2 estimates directly by studying the equations of λ̌ under actions of different vectorfields.

Corollary 8.1. Under the assumptions (⋆) with δ > 0 small, it then holds that for k ≤ 2N − 6,

δl∥Zktrλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + δt−1−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u), (8.31)

where l is the number of T in the corresponding derivatives. Furthermore,

δl∥ZkL̊trλ̌∥L2(Σu
t )

. δ3/2−ε0t−2 + t−1−m
√
Ẽ1,≤k+2(t, u) + δt−2

√
Ẽ2,≤k+2(t, u) (8.32)

and

δl+1∥ZkT trλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + t−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u). (8.33)
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Proof. We first derive (8.31). Without loss of generality, k ≥ 1 is assumed. Zk−1(ϱL̊)trλ̌, Zk−1T trλ̌
and Zk−1Rtrλ̌ will be treated separately as follows.

Step 1. Treatment of Zk−1(ϱL̊)trλ̌
It follows from (4.15) that

δl|Zk−1(ϱL̊)trλ̌| .δl1 |Zn1 trλ̌|+ δ1−ε0t−5/2δl2 |Zn2x|+ δl2 |L̊Zn2φ|
+ δl2 |/dZn2φ|+ t−1δl2 |Zn2φ|+ δ1−ε0t−3/2δl1 |Zn1Ľi|

+ δ1−ε0t−3/2δl0 |/Ln0

Z
(R)/πL̊|+ δ2−ε0t−3/2δl0 |/Ln0

Z
(T )/πL̊|,

(8.34)

where li is the number of T in Zni (i = 0, 1, 2), and ni ≤ k − 2 + i. (8.34) and Proposition 7.3 imply

δl∥Zk−1(ϱL̊)trλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + t−m
√
Ẽ1,≤k+1(t, u) + δt−1

√
Ẽ2,≤k+1(t, u), (8.35)

which, together with (7.5), yields

δl∥Zk−1(ϱL̊)trλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + δt−1−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u). (8.36)

Step 2. Treatment of Zk−1T trλ̌
Thanks to (4.16), one has

δl+1|Zk−1T trλ̌| .δ2−ε0t−3/2δl1 |Zn1 tr(T )/π|+ δ1−ε0t−1/2δ11 |Zn1 trλ̌|+ δl1+1|Zn1 /△µ|
+ δ1−ε0t−5/2δl2 |Zn2x|+ δl2 |/dZn2φ|+ δl2 |L̊Zn2φ|+ t−1δl2 |Zn2φ|

+ δ1−ε0t−3/2δl1 |Zn1Ľi|+ δt−2δl2 |Zn2µ|+ δ1−ε0t−3/2δl0 |/Ln0

Z
(R)/πL̊|

+ δ2−ε0t−3/2δl0 |/Ln0

Z
(T )/πL̊|,

(8.37)

where the number of T in Zk−1 is l, li and ni (i = 0, 1, 2) are given as in Step 1. We now apply (8.30)
to estimate Zn1 /△µ and use Proposition 7.3 to handle the other terms in (8.37). This leads to

δl+1∥Zk−1T trλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + t−m
√
Ẽ1,≤k+1(t, u) + δt−1

√
E2,≤k+1(t, u). (8.38)

Thus

δl+1∥Zk−1T trλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + δt−1−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
E2,≤k+2(t, u). (8.39)

Step 3. Treatment of Zk−1Rtrλ̌
Due to Zk−1Rtrλ̌ = [Zk−1, R]trλ̌+RZk−1trλ̌, then

δl|Zk−1Rtrλ̌| . δ1−ε0t−3/2δl0 |/Ln0

Z
(R)/πL̊|+ δ2−ε0t−5/2δl0 |/Ln0

Z
(R)/πT |+ tδl1 |/dZn1 trλ̌|,

which, together with Proposition 7.3, (8.24) and (7.5), implies

δl∥Zk−1Rtrλ̌∥L2(Σu
t )

. δ3/2−ε0t−1 + t−m
√
Ẽ1,≤k+1(t, u) + δt−1

√
E2,≤k+1(t, u)

. δ3/2−ε0t−1 + δt−1−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
E2,≤k+2(t, u).

(8.40)

Collecting (8.36), (8.39) and (8.40) leads to the desired estimate (8.31). Moreover, (8.32) and (8.33)
are the direct consequences of (8.35) and (8.38) respectively.
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9 Estimates for the error terms

With the L2 estimates in Sections 7 and 8, we are ready to handle the error terms δ
∫
Dt,u |Φ · L̊Ψ| and

|
∫
Dt,u Φ(ϱ

2mL̊Ψ + 1
2ϱ

2m−1Ψ)| in (6.35), and then get the final energy estimates for φ. To estimate∫
Dt,u Φ(ϱ

2mL̊Ψ+ 1
2ϱ

2m−1Ψ) for the top order derivatives, the following two lemmas will be needed.

Lemma 9.1. For any smooth functions f and h, it holds that∫
St,u

(fh) =

∫
Ct

u

{L̊(fh) + trλ(fh)}+
∫
St0,u

(fh)

=

∫
Ct

u

f(L̊h+
1

2ϱ
h) +

∫
Ct

u

(L̊f +
1

2ϱ
f)h+

∫
Ct

u

trλ̌(fh) +
∫
St0,u

(fh), (9.1)∫
St,u

(Rf)h =−
∫
St,u

f(Rh)− 1

2

∫
St,u

tr(R)/π(fh). (9.2)

Lemma 9.2. If fi (i = 1, 2, 3) are smooth functions, then it holds that

−
∫
Dt,u

{f1 · (L̊f2 +
1

2ϱ
f2) ·Rf3} =−

∫
Dt,u

{f1 ·Rf2 · L̊f3}+
∫
Σu

t

{f1 ·Rf2 · f3}

+

∫
Dt,u

Er1 +

∫
Σu

t

Er2 +

∫
Σu

t0

Er3

(9.3)

with

Er1 =(trλ̌)f1 · f2 ·Rf3 −Rf1 · f2 · L̊f3 −
1

2
(tr(R)/π)f1 · f2 · L̊f3 − f1 · ((R)/πL̊X/d

X
f2) · f3

− ((R)/πL̊X/d
X
f1) · f2 · f3 − ( /div(R)/πL̊)f1 · f2 · f3 − (L̊+

1

2ϱ
)f1 ·Rf2 · f3

−R(L̊+
1

2ϱ
)f1 · f2 · f3 −

1

2
(tr(R)/π)(L̊+

1

2ϱ
)f1 · f2 · f3,

Er2 =Rf1 · f2 · f3 +
1

2
(tr(R)/π)f1 · f2 · f3,

Er3 =− f1 ·Rf2 · f3 −Rf1 · f2 · f3 −
1

2
(tr(R)/π)f1 · f2 · f3.

Proof. Let f = f1 ·Rf3 and h = f2 in (9.1) and then integrate over [0, u] to get

−
∫
Dt,u

{f1 · (L̊f2 +
1

2ϱ
f2) ·Rf3}

=

∫
Dt,u

trλ̌{f1 · f2 ·Rf3}+
∫
Dt,u

{(L̊+
1

2ϱ
)(f1 ·Rf3) · f2}

−
∫
Σu

t

{f1 · f2 ·Rf3}+
∫
Σu

t0

{f1 · f2 ·Rf3}.

(9.4)

Denote the last three integrals on the right hand side of (9.4) by I , II and III respectively. Choosing
f = f3 and h = f2(L̊f1 +

1
2ϱf1) in (9.2) yields

I =−
∫
Dt,u

R{f2(L̊f1 +
1

2ϱ
f1)}f3 −

1

2

∫
Dt,u

tr(R)/π{f2(L̊f1 +
1

2ϱ
f1)f3}

+

∫
Dt,u

{f1 · f2 ·RL̊f3}+
∫
Dt,u

{f1 · f2 · ((R)/πL̊X/d
X
f3)}.

(9.5)
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Treating
∫
Dt,u{f1 · f2 ·RL̊f3} by using (9.2), one can get from (9.5) that

I =−
∫
Dt,u

Rf2(L̊f1 +
1

2ϱ
f1)f3 −

∫
Dt,u

f2{R(L̊+
1

2ϱ
)f1}f3

− 1

2

∫
Dt,u

tr(R)/π{f2(L̊f1 +
1

2ϱ
f1)f3} −

∫
Dt,u

f1 ·Rf2 · L̊f3

−
∫
Dt,u

Rf1 · f2 · L̊f3 −
1

2

∫
Dt,u

tr(R)/π{f1 · f2 · L̊f3}

−
∫
Dt,u

f1(
(R)/πL̊X/d

X
f2)f3 −

∫
Dt,u

((R)/πL̊X/d
X
f1)f2 · f3

−
∫
Dt,u

( /div(R)/πL̊)f1 · f2 · f3.

(9.6)

Similarly,

II =

∫
Σu

t

f1(Rf2)f3 +

∫
Σu

t

Rf1 · f2 · f3 +
1

2

∫
Σu

t

(tr(R)/π)f1 · f2 · f3, (9.7)

III = −
∫
Σu

t0

f1(Rf2)f3 −
∫
Σu

t0

Rf1 · f2 · f3 −
1

2

∫
Σu

t0

(tr(R)/π)f1 · f2 · f3. (9.8)

Thus (9.3) follows from substituting (9.6)-(9.8) into (9.4).

Recall the notations in Section 6 that for Ψ = Zk+1φγ = Zk+1Zk · · ·Z1φγ , Φ = Φk+1
γ ≡ Jk

1 + Jk
2

is given explicitly in (6.38) with Jk
1 and Jk

2 being the summation and the rest in (6.38) respectively. We
will also use the notation that φn

γ = Zn · · ·Z1φγ for n ≥ 1, and φ0
γ = φγ . Then our main task is to

estimate Jk
1 and Jk

2 .

9.1 Estimates for Jk
1

It follows from the explicit form of Jk
1 that the key is to estimate the derivatives of µdiv(Z)Cn

γ (0 ≤ n ≤
k). Due to (6.42) and the structures given in (6.43)-(6.45), the treatment involving (Z)Dn

γ,2 will be given
separately from those for (Z)Dn

γ,1 and (Z)Dn
γ,3, since the latter do not contain the top order derivatives of

φγ .

(1) We start with the estimates involving (Z)Dn
γ,1 and (Z)Dn

γ,3. Substituting (3.23)-(3.25) into (6.43) and
(6.45) yields

(T )Dn
γ,1 =TµL̊

2φn
γ + µ(/dµ+ 2c−1µT̃ a/dφa) · /dL̊φn

γ +
1

2
tr(T )/π(L̊L̊φn

γ +
1

2
trχL̊φn

γ )

+ (/dµ+ 2c−1µT̃ a/dφa) · /dL̊φn
γ − Tµ /△φn

γ +
1

2

(
− c−1Tc− c−1µL̊c

+ 2c−1µ/dxa · /dφa − 2µtrλ
)
/△φn

γ ,

(9.9)

(T )Dn
γ,3 =

{
trλTµ+ (

1

4
µtrλ+

1

2
µtrθ̃)tr/g

(T )/π − 1

2
|/dµ|2 − c−1µT̃ a/dµ · /dφa

}
L̊φn

γ

+ (
1

2
tr(T )/π +

1

2
L̊µ− µtrλ)(/dµ+ 2c−1µT̃ a/dφa) · /dφn

γ ,

(9.10)

(ϱL̊)Dn
γ,1 =(2− µ+ ϱL̊µ)L̊2φn

γ − 2ϱ(/dµ+ 2c−1µT̃ a/dφa) · /dL̊φn
γ

+ ϱtrλ(L̊L̊φn
γ +

1

2
trχL̊φn

γ) + ϱ(µtrλ̌− L̊µ) /△φn
γ ,

(9.11)
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(ϱL̊)Dn

γ,3 =trλ
{
2− µ+ ϱL̊µ+ ϱµtrθ̃ +

1

2
ϱµtrλ

}
L̊φn

γ

+ 2ϱtrλ(/dµ+ 2µc−1T̃ a/dφa) · /dφn
γ ,

(9.12)

(R)Dn
γ,1 =RµL̊

2φn
γ − (R)/πL̊ · /dL̊φn

γ +
1

2
tr(R)/π(L̊L̊φn

γ +
1

2
trλL̊φn

γ )

− (R)/πL̊ · /dL̊φn
γ −Rµ /△φn

γ +
1

2
µ(tr(R)/π) /△φn

γ ,

(9.13)

(R)Dn
γ,3 =

{
trλRµ+

1

2
µ(trθ̃ +

1

2
trλ)tr(R)/π +

1

2
/dµ · (R)/πL̊

}
L̊φn

γ +
{1
2

tr(R)/π(/dµ

+ 2µc−1T̃ a/dφa)−
1

2
L̊µ(R)/πL̊ +

1

2
trλ(R)/πL̊ +

1

2
µtrλ(R)/πL̊

}
· /dφn

γ .

(9.14)

Note that the term L̊L̊φn
γ +

1
2 trλL̊φn

γ appears in (Z)Dn
γ,1 and Jk

1 contains at most the (k−n)th order
derivatives of (Z)Dn

γ,i (i = 1, 3). Then it can be checked that the L2 norms of all the terms involving
(Z)Dn

γ,i (i = 1, 3) in Jk
1 can be treated by using the L∞-estimates in Section 5 and the related L2

estimates of Proposition 7.3. Therefore, it holds that

δ2l+1 |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(Zk+1−j)Dk−j

γ,1

· L̊φk+1
γ |

.δ2l+1

∫ t

t0

k∑
j=1

∥
(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(Zk+1−j)Dk−j

γ,1 ∥L2(Σu
τ )

· ∥L̊Zk+1φγ∥L2(Σu
τ )
dτ

.δ4−4ε0 +

∫ t

t0

τ−3/2Ẽ1,≤k+2(τ, u)dτ + δ

∫ t

t0

τ−3/2Ẽ2,≤k+2(τ, u)dτ.

(9.15)

Similarly, one can get that

δ2l+1 |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(Zk+1−j)Dk−j

γ,3

· L̊Zk+1φγ |

.δ3−3ε0 + δ2−3ε0

∫ t

t0

τ−3/2Ẽ1,≤k+2(τ, u)dτ + δ2−ε0

∫ t

t0

τ−3/2Ẽ2,≤k+2(τ, u)dτ.

(9.16)

The corresponding terms in δ2l|
∫
Dt,u Φ(ϱ

2mL̊Ψ+ 1
2ϱ

2m−1Ψ)| can also be estimated as

δ2l
∫
Dt,u

|
k∑

j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)(

(Zk+1−j)Dk−j
γ,1

+ (Zk+1−j)Dk−j
γ,3

)
(ϱ2mL̊φk+1

γ +
1

2
ϱ2m−1φk+1

γ ) |
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.δ2l+1

∫
Dt,u

ϱ2m
{ k∑

j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)(

(Zk+1−j)Dk−j
γ,1

+ (Zk+1−j)Dk−j
γ,3

)}2
+ δ2l−1

∫
Dt,u

|(ϱmL̊φk+1
γ +

1

2
ϱm−1φk+1

γ )|2

.δ4−4ε0 + δ

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ

∫ t

t0

τ−3+2mẼ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,k+2(t, u

′)du′.

(9.17)

(2) We now estimate the terms involving (Z)Dn
γ,2 (0 ≤ n ≤ k) in Jk

1 . Note that the most special case
is n = 0, which corresponds to j = k in Jk

1 . Indeed, in this case, the order of the top derivatives
in (Z)D0

γ,2 is k, which implies that (Z)D0
γ,2 contains terms involving the (k + 1)th order derivatives

of the deformation tensor. This prevents one from using Proposition 7.3 to estimate the L2 norm
of (Z)D0

γ,2 directly. Otherwise, the factors Ẽ1,≤k+3(t, u) and Ẽ2,≤k+3(t, u) will appear in the right
hand side of the energy estimate (6.35), which can not be absorbed by the left hand side. Thus, we
will examine carefully the expression of (Z)Dn

γ,2 and apply the estimates in Section 8 to deal with
the top order derivatives of trλ and µ. Indeed, it follows from direct computations that

(T )Dn
γ,2 =L̊Tµ · L̊φn

γ − 1

2

(
/LL̊

(T )/πL̊
)
· /dφn

γ +
1

2
/div(/dµ + 2c−1µT̃ a/dφa)Lφ

n
γ

+
{1
4
L̊
(
− c−1Tc− c−1µL̊c+ 2µc−1/dxa · /dφa−2µtrχ

::::::

)
+

1

2
/∇X

(
µ/d

X
µ

+ 2c−1µ2T̃ a/dφa

)}
L̊φn

γ −
{
/dTµ− 1

2
/LL̊(/dµ+ 2c−1µT̃ a/dφa)

}
· /dφn

γ

− 1

2
/d
(
2µ2trλ̌︸ ︷︷ ︸+2ϱ−1µ2 + c−1µTc+ c−1µ2L̊c− 2c−1µ2(/dxa) · /dφa

)
· /dφn

γ

+
1

4

(
L̊tr(T )/π

)
L̊φn

γ ,

(9.18)

(ϱL̊)Dn
γ,2 =

{
L̊
(
− µ+ ϱL̊µ

)
+

1

2
L̊
(
ϱtrλ̌

)
::::::::

− /∇X

(
ϱ/d

X
µ + 2c−1ϱµT̃ a/d

X
φa

)}
L̊φn

γ

+
1

2
L̊
(
ϱtrλ̌

)
L̊φn

γ −
{
/LL̊

(
ϱ/dµ+ 2c−1ϱµT̃ a/dφa

)
+ /d

(
µ+ ϱL̊µ

)}
· /dφn

γ

+ /d
(
ϱµtrλ

)︸ ︷︷ ︸ · /dφn
γ ,

(9.19)

(R)Dn
γ,2 =(L̊Rµ)L̊φn

γ −
{1
2
/LL̊

(
(R)/πL̊

)
+ /dRµ − 1

2
/LL̊

(
RX trλ̌/g

::::::::::

− gabϵ
a
i Ľ

i/dxb

− υc−1T̃ a/dφa +
1

2
c−1RX L̊c/g +

1

2
c−1υ/dc

)}
· /dφn

γ +
1

4
L̊
(
tr(R)/π

)
L̊φn

γ

+
1

4
L̊
(
2υtrλ

:::::::

+ c−1υL̊c− 2c−1υ/dxa · /dφa − c−1Rc
)
L̊φn

γ − 1

2
/∇X

(
µRX trλ̌︸ ︷︷ ︸

+ gabµϵ
b
i Ľ

i/d
X
xa + 2gabµϵ

a
i Ť

i/dxb + µυc−1T̃ a/dφa +
1

2
c−1µRX L̊c
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+
1

2
c−1µυ/dc+ 2υ/dµ− 2c−1µRφa/d

X
xa

)
L̊φn

γ +
1

2
/∇X

(
RX trλ̌︸ ︷︷ ︸

− gabϵ
a
i Ľ

i/d
X
xb − υc−1T̃ a/d

X
φa +

1

2
c−1RX L̊c+

1

2
c−1υ/dXc

)
L̊φn

γ

+
1

2
/d
(
2υµtrλ︸ ︷︷ ︸+c−1µυL̊c− 2c−1µυ/dxa · /dφa − c−1µRc

)
· /dφn

γ .

(9.20)

It is emphasized that special attentions are needed for terms with underlines, wavy lines, boxes, or
braces in (9.18)-(9.20). In (9.18), due to 1

2
/LL̊
/dµ = /dTµ+ 1

2µ/dL̊µ, the corresponding underline part
is

/dTµ− 1

2
/LL̊
/dµ = −1

2
µ/dL̊µ, (9.21)

which can be estimated by using (3.19). For the terms with wavy lines in (9.18)-(9.20), one can use
(4.16) and (4.15) to replace 1

2
/LL̊λ̌ by /∇2

µ + · · · which can be handled by (8.30). We also apply
(8.30) and (8.24) to estimate those terms with boxes and braces respectively. Meanwhile, one notes
that in (9.18)-(9.20), there are some terms containing derivatives of the deformation tensors with
respect to L̊. For example, 1

2

(
/LL̊

(T )/πL̊
)
· /dφn

γ appears in (9.18). However, these terms are not the
“bad” ones and can be estimated by taking into account of (3.19), (4.15), (3.23) and (3.25).

In summary, we can arrive at

δ2l+1 |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(Zk+1−j)Dk−j

γ,2

· L̊φk+1
γ |

.δ4−4ε0 + δ1−2ε0

∫ t

t0

τ−1/2−mẼ1,≤k+2(τ, u)dτ + δ

∫ t

t0

τ−1/2−mẼ2,≤k+2(τ, u)dτ.

. (9.22)

It remains to deal with

δ2l |
∫
Dt,u

(
Zk+1+

(Zk+1)Λ
)
. . .

(
Zk+2−j+

(Zk+2−j)Λ
)
(Zk+1−j)Dk−j

γ,2 (ϱ2mL̊φk+1
γ +

1

2
ϱ2m−1φk+1

γ ) |,

where j = 1, 2, · · · k, which will be done by these steps below.

(a) For Zk+1−j = T , according (9.18), one can get from (8.24), (8.30) and Proposition 7.3 that

δ2l |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(T )Dk−j

γ,2 · (ϱ2mL̊φk+1
γ

+
1

2
ϱ2m−1φk+1

γ ) |

.δ2l+1

∫
Dt,u

ϱ2m |
k∑

j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(T )Dk−j

γ,2 |2

+ δ−1

∫ u

0
F1,k+2(t, u

′)du′

.δ6−6ε0 + δ3−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,k+2(t, u

′)du′.

(9.23)
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(b) For Zk+1−j = ϱL̊, Zk(ϱL̊)D0
γ,2 contains a term 1

2

(
ZkL̊(ϱtrλ̌)

)
L̊φγ . Then (4.15) implies that

δl|ZkL̊(ϱtrλ̌)| .δl2 |Zn2 trλ̌|+ δl2 |Zn2
(
ϱ( /△φ0 + L̊a /△φa)

)
|+ δl3 |L̊Zn3φ|

+ δ1−ε0t−5/2δl3 |Zn3x|+ t−1δl3 |Zn3φ|+ δ1−ε0t−3/2δl2 |Zn2Ľi|

+ δ1−ε0t−3/2δl1 |/Ln1

Z
(R)/πL̊|+ δ2−ε0t−3/2δl1 |/Ln1

Z
(T )/πL̊|,

(9.24)

where li is the number of T in Zni and ni ≤ k − 2 + i (i = 1, 2, 3). Due to (8.4),

µ( /△φ0 + L̊a /△φa) =L̊
αL̊L̊φα +

1

2ϱ
L̊αL̊φα − L̊αH̃α

=L̊(L̊αL̊φα)− (L̊L̊a)L̊φa +
1

2ϱ
L̊
α
L̊φα − L̊αH̃α.

(9.25)

Substituting (3.26) and (4.4) (note that H̃α = Hα − µ /△φα) into (9.25) yields

/△φ0 + L̊a /△φa

=(L̊+
1

2ϱ
)L̊φ0 +

2∑
a=1

{
(2φa − L̊a)(L̊+

1

2ϱ
)L̊φa + L̊(2φa − L̊a)L̊φa

}
+ c−1(L̊αφα − L̊c)

{
L̊φ0 +

2∑
a=1

(2φa − L̊a)L̊φa

}
+

1

2
c−1(T̃ aL̊φa

− /dxa · /dφa − ctrλ̌− cϱ−1)L̊αL̊φα + c−1(L̊α/dφα + 3T̃ a/dφa) · /dxb(L̊φb)

+
1

2
c−1(L̊c+ 3T̃ aL̊φa − 3/dxa · /dφa + ctrλ̌)(L̊α + 2T̃α)L̊φα.

(9.26)

It then follows from (9.26) and Proposition 7.3 that for any fixed constant �≥ 1
2 ,

δ2l
∫
Dt,u

ϱ2m−�|Zk
(
ϱ( /△φ0 + L̊a /△φa)

)
|2

.δ2l3
∫
Dt,u

τ2m−�|(L̊+
1

2ϱ
)Zn3φ|2 + δ2l3

∫
Dt,u

τ2m−2−�|Zn3φ|2

+ δ2−2ε0+2l2

∫
Dt,u

τ2m−3−�|Zn2Ľi|2 + δ2−2ε0+l3

∫
Dt,u

τ2m−5−�|Zn3x|2

+ δ2−2ε0+l2

∫
Dt,u

τ2m−1−�|Zn2 trλ̌|2 + δ2−2ε0+2l1

∫
Dt,u

τ2m−3−�|/Ln1

Z
(R)/πL̊|

2

+ δ4−2ε0+2l1

∫
Dt,u

τ2m−3−�|/Ln1

Z
(T )/πL̊|

2

.
∫ u

0
F1,≤k+2(t, u

′)du′ + δ3−2ε0 + δ2−2ε0

∫ t

t0

τ−1−�Ẽ1,≤k+2(τ, u)dτ

+ δ2
∫ t

t0

τ2m−2−�Ẽ2,≤k+2(τ, u)dτ.

(9.27)

In addition, (7.4) implies that for the constant �≥ 1
2 ,∫

Dt,u

ϱ2m−�δ2l3 |L̊Zn3φ|2

.
∫
Dt,u

τ2m−�δ2l3 |(L̊+
1

2ϱ
)Zn3φ|2 +

∫
Dt,u

τ2m−2−�δ2l3 |Zn3φ|2

.
∫ u

0
F1,n3+1(t, u

′)du′ + δ2
∫ t

t0

τ−2−�E1,n3+1(τ, u)dτ + δ2
∫
Dt,u

τ2m−2−�E2,n3+1.

(9.28)
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On the other hand, applying (8.31), (9.27) and (9.28) to estimate the first line at the right hand
side of (9.24), and utilizing (7.4) and Proposition 7.3 to deal with the other terms, one then can
obtain by choosing �= 1 in (9.27) and (9.28) that

δ2l
∫
Dt,u

ϱ2m|ZkL̊(ϱtrλ̌)|2|L̊φγ |2 . δ2l−2ε0

∫
Dt,u

ϱ2m−1|ZkL̊(ϱtrλ̌)|2

.δ3−4ε0 + δ2−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ2−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ

+ δ−2ε0

∫ u

0
F1,≤k+2(t, u

′)du′.

(9.29)

Therefore, thanks to (9.19), Proposition 7.3 and (9.29), one has

δ2l |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(ϱL̊)Dk−j

γ,2 · (ϱ2mL̊φk+1
γ

+
1

2
ϱ2m−1φk+1

γ ) |

.δ2l+1

∫
Dt,u

ϱ2m |
k∑

j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(ϱL̊)Dk−j

γ,2 |2

+ δ−1

∫ u

0
F1,k+2(t, u

′)du′

.δ4−4ε0 + δ3−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,k+2(t, u

′)du′.

(9.30)

(c) Finally, we deal with the most difficult case, Zk+1−j = R. In this case, it follows from (9.20)
that Zk(R)D0

γ,2 contains the term 1
2(RZ

ktrλ̌)L̊φγ whose treatment is more subtle and will be
given later in Proposition 9.1. The other terms can be estimated as follows

δl|Zk(R)D0
γ,2 −

1

2
(RZktrλ̌)L̊φγ |

.δ−ε0t−1/2 δl3 |L̊Zn3φ|︸ ︷︷ ︸
(9.28)

+δ1−2ε0 δl2 |Zn2L̊trλ̌|︸ ︷︷ ︸
(8.32)

+δ−ε0t−1/2 δl2 |Zn2 trλ̌|︸ ︷︷ ︸
(8.31)

+ δ1−ε0t−2δl2 |/Ln2

Z
(R)/πL̊|+ δ1−ε0t−5/2δl3 |Zn3µ|+ δ2−2ε0t−3δl3 |Zn3Ľi|

+ δ−ε0t−3/2δl2 |Zn2Ľi|+ δ1−2ε0t−3δl4 |Zn4x|+ δ−ε0t−3/2δl3 |Zn3φ|
+ δ−ε0t−5/2δl2 |Zn2υ|+ δ1−ε0t−3/2δl3 |L̊Zn3φ|+ δ1−2ε0t−1δl3 |/dZn3φ|

+ δ1−2ε0t−2δl2 |Zn2 tr(R)/π|+ δ2−2ε0t−3δl2 |/Ln2

Z
(R)/πT |+ δ1−2ε0t−3δl3 |Zn3υ|

+ δ2−2ε0t−1 δl2 |Zn2T trλ̌|︸ ︷︷ ︸
(8.33)

+δ1−ε0t−1/2 δl2 |Zn2 /△µ|︸ ︷︷ ︸
(8.30)

+δ1−ε0t−1/2 δl2 |/dZn2 trλ̌|︸ ︷︷ ︸
(8.24)

,

(9.31)

where li is the number of T in Zni and ni ≤ k − 2 + i (i = 2, 3, 4). To estimate the L2-
norm of δl|Zk(R)D0

γ,2 − 1
2(RZ

ktrλ̌)L̊φγ | over Dt,u, we can bound the L2-norms of the terms
underlined with braces in (9.31) by the corresponding estimates indicated bellow the braces.
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While the other terms without braces can be treated by using Proposition 7.3 and (7.4). Then
one can conclude that

| δ2l
∫
Dt,u

(
Zk(R)D0

γ,2 −
1

2
(RZktrλ̌)L̊φγ

)
· (ϱ2mL̊φk+1

γ +
1

2
ϱ2m−1φk+1

γ ) |

.δ−1

∫ u

0
F1,≤k+2(t, u

′)du′ + δ4−4ε0 + δ3−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ

+ δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ.

(9.32)

Finally, we turn to the estimates involving the term 1
2(RZ

ktrλ̌)L̊φγ , whose L2 norm cannot
be estimated by (8.24) directly since the resulting time-decay rate is not enough to close the
energy estimate (6.35) (see also the beginning of Section 10). Our strategy here is based on the
structural equation (8.5). Indeed, (8.5) implies that L̊(trλ̌ − E) admits better rate of decay in
time, which, combined with (9.3) and (9.2), will enable us to obtain the desired estimates for
corresponding terms. Meanwhile, the terms involving E defined by (8.6) can be handled easily
by using Proposition 7.3 and (9.28) directly. Thus we can get

Proposition 9.1. For δ > 0 small, it holds that

| δ2l
∫
Dt,u

(RZktrλ̌)L̊φγ(ϱ
2mL̊Zk+1φγ +

1

2
ϱ2m−1Zk+1φγ) |

.δ3−3ε0 + δ−1

∫ u

0
F̃1,≤k+2(t, u

′)du′ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ2−3ε0

∫ t

t0

τm−2Ẽ1,≤k+2(τ, u)dτ + δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ

+ δ2−3ε0Ẽ1,≤k+2(t, u) + δ2−ε0Ẽ2,≤k+2(t, u).

(9.33)

Proof. Noting (8.5) for trλ, one can bound the left hand side of (9.33) by |Ī|+ |II| with

Ī = δ2l
∫
Dt,u

RZk(trλ̌−E) · L̊φγ(ϱ
2mL̊Zk+1φγ +

1

2
ϱ2m−1Zk+1φγ),

II = δ2l
∫
Dt,u

(RZkE)L̊φγ(ϱ
2mL̊Zk+1φγ +

1

2
ϱ2m−1Zk+1φγ),

where E is defined in (8.6).
We start with the easy term II . Note that RZkE contains Zk(/dxa · /dRφa) and

/dxa · /dRφa =
1

2
tr(R)/π(/dxa · /dφa) + (Rxa) /△φa.

Replacing /△φa with µ−1(L̊L̊φa +
1
2ϱ L̊φa − H̃a) and applying (4.4) yield

/dxa · /dRφa

=(L̊+
1

2ϱ
)Rφ0 +

2∑
a=1

(2φa − L̊a)(L̊+
1

2ϱ
)Rφa +

1

2
tr(R)/π(/dxa · /dφa)

−
2∑

a=1

(2φa − L̊a)(R)/πL̊ · /dφa − (R)/πL̊ · /dφ0 −
3

2ϱ
Rφ0

− 1

2ϱ

2∑
a=1

(4φa − L̊a)Rφa + c−1f(L̊i, φ)

 L̊φ
/dxb · /dφb

trλ̌

Rφ.

(9.34)
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It then follows from (8.6) and (9.34) that

|II| .δ−1

∫ u

0
F1,k+2(t, u

′)du′ + δ1−2ε0

∫
Dt,u

ϱ2m−3δ2l3 |Zn3φ|2

+ δ3−4ε0

∫
Dt,u

ϱ2m−6δ2l4 |Zn4x|2 + δ2l+1−2ε0

∫
Dt,u

ϱ2m−1|Zk(/dxa · /dRφa)|2

+ δ3−4ε0

∫
Dt,u

ϱ2m−4δ2l2 |/Ln2

Z
(R)/πL̊|

2 + δ5−4ε0

∫
Dt,u

ϱ2m−6δ2l1 |/Ln1

Z
(R)/πT |

2

+ δ5−4ε0

∫
Dt,u

ϱ2m−4δ2l1 |/Ln1

Z
(T )/πL̊|

2 + δ3−4ε0

∫
Dt,u

ϱ2m−4δ2l3 |Zn3Ľi|2

+ δ2l+1−2ε0

∫
Dt,u

ϱ2m−1|L̊ZkRφ|2

.δ−1

∫ u

0
F1,k+2(t, u

′)du′ + δ1−2ε0

∫
Dt,u

ϱ2m−1δ2l|(L̊+
1

2ϱ
)ZkRφ|2

+ δ3−4ε0

∫
Dt,u

ϱ2m−6δ2l4 |Zn4x|2 + δ3−4ε0

∫
Dt,u

ϱ2m−4δ2l3 |Zn3Ľi|2

+ δ3−4ε0

∫
Dt,u

ϱ2m−4δ2l2 |/Ln2

Z
(R)/πL̊|

2 + δ5−4ε0

∫
Dt,u

ϱ2m−6δ2l1 |/Ln1

Z
(R)/πT |

2

+ δ5−4ε0

∫
Dt,u

ϱ2m−4δ2l1 |/Ln1

Z
(T )/πL̊|

2 + δ3−4ε0

∫
Dt,u

ϱ2m−4δ2l2 |Zn2 tr(R)/π|2

+ δ1−2ε0

∫
Dt,u

ϱ2m−3δ2l3 |Zn3φ|2 + δ3−4ε0

∫
Dt,u

ϱ2m−2δ2l2 |Zn2 trλ̌|2

+ δ2l+1−2ε0

∫
Dt,u

ϱ2m−1|L̊ZkRφ|2,

(9.35)

where li is the number of T in Zni and ni ≤ k − 2 + i (i = 1, 2, 3, 4). Applying (9.28) with
�= 1 to estimate the last term and using Proposition 7.3 to deal with the other corresponding
terms, one then can obtain

|II| .δ−1

∫ u

0
F1,k+2(t, u

′)du′ + δ4−4ε0 + δ3−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ

+ δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ.

(9.36)

We now treat the difficult term Ī . Choose f1 = ϱ2m−2L̊φγ , f2 = Zk+1φγ and f3 =
ϱ2Zk(trλ̌− E) in (9.3), and define

Ī1 = δ2l
∫
Dt,u

L̊
(
ϱ2Zk(trλ̌−E)

)
(ϱ2m−2L̊φγ)(RZ

k+1φγ),

Ī2 = δ2l
∫
Σu

t

(RZk+1φγ)(ϱ
2m−2L̊φγ)

(
ϱ2Zk(trλ̌− E)

)
.

It then holds that

−Ī = −Ī1 + Ī2 + δ2l
∫
Dt,u

Er1 + δ2l
∫
Σu

t

Er2 + δ2l
∫
Σu

t0

Er3. (9.37)
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Note that (8.5) implies that

L̊
(
ϱ2(trλ̌− E)

)
=− 2ϱE + c−1ϱ2(L̊αL̊φα − L̊c)trλ− ϱ2(trλ̌)2 + ϱ2e

=c−1ϱ(−2/dxa · /dφa + 2L̊c− L̊αL̊φα) + c−1ϱ2(L̊αL̊φα

− L̊c)trλ̌− ϱ2(trλ̌)2 + ϱ2e,

(9.38)

so Ī1 can be rewritten as

Ī1 =δ
2l

∫
Dt,u

[L̊, Zk]
(
ϱ2(trλ̌−E)

)
(ϱ2m−2L̊φγ)(RZ

k+1φγ)

+ δ2l
∫
Dt,u

L̊
(
[ϱ2, Zk](trλ̌− E)

)
(ϱ2m−2L̊φγ)(RZ

k+1φγ)

+ δ2l
∫
Dt,u

ϱ2m−2ZkL̊
(
ϱ2(trλ̌− E)

)
L̊φγ(RZ

k+1φγ)

=:Ī11 + Ī12 + Ī13.

Ī1i (i = 1, 2, 3) will be treated separately as follows.

i. To estimate Ī11, one can use the facts that [L̊, Zk] =
∑

k1+k2=k−1

Zk1 [L̊, Z]Zk2 , [L̊, ϱL̊] =

L̊ and [L̊, Z̄] = (Z̄)/πX
L̊
/dX with Z̄ ∈ {T,R}, and Proposition 7.3 to obtain

| δ2l
∫
Dt,u

Zk1 [L̊, ϱL̊]Zk2
(
ϱ2(trλ̌− E)

)
(ϱ2m−2L̊φγ)(RZ

k1(ϱL̊)Zk2Rφγ) |

. | δ2l
∫
Dt,u

Zk1L̊Zk2
(
ϱ2(trλ̌− E)

)
(ϱ2m−2L̊φγ)([RZ

k1 , ϱL̊]Zk2Rφγ) |

+ | δ2l
∫
Dt,u

Zk1L̊Zk2
(
ϱ2(trλ̌− E)

)
(ϱ2m−2L̊φγ)(ϱL̊RZ

k1Zk2Rφγ) |

.δ−ε0

∫
Dt,u

ϱ2m−3/2{δl2 |Zn2 trλ̌|︸ ︷︷ ︸+δl2 |Zn2E|}
{
τ−1/2δl3 |Zn3φ|

+ δ1−ε0τ−1/2δl1(|/Ln1

Z
(R)/πL̊|+ |/Ln1

Z
(T )/πL̊|) + ϱδl|L̊Zk+1φ|︸ ︷︷ ︸ }

.δ3−3ε0 + δ2−ε0

∫ t

t0

τ−5/2Ẽ1,≤k+2(τ, u)dτ

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−ε0

∫ u

0
F1,k+2(t, u

′)du′,

(9.39)

where the first and second term underlined by braces have been estimated by using (8.31)
and (9.28) with �= 1

2 respectively, and by (7.5), and similarly,
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| δ2l
∫
Dt,u

Zk1 [L̊, Z̄]Zk2
(
ϱ2(trλ̌− E)

)
(ϱ2m−2L̊φγ)(RZ

k+1φγ) |

.δ2−4ε0

∫
Dt,u

ϱ4m−4δ2l1 |/Ln1

Z
(Z̄)/πL̊|

2 + δ2−4ε0

∫
Dt,u

ϱ4m−2δ2l2 |Zn2 trλ̌|2

+ δ4−6ε0

∫
Dt,u

ϱ4m−7δ2l3 |Zn3x|2 + δ2−4ε0

∫
Dt,u

ϱ4m−4δ2l3 |Zn3φ|2

+ δ4−6ε0

∫
Dt,u

ϱ4m−5δ2l2 |Zn2Ľi|2 +
∫
Dt,u

δ2l|/dZk+1φ|2

.δ5−6ε0 + δ4−4ε0

∫ t

t0

τ2m−4Ẽ1,≤k+2(τ, u)dτ

+ δ4−4ε0

∫ t

t0

τ4m−4Ẽ2,≤k+2(τ, u)dτ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′,

(9.40)

where li is the number of T in Zni with ni ≤ k − 2 + i (i = 1, 2, 3).
Combining (9.39) with (9.40) yields

|Ī11| .δ3−3ε0 + δ2−ε0

∫ t

t0

τ−5/2Ẽ1,≤k+2(τ, u)dτ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−ε0

∫ u

0
F1,k+2(t, u

′)du′.

(9.41)

ii. |Ī12| can be handled similarly as in Case i. Indeed, due to [ϱ2, ϱL̊]f = −2ϱ2f and
[ϱ2, T ]f = 2ϱf , then as for (9.39), one can get

| δ2l
∫
Dt,u

L̊
(
Zk1 [ϱ2, ϱL̊]Zk2(trλ̌− E)

)
(ϱ2m−2L̊φγ)(RZ

k1(ϱL̊)Zk2Rφγ) |

.δ3−3ε0 + δ2−ε0

∫ t

t0

τ−5/2Ẽ1,≤k+2(τ, u)dτ

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−ε0

∫ u

0
F1,k+2(t, u

′)du′.

(9.42)

Meanwhile, it follows from (8.31) and Proposition 7.3 that

| δ2l
∫
Dt,u

L̊
(
Zk1 [ϱ2, T ]Zk2(trλ̌− E)

)
(ϱ2m−2L̊φγ)(RZ

k+1φγ) |

.
∫
Dt,u

δ2l|/dZk+1φ|2 + δ2−2ε0

∫
Dt,u

τ4m−3δ2l2
(
|Zn2 trλ̌|2 + |Zn2E|2

)
.δ−1

∫ u

0
δF2,k+2(t, u

′)du′ + δ5−4ε0 + δ4−2ε0

∫ t

t0

τ2m−5Ẽ1,≤k+2(τ, u)dτ

+ δ4−2ε0

∫ t

t0

τ4m−5Ẽ2,≤k+2(τ, u)dτ.

(9.43)

Therefore,

|Ī12| .δ3−3ε0 + δ2−ε0

∫ t

t0

τ−5/2Ẽ1,≤k+2(τ, u)dτ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−ε0

∫ u

0
F1,k+2(t, u

′)du′.

(9.44)
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iii. We will use (9.38) to estimate Ī13. Due to (9.2) and (9.34), one has

δ2l |
∫
Dt,u

ϱ2m−2Zk
(
c−1ϱ(2/dxa · /dφa − 2L̊c+ L̊αL̊φα)

)
L̊φγ(RZ

k+1φγ) |

≤δ2l |
∫
Dt,u

ϱ2m−2RZk
(
c−1ϱ(2/dxa · /dφa − 2L̊c+ L̊αL̊φα)

)
L̊φγ(Z

k+1φγ) |

+ δ2l |
∫
Dt,u

ϱ2m−2Zk
(
c−1ϱ(2/dxa · /dφa − 2L̊c+ L̊αL̊φα)

)
RL̊φγ(Z

k+1φγ) |

+
1

2
δ2l |

∫
Dt,u

ϱ2m−2Zk
(
c−1ϱ(2/dxa · /dφa − 2L̊c+ L̊αL̊φα)

)
L̊φγ(Z

k+1φγ)tr(R)/π |

.
∫
Dt,u

δ1−ε0ϱ2m−3/2
{
δ1−ε0+l4τ−5/2|Zn4x|+ τ−1δl3 |Zn3φ|+ δl|Zk(L̊+

1

2ϱ
)Rφ|

+ δ1−ε0+l2τ−3/2(|Zn2 tr(R)/π|+ |/Ln2

Z
(R)/πL̊|+ δ|/Ln2

Z
(T )/πL̊|+ τ |Zn2 trλ̌|)

+ δ2−ε0+l1τ−5/2|/Ln1

Z
(R)/πT |+ δl|L̊RZkφ|︸ ︷︷ ︸+δ1−ε0+l3τ−3/2|Zn3Ľi|

}
δl|Zk+1φ|,

where li is the number of T in Zni with ni ≤ k − 2 + i (i = 1, 2, 3, 4), and the term
underline with brace can be estimated by using (9.28) for �= 1

2 .
This, together with Lemma 7.1, Proposition 7.3 and (9.28), yields

δ2l |
∫
Dt,u

ϱ2m−2Zk
(
c−1ϱ(2/dxa · /dφa − 2L̊c+ L̊αL̊φα)

)
L̊φγ(RZ

k+1φγ) |

.δ4−2ε0 + δ3−2ε0

∫ t

t0

τ−3/2Ẽ1,≤k+2(τ, u)dτ

+ δ3−2ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ +

∫ u

0
F1,≤k+2(t, u

′)du′.

(9.45)

In addition, for li and ni defined in (9.45), one can get

δ2l |
∫
Dt,u

ϱ2m−2Zk
(
c−1ϱ2(L̊αL̊φα − L̊c)trλ̌− ϱ2(trλ̌)2 + ϱ2e

)
L̊φγ(RZ

k+1φγ) |

.
∫
Dt,u

δ2l|/dZk+1φ|2 +
∫
Dt,u

δ2−4ε0τ4m−4δ2l3 |Zn3φ|2 +
∫
Dt,u

δ4−6ε0τ4m−5δ2l2 |Zn2Li|2

+

∫
Dt,u

δ4−6ε0τ4m−7δ2l3 |Zn3x|2 +
∫
Dt,u

δ2−4ε0τ4m−2δ2l2 |Zn2 trλ̌|2

.δ5−6ε0 + δ4−4ε0

∫ t

t0

τ2m−4Ẽ1,≤k+2(τ, u)dτ + δ4−4ε0

∫ t

t0

τ4m−4Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
δF2,k+2(t, u

′)du′,

(9.46)

where the last integral in the second inequality has been estimated by (8.31). Collecting
(9.38), (9.45) and (9.46) yields

|Ī13| .δ4−2ε0 + δ3−2ε0

∫ t

t0

τ−3/2Ẽ1,≤k+2(τ, u)dτ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ3−2ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ +

∫ u

0
F1,≤k+2(t, u

′)du′.

(9.47)
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We conclude from (9.41), (9.44) and (9.47) that

|Ī1| .δ3−3ε0 + δ2−ε0

∫ t

t0

τ−3/2Ẽ1,≤k+2(τ, u)dτ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−ε0

∫ u

0
F1,≤k+2(t, u

′)du′.

(9.48)

Next we deal with Ī2. For any vectorfield Z̄ ∈ {R, T}, it follows from equation (9.38) that

δl|L̊
(
ϱ2RZ̄k(trλ̌− E)

)
|

≤δl|[L̊, RZ̄k]
(
ϱ2(trλ̌−E)

)
|+ δl|L̊R[ϱ2, Z̄k](trλ̌− E)|+ δl|RZ̄kL̊

(
ϱ2(trλ̌−E)

)
|

.δ1−ε0ϱ1/2δl2 |RZ̄n2(trλ̌−E)|δ1−ε0t−1/2δl2 |/Ln2

Z̄
(Z̄)/πL̊|+ δ1−ε0t−3/2δl4 |Zn4x|

+ δ1−ε0ϱ1/2δl3 |/dZn3φ|+ δ1−ε0t−1/2δl3 |Z̄n3Ľi|+ ϱδl2 |Z̄n2(/dxa · /dRφa)|

+ δl3 |Zn3φ|+ tδl3 |L̊Zn3φ|+ δ2−ε0t−3/2δl1 |/Ln1

Z
(R)/πT |+ δ1−ε0t1/2δl2 |Zn2 trλ̌|

+ δϱδl2 |Z̄n2L̊trλ̌|.

(9.49)

This, together with (7.3) and (8.32), yields

δl∥L̊
(
ϱ2RZ̄k(trλ̌− E)

)
∥L2(Σu

t )

.δ1−ε0ϱ1/2δl∥RZ̄k(trλ̌− E)∥L2(Σu
t )

+ δ3/2−ε0 + δ1−ε0t1/2−m
√
Ẽ1,≤k+2(t, u)

+ δ

√
Ẽ2,≤k+2(t, u) + ϱδl2∥Z̄n2(/dxa · /dRφa)∥L2(Σu

t )
+ tδl3∥L̊Zn3φ∥L2(Σu

t )
.

(9.50)

On the other hand, applying (7.8) to F = ϱ2RZ̄k(trλ̌−E)(t, u, ϑ)−ϱ20RZ̄k(trλ̌−E)(t0, u, ϑ),
one can get from (9.50) and (9.34) that

ϱ3/2δl∥RZ̄k(trλ̌− E)∥L2(Σu
t )

.δ3/2−ε0t1/2 + δ1−ε0t1−m
√
Ẽ1,≤k+2(t, u) + δt1/2

√
Ẽ2,≤k+2(t, u)

+

∫ t

t0

τ1/2
{
δl2∥Z̄n2(/dxa · /dRφa)∥L2(Σu

τ )
+ δl3∥L̊Zn3φ∥L2(Σu

τ )

}
dτ

.
∫ t

t0

τ1/2δl3∥(L̊+
1

2ϱ
)Z̄n3φ∥L2(Σu

τ )
dτ + δ3/2−ε0t1/2

+ δ1−ε0t1−m
√
Ẽ1,≤k+2(t, u) + δt1/2

√
Ẽ2,≤k+2(t, u)

.t1−m
(∫ u

0
F1,≤k+2(t, u

′)du′
)1/2

+ δ3/2−ε0t1/2

+ δ1−ε0t1−m
√
Ẽ1,≤k+2(t, u) + δt1/2

√
Ẽ2,≤k+2(t, u).

(9.51)

When there is at least one ϱL̊ in Zk, that is, Zk = Zk1(ϱL̊)Z̄k2 for k1+k2 = k− 1, according
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to (8.5), Proposition 7.3, (8.24) and (7.5), one can deduce that

δl∥RZk1(ϱL̊)Z̄k2(trλ̌−E)∥L2(Σu
t )

≤δl∥RZk1 [ϱL̊, Z̄k2 ](trλ̌− E)∥L2(Σu
t )

+ δl∥RZk1Z̄k2(ϱL̊)(trλ̌− E)∥L2(Σu
t )

.δ1−ε0t−3/2δl1∥/Ln1

Z
(Z̄)/πL̊∥L2(Σu

t )
+ δl1∥RZn1 trλ̌∥L2(Σu

t )
+ t−1δl3∥Zn3φ∥L2(Σu

t )

+ δ1−ε0t−1/2δl1∥Zn1 trλ̌∥L2(Σu
t )

+ δ1−ε0t−3/2δl2∥Zn2Ľi∥L2(Σu
t )

+ δ1−ε0t−5/2δl3∥Zn3xi∥L2(Σu
t )

.δ3/2−ε0t−1 + δ1−ε0t−1/2−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u).

(9.52)

Thus, it follows from (5.1) and (5.2) that

δl∥RZk(trλ̌− E)∥L2(Σu
t )

. t−1/2−m
(∫ u

0
F1,≤k+2(t, u

′)du′
)1/2

+ δ3/2−ε0t−1

+ δ1−ε0t−1/2−m
√
Ẽ1,≤k+2(t, u) + δt−1

√
Ẽ2,≤k+2(t, u),

(9.53)

which, together with (9.2) and (8.31), yields

|Ī2| =δ2l|
∫
Σu

t

(Zk+1φγ)ϱ
2mR

{
L̊φγZ

k(trλ̌− E)
}
dx

+
1

2

∫
Σu

t

ϱ2m(Zk+1φγ)L̊φγZ
k(trλ̌−E) · tr(R)/πdx|

.δ−ε0ϱ2m−1/2δl∥Zk+1φ∥L2(Σu
t )
· δl∥RZk(trλ̌− E)∥L2(Σu

t )

+ δ−ε0ϱ2m−1/2δl∥Zk+1φ∥L2(Σu
t )
· δl∥Zk(trλ̌−E)∥L2(Σu

t )

.δ3−3ε0ϱ2m−3/2 + δ−ε0ϱ−1/2

∫ u

0
F1,≤k+2(t, u

′)du′

+ δ2−3ε0ϱ−1/2Ẽ1,≤k+2(t, u) + δ2−ε0ϱ2m−3/2Ẽ2,≤k+2(t, u).

(9.54)

Recall (9.37). It remains to estimate terms involving Eri (i = 1, 2, 3) given in Lemma 9.2.
First, one has

δ2l |
∫
Dt,u

Er1 |

.δ−ε0

∫ t

t0

τ2m−1δl∥Zk+1φ∥L2(Σu
τ )

{
δ1−ε0+l∥/dZk(trλ̌−E)∥L2(Σu

τ )

+ τ−1/2δl2∥Zn2 trλ̌∥L2(Σu
τ )

+ δ1−ε0τ−2δl1∥/Ln1

Z
(Z̄)/πL̊∥L2(Σu

τ )

+ τ−3/2δl3∥Zn3φ∥L2(Σu
τ )

+ δ1−ε0τ−2δl2∥Zn2Ľi∥L2(Σu
τ )

+ δ1−ε0τ−3δl3∥Zn3xi∥L2(Σu
τ )

}
dτ

+ δ1−2ε0

∫ t

t0

τ2m−1δl∥/dZk+1φ∥L2(Σu
τ )
δl∥Zk(trλ̌−E)∥L2(Σu

τ )
dτ

+

∫ t

t0

|
∫
Σu

t

δ2l(RZk+1φγ)ϱ
2m−1L̊φγZ

k(trλ̌− E)dx | dτ,

(9.55)

here one has used the identity (L̊ + 1
2ϱ)f1 = (2m − 2)ϱ2m−3L̊φγ + ϱ2m−2(L̊ + 1

2ϱ)L̊φγ =

(2m−2)ϱ2m−3L̊φγ+O(δ1−2ε0ϱ2m−4) due to (4.3). Notice that the last term on the right hand
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side of (9.55) is just
∫ t
t0
ϱ−1|Ī2|dτ which can be estimated by (9.54), while the other terms can

be estimated by using (8.24), (8.31), (7.4) and Proposition 7.3. Thus we conclude that

δ2l |
∫
Dt,u

Er1 |. δ3−3ε0 + δ2−3ε0

∫ t

t0

τm−2Ẽ1,≤k+2(τ, u)dτ

+ δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ + δ−1

∫ u

0
F̃1,≤k+2(t, u

′)du′.

(9.56)

Next, δ2l
∫
Σu

t
Er2 and δ2l

∫
Σu

t0

Er3 can be bounded by applying (8.31) and Proposition 7.3
directly as

δ2l
∫
Σu

t

Er2 + δ2l
∫
Σu

t0

Er3 . δ3−3ε0 + δ2−3ε0Ẽ1,≤k+2(t, u) + δ2−ε0Ẽ2,≤k+2(t, u). (9.57)

Then the estimate for Ī follows from (9.48), (9.54), (9.56), (9.57) and (9.37).This and (9.36)
complete the estimate (9.33) in Proposition 9.1.

Based on (9.32) and (9.33), we can end this subsection with

δ2l |
∫
Dt,u

k∑
j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(R)Dk−j

γ,2 · (ϱ2mL̊φk+1
γ

+
1

2
ϱ2m−1φk+1

γ ) |

. | δ2l
∫
Dt,u

Zk (R)D0
γ,2(ϱ

2mL̊φk+1
γ +

1

2
ϱ2m−1φk+1

γ ) | +δ−1

∫ u

0
F1,k+2(t, u

′)du′

+

k−1∑
p=0

δ1+2l

∫
Dt,u

|Zp (R)Dk−j
γ,2 |2 · |Z≤k−1−p (Z)Λ|2

+ δ1+2l
k−1∑
j=1

∫
Dt,u

|
k∑

j=1

(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Zk+2−j +

(Zk+2−j)Λ
)
(R)Dk−j

γ,2 |2

.δ3−3ε0 + δ−1

∫ u

0
F̃1,≤k+2(t, u

′)du′ + δ−1

∫ u

0
δF2,k+2(t, u

′)du′

+ δ1−2ε0

∫ t

t0

τm−2Ẽ1,≤k+2(τ, u)dτ + δ2−ε0

∫ t

t0

τ2m−5/2Ẽ2,≤k+2(τ, u)dτ

+ δ2−3ε0Ẽ1,≤k+2(t, u) + δ2−ε0Ẽ2,≤k+2(t, u).

(9.58)

9.2 Estimates for Jk
2

Recall that Jk
2 ≡ µdiv(Zk+1)Ck

γ +
(
Zk+1 +

(Zk+1)Λ
)
. . .

(
Z1 +

(Z1)Λ
)
Φ0
γ does not contain the top order

derivatives of trλ and /△µ. Therefore, according to Proposition 7.3 and the expressions of (Z)Dk
γ,j in

(9.9)-(9.14) and (9.18)-(9.20), one can get

δ2l+1

∫
Dt,u

|
3∑

j=1

(Zk+1)Dk
γ,j · L̊φk+1

γ |

.δ3−2ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ

∫ t

t0

τ−2mẼ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,≤k+2(t, u

′)du′

(9.59)
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and

δ2l|
∫
Dt,u

3∑
j=1

(Zk+1)Dk
γ,j · (ϱ2mL̊φk+1

γ +
1

2
ϱ2m−1φk+1

γ )|

.δ3−2ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,≤k+2(t, u

′)du′.

(9.60)

In addition, Φ0
γ is just µ�gφγ which has the explicit form in (3.41). Then, Proposition 7.3 and (6.39)

lead to

δ2l+1

∫
Dt,u

|(Zk+1 +
(Zk+1)Λ) · · · (Z1 +

(Z1)Λ)Φ0
γ · L̊φk+1

γ |

.δ3−3ε0 + δ2−3ε0

∫ t

t0

τ−2m−1/2Ẽ1,≤k+2(τ, u)dτ + δ2−ε0

∫ t

t0

τ−3/2Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,≤k+2(t, u

′)du′

(9.61)

and

δ2l|
∫
Dt,u

(Zk+1 +
(Zk+1)Λ) · · · (Z1 +

(Z1)Λ)Φ0
γ · (ϱ2mL̊φk+1

γ +
1

2
ϱ2m−1φk+1

γ )|

.δ4−4ε0 + δ3−4ε0

∫ t

t0

τ−2Ẽ1,≤k+2(τ, u)dτ + δ3−2ε0

∫ t

t0

τ2m−3Ẽ2,≤k+2(τ, u)dτ

+ δ−1

∫ u

0
F1,≤n+1(t, u

′)du′.

(9.62)

10 The global existence near C0

We are now ready to prove the global existence of the smooth solution ϕ to the equation (1.6) with initial
data (1.7) near C0. Indeed, substituting (9.15)-(9.17), (9.22), (9.23), (9.30) and (9.58)-(9.62) into (6.35),
and using the Gronwall’s inequality, one can get that under the assumptions (⋆) with small δ > 0 for
1
2 < m < 3

4 ,

δẼ2,≤2N−4(t, u) + δF̃2,≤2N−4(t, u) + Ẽ1,≤2N−4(t, u) + F̃1,≤2N−4(t, u) . δ2−2ε0 . (10.1)

Based on (10.1), we are ready to close the bootstrap assumptions (⋆) in Section 4. To this end, one needs
the following Sobolev type embedding formula.

Lemma 10.1. For any function f ∈ H2(St,u), under the assumptions (⋆) for δ > 0 small, it holds that

∥f∥L∞(St,u) .
1√
t

∑
a≤1

∥Raf∥L2(St,u). (10.2)

Proof. This follows from Proposition 18.10 of [36].

It follows from (10.2), (10.1) and (7.1) that for k ≤ 2N − 6,

δl|Zkφγ | .
δl√
t

∑
a≤1

∥RaZkφγ∥L2(St,u).
δ1/2√

t

(√
E1,≤2N−4 +

√
E2,≤2N−4

)
. δ1−ε0t−1/2, (10.3)
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which is independent of M . This closes the bootstrap assumptions (⋆), and hence the existence of the
solution ϕ to equation (1.6) with (1.7) in the domain Dt,4δ can be proved by the standard continuity
argument (see Figure 3 in Section 3.1).

Finally, let Γ ∈ {(t+ r)L,L,Ω} defined in the end of Section 1. For any (t, x) ∈ C̃2δ, we will refine
the estimate on | Γαϕ | with better smallness O(δ2−ε0)

| Γαϕ(t, x) |. δ2−ε0t−1/2, |α| ≤ 2N − 9, (10.4)

which will be crucial to prove the global existence of the solution ϕ to (1.6) in B2δ.
First, we improve the estimates on derivatives of L̊αL̊φα, L̊αφα and u− (t− r).
Using (10.2) again, one can get by (7.1) that

∥ϱδlZβ(L̊αφα)∥L∞(St,u)

.δl+1/2t−1/2
(
∥L̊(ϱR≤1Zβ(L̊αφα))∥L2(Σu

t )
+ ∥L̊(ϱR≤1Zβ(L̊αφα))∥L2(Σu

t )

)
.δl+1/2t−1/2

{
∥R≤1Zβ(L̊αφα)∥L2(Σu

t )
+ ϱ∥[L̊, R]Zβ(L̊αφα)∥L2(Σu

t )

+ ϱ∥R≤1[L̊, Zβ](L̊αφα)∥L2(Σu
t )

+ ϱ∥R≤1ZβL̊(L̊αφα)∥L2(Σu
t )

}
.

Since L̊(L̊αφα) = (L̊L̊α)φα+L̊
α
L̊φα and L̊L̊α is a combination of (3.26) and (3.32), for |β| ≤ 2N−7,

one then has

∥ϱδlZβ(L̊αφα)∥L∞(St,u)

.δ1/2t−1/2
{
δl2∥Zn2φ∥L2(Σu

t )
+ δ1−ε0+l1t−1/2∥Zn1Ľi∥L2(Σu

t )

}
+ δ3/2−ε0+l2t−1

{
∥Zn2µ∥L2(Σu

t )
+ t−1∥Zn2xa∥L2(Σu

t )

}
+ δ3/2−ε0+l0t−1

{
∥/Ln0

Z
(Z̄)/πL̊∥L2(Σu

τ )
+ ∥/Ln0

Z
(R)/πT ∥L2(Σu

τ )

}
.δ2−ε0t−1/2 + δ3/2−ε0t−1/2

√
Ẽ1,≤2N−4 + δ3/2t−1/2

√
Ẽ2,≤2N−4

.δ2−ε0t−1/2,

(10.5)

where li is the number of T in Zni and ni ≤ |β|+ i (i = 0, 1, 2). (10.5) implies that in the domain Dt,u,
L̊αφα can be estimated more accurately as

δl|Zβ(L̊αφα)| . δ2−ε0t−3/2, |β| ≤ 2N − 7. (10.6)

Similarly, it holds that
δl|Zβ(L̊αL̊φα)| . δ2−ε0t−5/2, |β| ≤ 2N − 8. (10.7)

In addition, it follows from (3.27) and (10.7) that for |β| ≤ 2N − 8,

δl|ZβĽa| . δ2−ε0t−1, (10.8)

which leads to
| Zβ

(
1− r

ϱ

)
|. δ2−ε0t−1, |β| ≤ 2N − 8 (10.9)

by (4.41) and the fact φ0 + φiω
i = L̊αφα − φiĽ

i + φiω
i(1 − r

ϱ) = O(δ2−ε0t−3/2) + φiω
i(1 − r

ϱ).
It follows from (10.9) that the distance between C0 and C4δ on the hypersurface Σt is 4δ + O(δ2−ε0)
and the characteristic surface Cu (0 ≤ u ≤ 4δ) is almost straight with the error O(δ2−ε0) from the
corresponding outgoing conic surface.
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On the other hand, note that

L = L̊+ µ−1
{
(1− r

ϱ
)− gijĽ

iT̃ j + (
ϱ

r
− 1)gij Ť

iT̃ j
}
T +

ϱ

r
gijŤ

i(/d
X
xj)X,

L = L̊+ µ−1
{
1 +

ϱ

r
− c−1φiT̃

i − ϱ

r
gijŤ

iT̃ j
}
T − ϱ

r
gij Ť

i(/d
X
xj)X,

Ω = R− µ−1gabϵ
a
i x

iĽbT + µ−1c−1ϵai x
iφaT.

(10.10)

When |β| ≤ 2N − 7,

TZβ(ϵai x
iφa) =[T,Zβ](ϵai x

iφa) + ZβT (ϵai x
iφa)

=
∑

|β1|+|β2|=|β|−1

Zβ1 [T,Z]Zβ2(ϵai x
iφa) + Zβ(µϵai T̃

iφa)

+ Zβ
(
TαRφα + gmnϵ

m
j x

j ŤnT̃ aTφa

)
,

and then |TZβ(ϵai x
iφa)| . δ1−2ε0−l (l is the number of T in Zβ), which implies that

|LZβ(ϵai x
iφa)| . δ1−2ε0−l, |β| ≤ 2N − 7 (10.11)

due to the second equation in (10.10) and (10.3). Integrate (10.11) along integral curves of L, and use
the zero boundary value on C0 to get

|Zβ(ϵai x
iφa)| . δ2−2ε0−l, |β| ≤ 2N − 7. (10.12)

Therefore, in Dt,u, collecting (10.10), (10.9), (10.8), (10.12) and (10.3) yields

| Γαφγ |. δ1−l−ε0t−1/2, |α| ≤ 2N − 7, (10.13)

where l is the number of L in Γα.
Recall that ϕ is the solution of (1.6) and φγ = ∂γϕ. Thus (10.13) implies that for |α| ≤ 2N − 7,

| LΓαϕ |. δ1−l−ε0t−1/2. (10.14)

Hence, as for (10.12), one can get that in Dt,4δ, for |α| ≤ 2N − 7,

| Γαϕ |. δ2−l−ε0t−1/2. (10.15)

For any point P (t0, x0) ∈ C̃2δ, there is an integral line of L across this point and the initial point is
denoted by P0(t0, x0) on Σt0 with |x0| = 1. It follows from (2.11) that

| L(r1/2∂αLϕ) |. δ2−2ε0−|α|t−3/2, |α| ≤ 1. (10.16)

Integrating (10.16) along integral curves of L and applying (2.4) to show that on C̃2δ,

| ∂αLϕ |. δ2−2ε0−|α|t−1/2, |α| ≤ 1. (10.17)

Using (10.17) and (2.11) again gives | L(r1/2Lϕ) |. δ2−ε0t−3/2, which implies in turn that

|Lϕ| . δ2−ε0t−1/2,

and hence, | LLϕ |. δ2−ε0t−3/2 holds by (2.11). By an induction argument and (2.11), one can show
that on C̃2δ,

| Γαϕ |. δ2−ε0t−1/2, |α| ≤ 2N − 9.

Thus, (10.4) is proved.
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11 Global existence inside B2δ and the proof of Theorem 1.1

In this section, we prove the existence of the solution ϕ to (1.6) inside B2δ. To this end, define

Dt := {(t̄, x) : t̄− |x| ≥ 2δ, t0 ≤ t̄ ≤ t} ⊂ B2δ

to be the shaded part in Figure 4 below. Different from the small value problem insideB2δ in [8] and [16],
the solution ϕ to (1.6) in Dt remains large here due to its initial data on time t0 (see Theorem 2.1). Note
that for δ > 0 small, the L∞ norm of ϕ and its first order derivatives are small on the boundary C̃2δ of
B2δ (especially, Γαϕ admits the better smallness O(δ2−ε0) on C̃2δ, see (10.4)).

Figure 4. The domain Dt inside B2δ

We will adopt the energy method to get the global existence of ϕ in B2δ. To this end, getting suitable
rate of time decay of ϕ by the Klainerman-Sobolev type L∞ − L2 inequality is crucial. However, since
Dt has finite lateral boundary, then the classical Klainerman-Sobolev type L∞ − L2 inequality cannot
be used directly in Dt. Inspired by the works in [15], [26] and [32], we intend to establish the following
modified Klainerman-Sobolev inequalities.

Lemma 11.1. For any function f(t, x) ∈ C∞(R1+2), t ≥ 1, (t, x) ∈ DT = {(t, x) : t− |x| ≥ 2δ, t0 ≤
t ≤ T}, the following inequalities hold:

| f(t, x) |.
2∑

i=0

t−1δ(i−1)s∥Γ̄if(t, · )∥L2(r≤t/2), |x| ≤
1

4
t, (11.1)

| f(t, x) |.| f(t, Bx
t ) | +

∑
a≤1,|β|≤1

t−1/2∥Ωa∂βf(t, · )∥L2(t/4≤r≤t−2δ), |x| ≥
1

4
t, (11.2)

where Γ̄ ∈ {S,Hi,Ω}, (t, Bx
t ) is the intersection point of the boundary C̃2δ and the ray crossing (t, x)

which emanates from (t, 0), and s is the any nonnegative constant in (11.1).

It should be remarked that though this Lemma and its proof are similar to those of Proposition 3.1
in [32], yet the refined inner estimate, (11.1) is new (the appearance of factor δ(i−1)s) and is crucial for
the treatment of the short pulse initial data here that is not needed for the small data case in [15, 26, 32].

Proof. The basic approach here is similar to those for Proposition 3.1 in [32] by separating the inner
estimate from the outer ones. However, to get the refined inner estimate (11.1), we will use a δ-dependent
scaling. Let χ ∈ C∞

c (R+) be a nonnegative cut-off function such that χ(r) ≡ 1 fro r ∈ [0, 14 ] and
χ(r) ≡ 0 for r ≥ 1

2 .
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Define f1(t, x) = χ( |x|t )f(t, x) and f2 = f − f1. Then supp f1 ⊂ {(t, x) : |x| ≤ t
2} and supp f2 ⊂

{(t, x) : |x| ≥ t
4}. One can obtain the inner estimate (11.1) and the outer estimate (11.2) separately as

follows.
First, for any point (t, x) satisfying |x| ≤ 1

4 t, f1(t, x) = f(t, x). One can rescale the variable as
x = tδsy, and then use the Sobolev embedding theorem for y to get

|f(t, x)| = |f1(t, tδsy)| .
∑
|α|≤2

(∫
R2

|∂αy
(
f(t, tδsy)χ(δsy)

)
|2dy

)1/2

.
∑
|α|≤2

(∫
|δsy|≤1/2

(tδs)2|α||(∂αx f)(t, tδsy)|2dy
) 1

2

.
∑
|α|≤2

(∫
|z|≤ 1

2
t
(tδs)2|α|−2|∂αz f(t, z)|2dz

)1/2
.

(11.3)

Note that

∂i = − 1

t− r

( xi

t+ r
S − t

t+ r
Hi +

xi⊥
t+ r

Ω
)

with x⊥ = (−x2, x1) (11.4)

and t ∼ t− |z| in the domain {(t, z) : |z| ≤ 1
2 t}. Then, it holds that

|t∂zf(t, z)| . |(t− |z|)∂zf(t, z)| . |Γ̄f(t, z)|,

|t2∂2zf(t, z)| .
∑
|α|≤2

|Γ̄αf(t, z)|. (11.5)

Therefore, substituting (11.5) into (11.3) yields (11.1).
Next, for (t, x) satisfying |x| ≥ 1

4 t, by the Newton-Leibnitz formula and the Sobolev embedding
theorem on the circle Sρ

t with radius ρ and center at the origin on Σt, one has

f2(t, x) = f2(t, Bx
t )−

∫ t−2δ

|x|
∂ρ
(
f2(t, ρω)

)
dρ

. f2(t, Bx
t ) +

∫ t−2δ

|x|

1

ρ

∑
a,b≤1

∥Ωaf∥L2(Sρ
t )
∥Ωb∂f∥L2(Sρ

t )
dρ

. f2(t, Bx
t ) +

∑
a≤1,|β|≤1

t−1∥Ωa∂βf(t, · )∥2L2(t/4≤r≤t−2δ).

which implies (11.2). Thus Lemma 11.1 is verified.

We also need the following inequality which is similar to Lemma 2.3 for 3D case in [10].

Lemma 11.2. For f(t, x) ∈ C∞(R1+2) and t ≥ 1, it holds that for 1 ≤ t̄ ≤ t− 2δ,

∥ f(t, · )
1 + t− | · |

∥L2(t̄≤|x|≤t−2δ) . t1/2∥f(t, B ·
t )∥L∞(t̄≤|x|≤t−2δ) + ∥∂f(t, · )∥L2(t̄≤|x|≤t−2δ). (11.6)

We will apply the energy method to prove the global existence of solution ϕ to (1.6) in B2δ. To
this end, motivated by the works on global existence of solutions with small data to 3D nonlinear wave
equations satisfying the first null condition in [9, 25], we define the energy as

Ek,l(t) = ∥∂Γ̃kΩlϕ(t, · )∥2L2(Σt∩Dt)
+

∫∫
Dt

|Z̃Γ̃kΩlϕ|2(t′, x)
1 + (t′ − |x|)3/2

dxdt′, (11.7)
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where Z̃ ∈ {Z̃i = ωi∂t+ ∂i, i = 1, 2}, Γ̃ ∈ {∂, S,H1,H2}. Based on the estimate (2.3) on Σt0 , one can
make the following bootstrap assumptions:

For t ≥ t0, there exists a uniform constant M0 such that

Ek,l(t) ≤M0
2δ2ak , k + l ≤ 5 (11.8)

with a0 = a1 = 2− ε0, a2 = 9
8 − ε0, a3 = 3

8 − ε0, a4 = −1
2 − ε0 and a5 = −3

2 − ε0.
According to Lemma 11.1, 11.2, and assumptions (11.8), we can obtain the following L∞ estimates.

Proposition 11.1. Under the assumptions (11.8), when δ > 0 is small, it holds that

|Z̃Ω≤3ϕ| .M0δ
25/16−ε0t−3/2(1 + t− r), |Z̃Γ̃Ω≤2ϕ| .M0δ

9/8−ε0t−3/2(1 + t− r),

|Z̃Γ̃2Ω≤1ϕ| .M0δ
5/16−ε0t−3/2(1 + t− r), |Z̃Γ̃3ϕ| .M0δ

−9/16−ε0t−3/2(1 + t− r),
(11.9)

and

|∂Ω≤3ϕ| .M0δ
25/16−ε0t−1/2, |∂Γ̃Ω≤2ϕ| .M0δ

9/8−ε0t−1/2,

|∂Γ̃2Ω≤1ϕ| .M0δ
5/16−ε0t−1/2, |∂Γ̃3ϕ| .M0δ

−9/16−ε0t−1/2.
(11.10)

Proof. First, for |x| ≤ t
4 , one gets from (11.1) that

|Z̃Ω≤3ϕ|+ |∂Ω≤3ϕ|

.t−1
{
δ−s∥∂Ω≤3ϕ∥L2(Σt∩Dt) + ∥Γ̃∂Ω≤3ϕ∥L2(Σt∩Dt) + δs∥Γ̃2∂Ω≤3ϕ∥L2(Σt∩Dt)

}
.

(11.11)

Choosing s = 7
16 in (11.11) and utilizing assumptions (11.8) yield

|Z̃Ω≤3ϕ|+ |∂Ω≤3ϕ| .M0δ
25/16−ε0t−1. (11.12)

Next, for t
4 ≤ |x| ≤ t−2δ, choosing f(t, x) = (1+ t−|x|)−1|Z̃Ω≤3ϕ(t, x)| in (11.2), and applying

(11.6) to Ω≤1Z̃Ω≤3ϕ(t, x), one can get

|Z̃Ω≤3ϕ(t, x)|
1 + t− |x|

.|Z̃Ω≤3ϕ(t, Bx
t )|+ t−1/2∥Ω

≤1∂≤1Z̃Ω≤3ϕ

1 + t− r
∥L2(t/4≤r≤t−2δ)

.∥Ω≤1Z̃Ω≤3ϕ(t, B ·
t )∥L∞(t/4≤r≤t−2δ) + t−1/2∥∂Ω≤1Z̃Ω≤3ϕ∥L2(t/4≤r≤t−2δ).

(11.13)

Since ωi∂t + ∂i = ωiL+ 1
rω

i
⊥Ω, |Ω≤1Z̃Ω≤3ϕ(t, Bx

t )| . δ2−ε0t−3/2 due to (10.4), then it follows from
(11.13) and (11.8) that

|Z̃Ω≤3ϕ(t, x)|
1 + t− |x|

.M0δ
2−ε0t−3/2. (11.14)

In addition, (11.2) implies directly that

|∂Ω≤3ϕ(t, x)| .M0δ
2−ε0t−1/2. (11.15)

Thus it follows from (11.12), (11.14) and (11.15) that

|Z̃Ω≤3ϕ| .M0δ
25/16−ε0t−3/2(1 + t− r),

|∂Ω≤3ϕ| .M0δ
25/16−ε0t−1/2.

Finally, the other cases can be treated similarly as above except choosing different s such as s = 13
16

for Z̃Γ̃Ω≤2ϕ and Z̃Γ̃2Ω≤1ϕ, while s = 15
16 for Z̃Γ̃3ϕ. Details are omitted.
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Corollary 11.1. Under the same conditions in Proposition 11.1, it holds that

|∂2Ω≤2ϕ| .M0δ
9/8−ε0t−1/2(1 + t− r)−1,

|∂2Γ̃Ω≤1ϕ| .M0δ
5/16−ε0t−1/2(1 + t− r)−1,

|∂2Γ̃2ϕ| .M0δ
−9/16−ε0t−1/2(1 + t− r)−1,

(11.16)

and

|Z̃∂Ω≤2ϕ| .M0δ
9/8−ε0t−3/2,

|Z̃∂Γ̃Ω≤1ϕ| .M0δ
5/16−ε0t−3/2,

|Z̃∂Γ̃2ϕ| .M0δ
−9/16−ε0t−3/2.

(11.17)

Proof. These results follow from (11.4) and (11.9)-(11.10) directly.

We are now ready to carry out the energy estimates in Dt using the ghost weight method in [2]. To
this end, choosing a multiplier W∂tv with W = e2(1+t−r)−1/2

and integrating W∂tvg
αβ(∂ϕ)∂2αβv over

Dt yield∫
Σt∩Dt

1

2

{
(∂tv)

2 + (1 + 2∂tϕ+ |∇ϕ|2)|∇v|2 −
∑
i,j

∂iϕ∂jϕ∂iv∂jv
}
W

+

∫∫
Dt

1

2
W

∑
i

|Z̃iv|2

(1 + τ − r)3/2

=

∫
Σt0∩Dt

1

2

{
(∂tv)

2 + (1 + 2∂tϕ+ |∇ϕ|2)|∇v|2 −
∑
i,j

∂iϕ∂jϕ∂iv∂jv
}
W

+

√
2

2

∫
C̃2δ∩Dt

{1

2
(1 + 2∂tϕ+ |∇ϕ|2)

(
(Lv)2 +

(Ωv)2

r2
)
−

(
Lϕ+

(Ωϕ)2

2r2
)
(∂tv)

2

− 1

2

∑
i,j

∂iϕ∂jϕZ̃ivZ̃jv
}
W

+

∫∫
Dt

1

2

{∑
i,j

(−2∂tϕδ
ij + ∂iϕ∂jϕ− |∇ϕ|2δij)Z̃ivZ̃jv − (ωiωj

− δij)Z̃iϕZ̃jϕ(∂tv)
2 + 2ωi(Z̃iϕ)(∂tv)

2
} W

(1 + τ − r)3/2

−
∫∫

Dt

W∂tvg
αβ∂2αβv +

∫∫
Dt

{
O(Z̃∂ϕ · ∂v · ∂v) +O(∂ϕ · Z̃∂ϕ · ∂v · ∂v)

}
W

+

∫∫
Dt

∂2t ϕ
{
(1− ωk∂kϕ)

∑
i

(Z̃iv)
2 +

∑
i,j

ωi∂jϕZ̃ivZ̃jv
}
W.

(11.18)

Note that due to (11.10), the integrand of
∫
Σt∩Dt

in (11.18) is equivalent to(
(∂tv)

2 + |∇v|2
)
W, (11.19)

and the integrand of
∫
C̃2δ∩Dt

in (11.18) can be controlled by

{
(Lv)2 +

1

r2
(Ωv)2 + δ2−ε0τ−3/2(∂tv)

2
}
W (11.20)
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with the help of (10.4) and Z̃i = ωiL+
ωi
⊥
r Ω, here we have neglected the constant coefficients.

Inserting (11.19) and (11.20) into (11.18), and utilizing Proposition 11.1 and Corollary 11.1, one
then can get by Gronwall’s inequality that for small δ > 0,∫

Σt∩Dt

(
(∂tv)

2 + |∇v|2
)
W +

∫∫
Dt

∑
i

|Z̃iv|2

(1 + τ − r)3/2
W

.
∫
Σt0∩Dt

(
(∂tv)

2 + |∇v|2
)
W +

∫∫
Dt

|W∂tvg
αβ∂2αβv |

+

∫
C̃2δ∩Dt

{
(Lv)2 +

1

r2
(Ωv)2 + δ2−ε0τ−3/2(∂tv)

2
}
W.

(11.21)

To close the bootstrap assumptions (11.8), we apply (11.21) to v = Γ̃kΩlϕ (k + l ≤ 6). By (10.4),
|(LΓ̃kΩlϕ)2 + 1

r2
(ΩΓ̃kΩlϕ)2 + δ2−ε0τ−3/2(∂tΓ̃

kΩlϕ)2| . δ4−2ε0τ−5/2 holds on C̃2δ. Therefore,∫
C̃2δ∩Dt

{
(Lv)2 +

1

r2
(Ωv)2 + δ2−ε0τ−3/2(∂tv)

2
}
W . δ4−2ε0 .

In addition, on the initial hypersurface Σt0 ∩Dt, it holds that |∂Ωlϕ| . δ2−ε0 and |∂Γ̃kΩlϕ| . δ3−k−ε0

for 1 ≤ k ≤ 6− l by (2.3). Hence, (11.21) gives that

Ek,l(t) . δ4−2ε0 +

∫∫
Dt

| (∂tΓ̃kΩlϕ)(gαβ∂2αβΓ̃
kΩlϕ) |, k ≤ min{1, 6− l} (11.22)

Ek,l(t) . δ7−2k−2ε0 +

∫∫
Dt

| (∂tΓ̃kΩlϕ)(gαβ∂2αβΓ̃
kΩlϕ) |, 2 ≤ k ≤ 6− l. (11.23)

It remains to estimate
∫∫

Dt
| (∂tΓ̃kΩlϕ)(gαβ∂2αβΓ̃

kΩlϕ) | in (11.22) and (11.23).

Theorem 11.1. Under the assumptions (11.8) with δ > 0 small, it holds that

Ek,l(t) . δ2akt2ι, k + l ≤ 6, (11.24)

where ak (k = 0, 1, · · · , 5) are those constants defined in (11.8), a6 = −5
2 − ε0, and ι is some constant

multiple of δς with 0 < ς < 5
8 − 2ε0.

Proof. Acting the operator Γ̃kΩl on (1.6) and commuting it with gαβ∂2αβ yield

gαβ∂2αβΓ̃
kΩlϕ =

∑
k1 + k2 ≤ k, l1 + l2 ≤ l

k2 + l2 < k + l

G1(∂Γ̃
k1Ωl1ϕ, ∂2Γ̃k2Ωl2ϕ)

+
∑

k1 + k2 + k3 ≤ k
l1 + l2 + l3 ≤ l
k3 + l3 < k + l

G2(∂Γ̃
k1Ωl1ϕ, ∂Γ̃k2Ωl2ϕ, ∂2Γ̃k3Ωl3ϕ),

where G1 is a generic quadratic form satisfying the first null condition, and G2 is a generic cubic form
satisfying the second null condition. Hence it follows from Lemma 2.2 in [20] that∫∫

Dt

| (∂tΓ̃kΩlϕ)(gαβ∂2αβΓ̃
kΩlϕ) |

.
∫∫

Dt

|∂Γ̃kΩlϕ|
{ ∑

k1 + k2 ≤ k, l1 + l2 ≤ l
k2 + l2 < k + l

(|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|)

+
∑

k1 + k2 + k3 ≤ k
l1 + l2 + l3 ≤ l
k3 + l3 < k + l

(|Z̃Γ̃k1Ωl1ϕ| · |∂Γ̃k2Ωl2ϕ| · |∂2Γ̃k3Ωl3ϕ|+ |∂Γ̃k1Ωl1ϕ| · |∂Γ̃k2Ωl2ϕ| · |Z̃∂Γ̃k3Ωl3ϕ|)
}
.

(11.25)
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Next we estimate the right hand side of the inequality (11.25). In fact, as it can be checked easily that the
last summation in (11.25) has better smallness and rate of time-decay, one needs only to pay attention to
the term involving the first summation in (11.25). This will be carried out case by case below.

Case 1: k = 0 and l ≤ 6. There are two subcases: l1 ≤ l2 and l1 > l2.
If l1 ≤ l2, then l1 ≤ 3, l2 ≤ l − 1. Then Proposition 11.1 implies that

|Z̃Ωl1ϕ| .M0δ
25/16−ε0t−3/2(1 + t− r), |∂Ωl1ϕ| .M0δ

25/16−ε0t−1/2.

Thus, one has by (11.4) that∫∫
Dt

|∂Ωlϕ|(|Z̃Ωl1ϕ| · |∂2Ωl2ϕ|+ |∂Ωl1ϕ| · |Z̃∂Ωl2ϕ|)

.
∫ t

t0

M0δ
25/16−ε0τ−3/2∥∂Ωlϕ∥L2(Στ∩Dt)∥(1 + τ − r)∂2Ωl2ϕ∥L2(Στ∩Dt)dτ

+

∫ t

t0

M0δ
25/16−ε0τ−1/2∥∂Ωlϕ∥L2(Στ∩Dt)∥Z̃∂Ω

l2ϕ∥L2(Στ∩Dt)dτ

.
∫ t

t0

τ−3/2∥∂Ω≤6ϕ∥2L2(Στ∩Dt)
dτ +

∫ t

t0

M2
0 δ

25/8−2ε0τ−3/2∥∂Γ̃Ω≤5ϕ∥2L2(Στ∩Dt)
dτ

.
6∑

a=0

∫ t

t0

τ−3/2E0,a(τ)dτ +M2
0 δ

25/8−2ε0

5∑
a=0

∫ t

t0

τ−3/2E1,a(τ)dτ.

(11.26)

If l1 > l2, then l2 ≤ 2. Then Corollary 11.1 implies that

|∂2Ωl2ϕ| .M0δ
9/8−ε0t−1/2(1 + t− r)−1, |Z̃∂Ωl2ϕ| .M0δ

9/8−ε0t−3/2.

Thus, ∫∫
Dt

|∂Ωlϕ|(|Z̃Ωl1ϕ| · |∂2Ωl2ϕ|+ |∂Ωl1ϕ| · |Z̃∂Ωl2ϕ|)

.M0δ
9/8−ε0

{∫∫
Dt

τ−1/2|∂Ωlϕ| |Z̃Ω
l1ϕ|

1 + τ − r
+

∫∫
Dt

τ−3/2|∂Ωlϕ| · |∂Ωl1ϕ|
}

.δς
∫ t

t0

τ−1∥∂Ωlϕ∥2L2(Στ∩Dt)
dτ +M2

0 δ
9/4−2ε0−ς

∫∫
Dt

|Z̃Ωl1ϕ|2

1 + (τ − r)2

+M0δ
9/8−ε0

6∑
a=0

∫ t

t0

τ−3/2∥∂Ωaϕ∥2L2(Στ∩Dt)
dτ

.δς
∫ t

t0

τ−1E0,l(τ)dτ +M2
0 δ

9/4−2ε0−ςE0,l1(t) +M0δ
9/8−ε0

6∑
a=0

∫ t

t0

τ−3/2E0,a(τ)dτ.

(11.27)

Inserting (11.26) and (11.27) into (11.22) yields

6∑
l=0

E0,l(t) . δ4−2ε0 +M2
0 δ

25/8−2ε0

5∑
a=0

∫ t

t0

τ−3/2E1,a(τ)dτ + δς
∫ t

t0

τ−1E0,l(τ)dτ, (11.28)

where one has used ς ∈ (0, 58 − 2ε0) and Grownwall’s inequality.
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Case 2: k = 1 and l ≤ 5. There are also two subcases below.
If k1 + l1 ≤ k2 + l2, then k1 + l1 ≤ 3. Since the case k1 = 0 can be treated as in Case 1, we assume

that k1 = 1. Then applying Proposition 11.1 gives

|Z̃Γ̃Ωl1ϕ| .M0δ
9/8−ε0t−3/2(1 + t− r), |∂Γ̃Ωl1ϕ| .M0δ

9/8−ε0t−1/2.

Since k2 + l2 ≤ 5, thus for δ > 0 small, one can get that∫∫
Dt

|∂Γ̃Ωlϕ|
{
|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|

}
.
∫∫

Dt

|∂Γ̃Ωlϕ|
{
|Z̃Γ̃Ωl1ϕ| · |∂2Ωl2ϕ|+ |Z̃Ωl1ϕ| · |∂2Γ̃≤1Ωl2ϕ|

+ |∂Γ̃Ωl1ϕ| · |Z̃∂Ωl2ϕ|+ |∂Ωl1ϕ| · |Z̃∂Γ̃≤1Ωl2ϕ|
}

.
5∑

a=0

∫ t

t0

τ−3/2E1,a(τ)dτ +M2
0 δ

9/4−2ε0

6∑
a=0

∫ t

t0

τ−3/2E0,a(τ)dτ

+M2
0 δ

25/8−2ε0

4∑
a=0

∫ t

t0

τ−3/2E2,a(τ)dτ.

(11.29)

If k1 + l1 > k2 + l2, then k2 + l2 ≤ 2. Note that the case k2 = 0 can be treated as in Case 1. Thus
we assume k2 = 1. Then Corollary 11.1 implies that

|∂2Γ̃Ωl2ϕ| .M0δ
5/16−ε0t−1/2(1 + t− r)−1, |Z̃∂Γ̃Ωl2ϕ| .M0δ

5/16−ε0t−3/2.

It hence follows from (11.8) that∫∫
Dt

|∂Γ̃Ωlϕ|
{
|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|

}
.δς

∫ t

t0

τ−1E1,l(τ)dτ +M2
0 δ

5/8−2ε0−ς
6∑

a=0

E0,a(t) +
5∑

a=0

∫ t

t0

τ−3/2E1,a(τ)dτ

+M2
0 δ

5/8−2ε0

6∑
a=0

∫ t

t0

τ−3/2E0,a(τ)dτ +M2
0 δ

9/4−2ε0−ς
5∑

a=0

E1,a(t).

(11.30)

Similarly as in Case 1, one can substitute (11.29) and (11.30) into (11.22) to get

5∑
l=0

E1,l(t)

.δ4−2ε0 +M2
0 δ

5/8−2ε0

6∑
a=0

∫ t

t0

τ−3/2E0,a(τ)dτ + δς
∫ t

t0

τ−1E1,l(τ)dτ

+M2
0 δ

5/8−2ε0−ς
6∑

a=0

E0,a(t) +M2
0 δ

25/8−2ε0

4∑
a=0

∫ t

t0

τ−3/2E2,a(τ)dτ.

(11.31)

Case 3: 2 ≤ k ≤ 5 and l ≤ 6− k. One then needs also to separate two subcases.
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If k1 + l1 ≤ k2 + l2, then k1 + l1 ≤ 3. Then Proposition 11.1 implies directly∫∫
Dt

|∂Γ̃kΩlϕ|
{
|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|

}
.

6−k∑
a=0

∫ t

t0

τ−3/2Ek,a(τ)dτ +M2
0 δ

−9/8−2ε0

8−k∑
a=0

∫ t

t0

τ−3/2Ek−2,a(τ)dτ

+M2
0 δ

5/8−2ε0

7−k∑
a=0

∫ t

t0

τ−3/2Ek−1,a(τ)dτ +M2
0 δ

25/8−2ε0

5−k∑
a=0

∫ t

t0

τ−3/2Ek+1,a(τ)dτ.

(11.32)

If k1 + l1 > k2 + l2, then k2 + l2 ≤ 2. It then follows from Corollary 11.1 that∫∫
Dt

|∂Γ̃kΩlϕ|
{
|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|

}
.δς

∫ t

t0

τ−1Ek,l(τ)dτ +M2
0 δ

5/8−2ε0−ς
7−k∑
a=0

Ek−1,a(t) +

6−k∑
a=0

∫ t

t0

τ−3/2Ek,a(τ)dτ

+M2
0 δ

−9/8−2ε0−ς
∑

a+b≤6,a≤k−2

Ea,b(t) +M2
0 δ

5/8−2ε0

7−k∑
a=0

∫ t

t0

τ−3/2Ek−1,a(τ)dτ

+M2
0 δ

−9/8−2ε0
∑

a+b≤6,a≤k−2

∫ t

t0

τ−3/2Ea,b(τ)dτ +M2
0 δ

9/4−2ε0−ς
6−k∑
a=0

Ek,a(t).

(11.33)

Substituting (11.32) and (11.33) into (11.23) yields

6−k∑
l=0

Ek,l(t)

.δ7−2k−2ε0 +M2
0 δ

−9/8−2ε0
∑

a+b≤6,a≤k−2

{∫ t

t0

τ−3/2Ea,b(τ)dτ + δ−ςEa,b(t)
}

+M2
0 δ

5/8−2ε0

7−k∑
a=0

{∫ t

t0

τ−3/2Ek−1,a(τ)dτ + δ−ςEk−1,a(t)
}

+M2
0 δ

25/8−2ε0

5−k∑
a=0

∫ t

t0

τ−3/2Ek+1,a(τ)dτ + δς
6−k∑
l=0

∫ t

t0

τ−1Ek,l(τ)dτ.

(11.34)

Case 4: k = 6 and l = 0.
We start with the subcase k1 ≤ k2. Then k1 ≤ 3. Hence similar arguments as for (11.32) give that∫∫

Dt

|∂Γ̃6ϕ|
{
|Z̃Γ̃k1ϕ| · |∂2Γ̃k2ϕ|+ |∂Γ̃k1ϕ| · |Z̃∂Γ̃k2ϕ|

}
.
∫ t

t0

τ−3/2E6,0(τ)dτ +M2
0 δ

−9/8−2ε0
∑

a+b≤6,a≤4

∫ t

t0

τ−3/2Ea,b(τ)dτ

+M2
0 δ

5/8−2ε0

1∑
a=0

∫ t

t0

τ−3/2E5,a(τ)dτ.

(11.35)
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In the subcase k1 > k2, one can get from Proposition 11.1 directly that∫∫
Dt

|∂Γ̃6ϕ|
{
|Z̃Γ̃k1ϕ| · |∂2Γ̃k2ϕ|+ |∂Γ̃k1ϕ| · |Z̃∂Γ̃k2ϕ|

}
.δς

∫ t

t0

τ−1E6,0(τ)dτ +M2
0 δ

5/8−2ε0−ς
1∑

a=0

E5,a(t) +

∫ t

t0

τ−3/2E6,0(τ)dτ

+M2
0 δ

−9/8−2ε0−ς
∑

a+b≤6,a≤4

Ea,b(t) +M2
0 δ

5/8−2ε0

1∑
a=0

∫ t

t0

τ−3/2E5,a(τ)dτ

+M2
0 δ

−9/8−2ε0
∑

a+b≤6,a≤4

∫ t

t0

τ−3/2Ea,b(τ)dτ +M2
0 δ

9/4−2ε0−ςE6,0(t).

(11.36)

Collecting (11.35) and (11.36), and applying (11.22), one gets that

E6,0(t) .δ−5−2ε0 +M2
0 δ

−9/8−2ε0
∑

a+b≤6,a≤4

∫ t

t0

τ−3/2Ea,b(τ)dτ

+M2
0 δ

5/8−2ε0

1∑
a=0

∫ t

t0

τ−3/2E5,a(τ)dτ + δς
∫ t

t0

τ−1E6,0(τ)dτ

+M2
0 δ

5/8−2ε0−ς
1∑

a=0

E5,a(t) +M2
0 δ

−9/8−2ε0−ς
∑

a+b≤6,a≤4

Ea,b(t).

(11.37)

Let b0 = b1 = 0, b2 = 7
4 , b3 = 13

4 and bk = 2k − 3 for k = 4, 5, 6. As 0 < ς < 5
8 − 2ε0, we sum

up the inequalities (11.28), (11.31), (11.34) and (11.37) with the weigh δbk for Ek,l (k+ l ≤ 6), and use
the Grownwall’s inequality to obtain ∑

k+l≤6

δbkEk,l(t) . δ4−2ε0t2ι,

which proves (11.24).

As for the M0-independent energy estimate in (11.24), we can also obtain the M0 independent L∞

estimates of ϕ and its derivatives corresponding to Proposition (11.1) and Corollary (11.1).

Corollary 11.2. When δ > 0 is small, it holds that in the domain B2δ,

|Z̃Ω≤3ϕ| . δ25/16−ε0t−3/2+ι(1 + t− r), |Z̃Γ̃Ω≤2ϕ| . δ9/8−ε0t−3/2+ι(1 + t− r),

|Z̃Γ̃2Ω≤1ϕ| . δ5/16−ε0t−3/2+ι(1 + t− r), |Z̃Γ̃3ϕ| . δ−9/16−ε0t−3/2+ι(1 + t− r),

|∂Ω≤3ϕ| . δ25/16−ε0t−1/2+ι, |∂Γ̃Ω≤2ϕ| . δ9/8−ε0t−1/2+ι,

|∂Γ̃2Ω≤1ϕ| . δ5/16−ε0t−1/2+ι, |∂Γ̃3ϕ| . δ−9/16−ε0t−1/2+ι,

(11.38)

and

|∂2Ω≤2ϕ| . δ9/8−ε0t−1/2+ι(1 + t− r)−1, |∂2Γ̃Ω≤1ϕ| . δ5/16−ε0t−1/2+ι(1 + t− r)−1,

|∂2Γ̃2ϕ| . δ−9/16−ε0t−1/2+ι(1 + t− r)−1, |Z̃∂Ω≤2ϕ| . δ9/8−ε0t−3/2+ι,

|Z̃∂Γ̃Ω≤1ϕ| . δ5/16−ε0t−3/2+ι, |Z̃∂Γ̃2ϕ| . δ−9/16−ε0t−3/2+ι.

(11.39)
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Compared with (11.8), Proposition 11.1 and Corollary 11.1, though the estimates in (11.24) and
Corollary 11.2 do not depend on M0, yet they contain increasing time factors t2ι or tι. To overcome this
difficulty and close the assumptions (11.8), we now study the equation on the difference between ϕ and
ϕa, where ϕa satisfies 

− ∂2t ϕa +△ϕa = 0,

ϕa(t0, x) = ϕ(t0, x),

∂tϕa(t0, x) = ∂tϕ(t0, x).

(11.40)

Proposition 11.2. ϕa defined by (11.40) satisfies the following estimate on the hypersurface Σt ∩Dt:∫
Σt∩Dt

|∂Γ̃kΩlϕa|2dx+

∫∫
Dt

|Z̃Γ̃kΩlϕa(τ, x)|2

(1 + τ − |x|)3/2
dxdτ .

{
δ4−2ε0 , k = 0, 1,

δ7−2k−2ε0 , k ≥ 2.
(11.41)

Proof. Let
D0 := {(t̄, x) : 0 ≤ t̄− |x| ≤ 2δ, t0 ≤ t̄ ≤ t}.

One can estimate ϕa in D0 by the energy method. Indeed, it is easy to check that∫
Σt∩D0

|∂Ẑαϕa|2 +
√
2

2

∫
C̃2δ∩D0

(
|LẐαϕa|2 +

1

r2
|ΩẐαϕa|2

)
=

∫
Σt0∩D0

|∂Ẑαϕa|2, (11.42)

where Ẑ ∈ {∂,Ω, S,H1,H2}. The initial data of ϕa in (11.40) satisfy |∂Zαϕa|Σt0∩D0 . δ1−ε0−l with l
being the number of ∂ in Zα. Therefore, (11.42) implies∫

Σt∩D0

|∂Ẑαϕa|2 +
√
2

2

∫
C̃2δ∩D0

(
|LẐαϕa|2 +

1

r2
|ΩẐαϕa|2

)
. δ3−2ε0−2l. (11.43)

By the following Sobolev’s imbedding theorem on the circle S1r (with center at the origin and radius r)

|w(t, x)| . 1√
r
∥Ω≤1w∥L2(S1r),

it then follows that for any point (t, x) in D0,

|Ẑαϕa(t, x)| . t−1/2∥Ω≤1Ẑαϕa∥L2(Sr) . t−1/2δ1/2∥∂Ω≤1Ẑαϕa∥L2(Σt∩D0) . δ2−ε0−lt−1/2.
(11.44)

In addition, Γ̄αϕa solves

L
(
r1/2LΓ̄αϕa

)
=

1

2
r−1/2LΓ̄αϕa,

which implies |L
(
r1/2LΓ̄αϕa

)
| . δ2−ε0t−2 by (11.44) since Γ̄ ∈ {S,H1,H2,Ω}. And hence, on the

surface C̃2δ, |LΓ̄αϕa| . δ2−ε0t−1/2 holds after integrating L
(
r1/2LΓ̄αϕa

)
along integrate curves of L

on C̃2δ. Then,

|LΓ̃Ωlϕa|+
1

r
|ΩΓ̃Ωlϕa| . δ2−ε0t−3/2 on C̃2δ.

By an induction argument, one can get

|LΓ̃kΩlϕa|+
1

r
|ΩΓ̃kΩlϕa| . δ2−ε0t−3/2 on C̃2δ. (11.45)

Therefore, ∫
C̃2δ∩Dt

(
|LΓ̃kΩlϕa|2 +

1

r2
|ΩΓ̃kΩlϕa|2

)
. δ4−2ε0 . (11.46)



82

It follows the property of the weight function W in (11.18) and (11.40) that∫
Σt∩Dt

W |∂Γ̃kΩlϕa|2 +
∫∫

Dt

W
|Z̃Γ̃kΩlϕa|2

(1 + τ − r)3/2

=

∫
Σt0∩Dt

W |∂Γ̃kΩlϕa|2 +
√
2

2

∫
C̃2δ∩Dt

W
(
|LΓ̃kΩlϕa|2 +

1

r2
|ΩΓ̃kΩlϕa|2

)
.

(11.47)

Then the estimate (11.41) is a direct consequence of (11.47), (2.3) and (11.46).

Similarly as for Proposition 11.1, one can use Lemma 11.1, 11.2 and Proposition 11.2 to get the L∞

estimate of ϕ− ϕa in Dt. Indeed, let ϕ̇ = ϕ− ϕa. Then ϕ̇ solves
− ∂2t ϕ̇+△ϕ̇ = 2

2∑
i=1

∂iϕ∂t∂iϕ− 2∂tϕ△ϕ+
2∑

i,j=1

∂iϕ∂jϕ∂i∂jϕ− |∇ϕ|2△ϕ,

ϕ̇(t0, x) = ∂tϕ̇(t0, x) = 0.

(11.48)

Proposition 11.3. If δ > 0 is small and k + l ≤ 5, then

∥∂Γ̃kΩlϕ̇∥2L2(Σt∩Dt)
+

∫∫
Dt

|Z̃Γ̃kΩlϕ̇|2(t′, x)
1 + (t′ − |x|)3/2

dxdt′ . δ2ak . (11.49)

Proof. By commuting the operator Γ̃kΩl with −∂2t + △, and noting that the right hand side of the
equation in (11.48) satisfies the first and second null conditions, one then has from (11.38) and (11.39)
that

|(−∂2t +△)Γ̃kΩlϕ̇|
.

∑
k1 + k2 ≤ k
l1 + l2 ≤ l

(
|Z̃Γ̃k1Ωl1ϕ| · |∂2Γ̃k2Ωl2ϕ|+ |∂Γ̃k1Ωl1ϕ| · |Z̃∂Γ̃k2Ωl2ϕ|

)
+

∑
k1 + k2 + k3 ≤ k
l1 + l2 + l3 ≤ l

(
|Z̃Γ̃k1Ωl1ϕ| · |∂Γ̃k2Ωl2ϕ| · |∂2Γ̃k3Ωl3ϕ|

+ |∂Γ̃k1Ωl1ϕ| · |∂Γ̃k2Ωl2ϕ| · |Z̃∂Γ̃k3Ωl3ϕ|
)

.
∑

k1 + k2 ≤ k
l1 + l2 ≤ l
k1 + l1 ≤ 2

{
δϖk1 t−3/2+ι(1 + t− r)|∂2Γ̃k2Ωl2ϕ|+ δϖk1 t−1/2+ι|Z̃∂Γ̃k2Ωl2ϕ|

}

+
∑

k1 + k2 ≤ k
l1 + l2 ≤ l
k2 + l2 ≤ 2

{
δϖk2+1t−1/2+ι(1 + t− r)−1|Z̃Γk1Ωl1ϕ|+ δϖk2+1t−3/2+ι|∂Γ̃k1Ωl1ϕ|

}
,

(11.50)

where ϖ0 =
25
16 − ε0, ϖ1 =

9
8 − ε0, ϖ2 =

5
16 − ε0 and ϖ3 = − 9

16 − ε0. And hence,

∥(−∂2t +△)Γ̃kΩlϕ̇∥L2(Σt∩Dt)

.
min{2,k}∑

s=0

δϖst−3/2+ι
∑

p + q ≤ 6
p ≤ k − s + 1

√
Ep,q(t)

+

min{k+1,3}∑
s=1

δϖst−1/2+ι
∑

p + q ≤ 5
p ≤ k − s + 1

{
∥ Z̃Γ̃

pΩqϕ

1 + t− r
∥L2(Σt∩Dt) + t−1

√
Ep,q(t)

}
.

(11.51)
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On the other hand, by Lemma 11.2 and Theorem 11.1, one can obtain that

∥ Z̃Γ̃
pΩqϕ

1 + t− r
∥L2(Σt∩Dt) . δ2−ε0t−1 + δap+1t−1+ι. (11.52)

Substituting (11.52) and (11.24) into (11.51) yields

∥(−∂2t +△)Γ̃kΩlϕ̇∥L2(Σt∩Dt) .
min{2,k}∑

s=0

δϖsδak−s+1t−3/2+2ι +

min{k+1,3}∑
s=1

δϖsδak−s+2t−3/2+2ι

.δak+1/8−ε0t−3/2+2ι.

(11.53)

IntegrateW (∂tΓ̃
kΩlϕ̇)

(
(−∂2t +△)Γ̃kΩlϕ̇

)
over domainDt withW = e2(1+t−r)−1/2

as in (11.18). Then
it follows (11.53) that∫

Σt∩Dt

W |∂Γ̃kΩlϕ̇|2 +
∫∫

Dt

W

(1 + τ − r)3/2
|Z̃Γ̃kΩlϕ̇|2

.
∫
Σt0∩Dt

|∂Γ̃kΩlϕ̇|2 +
∫∫

Dt

W |∂tΓ̃kΩlϕ̇| · |(−∂2t +△)Γ̃kΩlϕ̇|

+

∫
C̃2δ∩Dt

(
|LΓ̃kΩlϕ̇|2 + 1

r2
|ΩΓ̃kΩlϕ̇|2

)
.
∫ t

t0

τ−3/2+2ι∥∂Γ̃kΩlϕ̇∥2L2(Στ∩Dt)
dτ + δ1/4−2ε0+2ak

+

{
δ4−2ε0 , k ≤ min{1, 5− l},

δ7−2k−2ε0 , 2 ≤ k ≤ 5− l.

(11.54)

Therefore, (11.49) follows from (11.54) directly since ι > 0 is small enough and ε0 ≤ 1
8 holds.

Theorem 11.2. When δ > 0 is small, there exists a smooth solution ϕ to (1.6) in B2δ for t ≥ t0.

Proof. Since ϕ = ϕa + ϕ̇, then Proposition 11.2 and 11.3 imply that

Ek,l(t) . δ2ak for k + l ≤ 5, (11.55)

which is independent of M0, then the assumptions (11.8) are then improved.

Finally, we prove Theorem 1.1.

Proof. Theorem 2.1 gives the local existence of smooth solution ϕ to (1.6) with (1.7). On the other hand,
the global existence of the solution in A2δ and in B2δ has been established in Section 10 and Theorem
11.2 respectively. Then it follows from the uniqueness of the smooth solution to (1.6) that the proof of
ϕ ∈ C∞([1,+∞) × R2) is finished. In addition, |∇ϕ| . δ1−ε0t−1/2 follows from (2.1), (2.2), (10.3),
and the first inequality in (11.10). Thus Theorem 1.1 is proved.
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