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Abstract

In this paper, we establish the global existence of smooth solutions to the 2-dimensional (2D) com-
pressible isentropic irrotational Euler equations for Chaplygin gases with the short pulse initial data
introduced by Christodoulou. This is related to the Majda’s conjecture on the non-formation of shock
waves of solutions from smooth initial data for multi-dimensional nonlinear symmetric systems which
are totally linearly degenerate. The main ingredients of our analysis consist of showing the positivity of
the inverse foliation density near the outermost conic surface for all time and solving a global Goursat
problem inside the outermost cone. To overcome the difficulties due to the slower time decay rate of the
solutions to the 2D wave equation and the largeness of the solution, we introduce some new auxiliary
energies. It is noted that the methods and results in the paper can be extended to general 2D quasilinear
wave equations satisfying corresponding null conditions for short pulse initial data.
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1 Introduction

1.1 The formulation of the problem and main results

The 2-dimensional (2D) compressible isentropic Euler equations for Chaplygin gases are

up+ div(pv) = 0, )
A (pv) + div(pv ® v) + Vp =0, '

which express the conservations of the mass and momentum respectively. Where V = (01,02) =
(Opy,Ory), (t,7) € Ry x R%, v = (v1, v2), p, p stand for the velocity, density, pressure respectively, and

the equation of state is given by
B
p(p) = Po — " (1.2)

with Py and B being positive constants.
Away from vacuum, i.e., p > 0, the system can be symmetrized as

AgdV + A101V + AV =0 (1.3)
with
V1 p 0 0 pvr 0O 1 pva 0 0
V = V2 ,AO =10 P 0 ,Al = 0 pPU1 0 ,AQ = 0 pU2 1 . (1.4)
P 00 % 1 0 2 0 1 2

For any w = (w!,w?) € S, Ay (w! A1 + w?Ay) has three real distinct eigenvalues

M(V,w) = whop +w?vy — c(p), Xo(V,w) = whop +w?vs, A3(V,w) = wlog + w?vs + ¢(p),



with the corresponding right eigenvectors r1(V,w) =

1

= (W' w? —pc(p)", 2(Vow) = (—w?,w',0)7,
r3(V,w) = (w!,w?, pc(p))T respectively, where c(p) =

\/ ( ) = % is the local sound speed. It is
then easy to verify that for any w € S!,

VV/\i(V,w) : ri(V,w) = 07 1= 1, 2,3. (15)

Thus the 2D compressible isentropic Euler system for Chaplygin gases is the prototype example of
multidimensional quasilinear symmetric hyperbolic systems with totally linearly degenerate structures.
Our main concern is the global in time smooth solutions to such a system for general smooth initial data,
in particular, the non-formation of shock waves for smooth solutions in finite time. This is closely related
to the following conjecture formulated clearly by Majda in [31]:

Conjecture. For any given n-dimensional nonlinear symmetric hyperbolic system with totally linear-
ly degenerate structures, a smooth solution, say in C([0, T], H3,(R™)) N C*([0, T], H: 1 (R™)), T > 0,
s > 5 + 1, will exist globally in time in general when the solution runs out of the domain of definition of
the Cauchy problem in finite time. In particular, the shock wave formation does not occur in general for
any smooth initial data.

As pointed out in [31] by Majda, such a conjecture is plausible physically and its resolution would
both elucidate the nonlinear nature of the condition requiring linear degeneracy of each characteristic
field and may isolate the fashion in which the shock wave formation arises in quasilinear hyperbolic
systems. However, although some important progress have been achieved in the case n = 1 [24,27,28],
yet this conjecture has been far from being solved in multi-dimensions, even for small data except the
special cases [8, 16,18, 19]. In this paper, we will resolve this conjecture for the physically important
system in 2D, (1.1), for a class of irrotational “short pulse” initial data.

Thus we supplement (1.1) with the irrotational initial data

(p,'l))(o, ) = (ﬁ+p0(')av0('>) = (ﬁ+p0(')77}?(')’vg('>)

such that p + po(z) > 0 and rot vg(x) = G2v) — 9] = 0 with p being a positive constant which can
be normalized so that ¢(p) = 1. Then the irrotationality, rot v(t, - ) = (Oav1 — d1v2)(t, ) = 0, holds true
as long as the solution remains smooth. Hence there exists a potential function ¢ such that v = V¢, and

the Bernoulli’s law, 9;¢ + 1|V ¢|? + h(p) = 0, holds with the enthalpy h(p) satisfying h’(p) = 62—[()”) and
h(p) = 0. Therefore, for smooth irrotational flows, (1.1) is equivalent to

2

2
> *P(00)D2p0 =~ 0jd+ Db — 2 0:60,0:6 + 20,0\

o,8=0 i=1 (1.6)

2
— ) 0:¢0;005¢ + |Vo|* ¢ =0

1,j=1

with 20 = ¢, 9y = 0, 0 = (8, 01, 02) and A = §? + 93. We will study the global smooth solution to
equation (1.6) with the initial data of the “short pulse” form as

(6,808 iz = (8720 20,5 21) (" ), (17

where r = |z| = /2?7 + 2%, w = Z € S, & € (0, ] (o, #1)(s,w) are any fixed smooth functions
with compact supports in (—1, O) for the variable s. Furthermore it is required that

(O + 8, dli—1 = O(827150/2), 1 =1,2, (1.8)
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and
(0 + 0PV 9'gli—1 = O(627070), 0<k <2, (1.9)

where Y stands for the derivative on S'. Note that although the short pulse initial data (¢, 9;¢)|;=1 in
(1.7) do not have the uniform boundedness (smallness) in %JF(RQ) X Hit (R2) -norm (independent of
) required for the well-posedness of regular solutions for 2D quasilinear wave equations in [1-3,21,35]
(see Remarks 1.1-1.3), yet the conditions (1.7)-(1.9) imply the hyperbolicity of the equation (1.6) and
the suitably stronger smallness of the directional derivatives 0; + O, of ¢ up to the second order. This is
essential for our global existence of smooth solutions to the Cauchy problem (1.6)-(1.7).

The main result of this paper is stated as follows:

Theorem 1.1. Assume that (1.8)-(1.9) hold. Then there exists a suitably small positive constant &
such that for all 6 € (0, 8], the Cauchy problem, (1.6)-(1.7), admits a global smooth solution ¢ €
C>([1,+00) x R2). Furthermore, it holds that for all time t > 1,

IVo(t,z)] < O =0t~ Y2 z e R?, (1.10)
where C' > 0 is a constant independent of 6 and &.

Some comments on the main result and a brief review of some closely related literature are given in
the following remarks.

Remark 1.1. The initial data of form (1.9) are essentially the “short pulse data” first introduced by D.
Christodoulou in [5], where it is shown that the formation of black holes in vacuum spacetime is due
to the condensation of the gravitational waves for the 3D Einstein equations in general relativity (see
also [23]). Note that properties (1.8)-(1.9) hold true for given smooth function ¢g and the choice of
qﬁl(%, w) = fasqbo(?"g—l, w) — %gbo(r%;l, w). In addition, a large class of short pulse initial data with
the properties (1.7)-(1.9) can be found for general second order quasilinear wave equations (see [12]).
Roughly speaking, the “short pulse data” can be regarded as some suitable extensions of a class of
“large” symmetric data, for which the smallness restrictions are imposed on angular directions and a-
long the “good” direction tangent to outgoing light cone {t = r}, but the largeness is kept at least for
the second order “bad” directional derivatives 0y — O,. This provides a powerful framework to study
effectively the blowup or the global existence of smooth solutions to the multi-dimensional hyperbolic
systems or the second order quasilinear wave equations with short pulse data by virtue of the corre-
sponding knowledge from the 1D cases, see [5,6, 11-13, 17,23, 29, 30, 32, 33, 36, 37] and the references
therein. It is noted that for short pulse data (1.7) and sufficiently small § > 0, although both ||¢|| L~ and
||06¢]|| Lo are small att = 1, yet the initial data are still regarded as “large” in the sense that |0*¢| may
be large, and in fact,

€0

5—
161 s @2y = OO

Remark 1.2. Theorem 1.1 implies in particular the uniform (independent of 0) local in time well-
posedness for the Cauchy problem (1.6)-(1.7), which does not follow from the known results [21,22,35].
Indeed, for the Cauchy problem of general 2D quasilinear wave equation with smooth coefficients,

11
%) — +ooas § — 07 fors > R (1.11)

2
Z gaﬁ(w,aw)aiﬁw =0,
a,=0

(w(l,2), dw(L,x)) = (wo(x), wi(x)) € (H*(R?), H*"H(R?)),
the local in time well-posedness of solution w € C([1,T], H*(R?))NCY([1,T], H5~1(R?)) with s > %

has been established in [35]. However, such a theory cannot be applied to (1.6)-(1.7) to yield the local
well-posedness of smooth solution with time interval independent of § due to (1.11).

(1.12)



Remark 1.3. Consider the second order quasilinear wave equations of the form

2
> g (Ow)02gw =0 (1.13)
a,3=0

with g (0w) being smooth such that for small |Ow

)

2 2 2
g°% (Ow) :cg‘ﬁ + g PN w + g BM29. 1w, w + E BNV ., Wy, w
71=0 71,72=0 Y1,72,73=0
2

4ot Z Caﬂﬁwzuvka’ylwaww, . '8»ykw+0(|8w|k+l),
717727"'77%:0

2
where k > 2, Z cgﬁ 626 =0= —83 + A, and B, 2Bz B2V gre constants. Then
a,=0
the l-th null condition (I < k) is defined to be
2
Z co‘ﬁ"”""”wawrgw71 ~rwy, = 0forwy = —1, (wi,w2) € St. (1.14)
04757’71u~~-,’7l:0

If one supplements (1.13) with small data, i.e.,
(w, Qw)(1,z) = e(wo, w1)(x) (1.15)

with (wp, w1) € C§° (R?) and € > 0 being sufficiently small, then the global well-posedness of the
solution to (1.13) and (1.15) has been studied extensively and it is known that the small data solution
exists globally if both the first and second null conditions hold, while it blows up in general if otherwise,
see [1-3]. However, such a theory does not apply to the Cauchy problem (1.6)-(1.7) since though both
the first and second null conditions are satisfied for (1.6), yet the smallness condition (1.15) can not
be true by the short pulse data (1.7) due to (1.11). It should be noted that recently in [13], we have
considered the global well-posedness problem for (1.13) with short pulse data of the form

r—1
)
where ¢o(s,w) and ¢1(s,w) are smooth functions supported in (—1,0) for the variable s, and shown
that there exists an optimal constant €}, € (0,1), (e}, = 11 as k — o0), such that the smooth solution
to (1.13) and (1.16) exists globally for eq € (0,¢},) if the k-th null condition and all B = bz =
o = M1 = 0 hold, and blows up in finite time if the k-th order null condition fails and

o0 € e}, 1).

(w,0w)(1,z) = (5275%)0, 617€0¢1)(

), (1.16)

Remark 1.4. Theorem 1.1 implies that Majda’s conjecture is solved for the 2D compressible Euler
system for Chaplygin gases, (1.1) with small and irrotational data. Yet such a conjecture is still open
for general small data of the form (p,v)(0,x) = (p + epo(x),evo(x)) with € > 0 being small without
the irrotationality assumption unless some symmetries are assumed, see [8, 16, 18, 19] and the references
therein.

Remark 1.5. In [11], we have also established the global existence of smooth solutions for the 3D
compressible isentropic Euler equations with irrotational and short pulse initial data of the form (1.7)-
(1.9). Compared with the analysis for 3D in [11], due to the slower time-decay rate of the solutions in
2D, more involved and technical analysis is needed in this paper.
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Remark 1.6. Note that for the short pulse data (1.7) satisfying (1.8)-(1.9), it holds that |V ¢| is small
for small 5 > 0, which is necessary to ensure the hyperbolicity of (1.6). This is in contrast to the case
in [32], where the global smooth solution o = (o', --- , V) has been established for the following 3D
semi-linear wave system

O¢' = Q(Ve, V), i=1,--- N (1.17)

with some short pulse data, where Q'(NV @,V ) are quadratic forms in Vi and satisfy the first null
condition. In [32], the short pulse data for (1.17) are required to satisfy, instead of (1.9),

(8% + 0,) Y 9™ ey < 62, VE < Ny (1.18)

for some sufficiently large No, where Y stands for any derivative on S®. Note that though (1.18) imposes
no restriction on the size of V since the semi-linear wave equation (1.17) is always hyperbolic with
respect to the time, yet Ny is required to be sufficiently large. It should be emphasized that one cannot
require (1.9) holds for large k since it follows from (1.7) and (1.6) that 3ga;¢‘t:1 = 0(52750/27“1') hold
such that (1.9) seems to be over-determined for k > 3. Furthermore, our energies for (1.6) are different
from the ones in [32].

Remark 1.7. We have generalized the main ideas and techniques in this paper to study the Cauchy
problem for general 4D quasilinear wave equations of the form

4
D g™ (w,0w)d2 5w = 0 (1.19)
a,B=0

with short pulse initial data (1.16), where (1.19) satisfies the first null condition, and ¢y(s,w) and
#1(s,w) are smooth functions on R x S3 with compact support in (—1,0) for the variable s satisfy-

ng
(8 + 0,)FQ %w|i=y = O(5>~=071) for0 <k <3, Qe {20, —270;,1 <i < j <4},

We have shown in [12] that there exists an optimal constant €* € (0, 1) such that for g € (0,€*), such
a problem has a global smooth solution.

Remark 1.8. There have been many very interesting recent works on global well-posedness or finite
blowup of smooth solutions to various nonlinear multi-dimensional wave equations with some short
pulse initial data. In particular, in [33], Miao and Yu studied the following 3D problem

— (1+3G"(0)(8:¢)*)0}¢ + A¢ = 0,

— (1.20)
(6,008)(~2,2) = (%260, 8"261) ("= ),

where G"(0) is a non-zero constant, w € S?, &6 > 0 is suitably small, and ¢o(s,w) and ¢1(s,w) are
given smooth functions supported in (0, 1] with respect to s, and proved the shock formation before time
t = —1 due to the genuinely nonlinear structure in the equation (1.20) which leads to the compression
of incoming characteristic conic surfaces. This is one of main motivations of our works. Moreover,
some systematic results along this line have been obtained in [11, 14, 29] for general quasilinear wave
equations of the form Ei,ﬁ:o gaﬁ(aw)ﬁiﬁw = 0 with short pulse initial data (1.16) (for 0 < gg < 1).

Remark 1.9. Note that for the short pulse data (1.7), the corresponding initial data (p,v) for (1.1) are
small perturbations of the non-vacuum uniform state (p,0). For general large initial data, one cannot
expect the global existence of smooth solution to (1.1) in general. Indeed, even in 1D case, such a global
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existence of smooth solution fails for general large data as shown by the following example. Consider
the following Cauchy problem of the 1D compressible isentropic Euler equation for Chaplygin gases

Op + 0z(pv) =0
B(pv) + 0u(pv® + p(p)) = 0 (1.21)
(p,v)(0,2) = (17 UO(Z‘))

1

where p(p) = 2 — 2 00 (x) € C§°(—1,1) and vo(x) # 0. In terms of Lagrange coordinate (s, m):

s =t, mz/ p(t,y)dy,
n(t,0)

where 1(t,y) is the particular path through y, (1.21) becomes

dsp + p?Opmv = 0,
Osv + amp(p) =0,
p(ovm) =1, ’U(O,m) :Uﬂ(m)‘

Then the special volume V = % solves the following problem

{DV: (82 — 82V =0,
(V,95V)(0,m) = (1,vh(m)),

whose unique solution is
1
V(s,m) = 1+§(vo(m+s)—v0(m—s)). (1.22)

It follows from (1.22) that one can choose vy such that vo(mz) — vo(m1) = —2 for my, mg € (—1,1)
with my < 0 < mg. Hence for such initial data, there exists a s* < w such that

0<V(s,m), s<s*,minV(s*,m) =0,

which implies max p(s,m) — oo as s — s*, so concentration occurs at s*. Note that even for such
an example, the Majda’s conjecture still holds true since the singularity is the density concentration,
not formation of shocks. For more results on finite time blow up of smooth solutions to n-dimensional
quasilinear wave equations with general large data (not the short pulse data), we refer to [34] and the
references therein.

Remark 1.10. Finally, we make some brief comments on the analysis of the proof of Theorem 1.1, the
details are given in the next subsection. Our analysis is strongly motivated by the geometric approach
initiated by D. Christodoulou in order to study the formation of shocks for multi-dimensional hyperbolic
systems and the second order wave equations with the genuinely nonlinear conditions, see also [6, 17,
30, 33, 36, 37]. In the seminal work [4], Christodoulou introduced the “inverse foliation density” | to
measure the compression of the outgoing characteristic surfaces, and proved the finite time formation
of shocks for 3D relativistic Euler equations with small initial data by developing a geometric approach
which has been applied and refined to study shock formation for other important problems, see [4-6, 17,
29,33,36,37], where the key is to show that 1 is positive away from the shock and approaches 0" near the
blowup curve in finite time based on the genuinely nonlinear conditions. In this paper, the characteristic
fields for Chaplygin gases are linearly degenerate, so it is possible to exclude the possibility of finite time
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collapse of the outgoing characteristic surfaces. Then as in [4,5,33,36], we may choose a similar inverse
foliation density y on a domain, Ays = {(t,z) : t > 1426,0 < t—r < 2§}, near the outermost outgoing
conic surface Coy = {t = r}. The first main step is to show that there exists a positive constant C' such
that n > C > 0 on Ass for all time, which can be established simultaneously with suitable apriori
time-decay estimate on the solution ¢ to (1.6) on Ass. To this end and to overcome the difficulties due to
the slow time decay rates of solutions to th 2D wave equation, we introduce some new auxiliary energies
and take full advantages that the equation (1.6) is totally linearly degenerate and satisfies both the first
and second null conditions, which are rather different from the analysis in [4, 31]. Then we can obtain
the global smooth solution ¢ of (1.6) with suitable time-decay in Ass. The second main step to prove
Theorem 1.1 is to solve a Goursat problem for (1.6) in the domain Bos = {(t,z) : t > 14+6,t —r > 25}
inside the outermost outgoing cone {r < t}. To this end, we first derive some delicate estimates on
Cos = {(t,z):t > 1+ 20,t —r = 28} which is the lateral boundary of Bas (see the end of Section 10
for details). Then we can establish the global weighted energies of ¢ in Bos by making use of both the
first and second null conditions satisfied by (1.6). It should be noted that (1.7) is the short pulse data, it
seems difficult to adopt the ideas in [8, 32] where the data are small. Finally, Theorem 1.1 follows from
these two main steps.

1.2 Sketch for the proof of Theorem 1.1

Since the proof of Theorem 1.1 is rather lengthy, for convenience of the reader, we will outline the main
steps and ideas of the analysis in this subsection. Recall some notations in Remark 1.10: Cy = {(¢, ) :
t > 1+ 24,t = r} is the outermost outgoing conic surface; Ays = {(t,z) : t > 1+26,0 <t —r < 24}
is a domain containing C; and Bys = {(t,z) : t > 14 6,t —r > 26} is a conic domain inside Cp with
the lateral boundary given by Cos = {(t,x) : t > 1+ 28, — 7 = 25}. Then the proof of Theorem 1.1
consists of three parts: the local existence of solution ¢ for t € [1,1 + 24], the global existence of the
solution in Asg, and the global existence in Bgs. The main ideas are sketched as follows.

1.2.1 Local existence of the solution for ¢ € [1,1 + 2]

At first, by the energy method and the special structure of equation (1.6), one can obtain the local exis-
tence of the smooth solution ¢ to (1.6) with (1.7)-(1.9) for ¢ € [1,1 + 26]. Furthermore, following basic
estimates on ¢(1 + 24, x) can be derived:

|L20“Q% (1 4 26, )| < 627 1=20 forr e [1 — 26,1 + 26], (1.23)
|L20“Q (1 4 26, 2)| < 627 1°1=20 forr e [1 — 36,1 + 4], (1.24)

where a € Ny can be chosen as large as needed, o € Ng, k € Ng, L =0+ 0, L =0 — 0, and
Q = 210y — 220;. Note that (1.23) and (1.24) yield some better smallness property of ¢ along certain
directional derivatives L or L in different space domains than that on the whole hypersurface {(¢, z) :
t =1420} (i.e., |L20*Fp(1 + 26, )| < 4 lel=lel=20 and | L29*QF (1 + 26, )| < 62~ lel=lal=20 can
be obtained for € R? and a > 2). Based on these crucial estimates together with the totally linearly
degenerate structure of (1.6), we can obtain the desired delicate estimates of ¢ near C, which is one of
the key points for proving the global existence of ¢ in As;.

1.2.2 Global existence of the solution in Ao

Motivated by the strategy of D. Christodoulou in [4], we start to construct the solution ¢ of (1.6) in
Ass. Note that although the main results in [4] concern the finite time blowup of smooth solutions to the
3-D compressible Euler equations, which seem to be different from our goal to establish global smooth
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solution to (1.6)-(1.7), yet we can still make full use of the idea in [4] to verify whether the outgoing
characteristic surfaces collapse since the intersection of characteristic surfaces will lead to the formation
of singularities of smooth solutions and further correspond to the formation of shock waves, as indicated
in other studies for global existence of smooth solutions to the compressible Euler equation [7,38—41].
In this process, one of the key elements is to derive the suitable time-decay rates of the solution ¢ in
Ass under some suitable coordinate transformation. Due to the slower time-decay rate of solutions to
the 2-D wave equation, we need to introduce some new auxiliary energies and carry out some delicate
analysis on the related nonlinear forms by utilizing the distinguished characters of the resulting new 2-D
quasilinear wave equations satisfying the first and second null conditions as well as the totally linearly
degenerate condition. This is rather different from those in [4] and [36] for the 3D small data solution
problem with the genuinely nonlinear condition.

As in [4] or [36], for a given smooth solution ¢ to (1.6), one can study the related eikonal equation

Z 9°%(8¢)Dpudgu = 0 with the initial data u(1 4 26, ) = 1 + 25 — r. Then the inverse foliation
7/3 0
density p = —(Zi 5=0 99, udgt) ™t can be defined. Under the suitable bootstrap assumptions on

0¢ (see (x) in Section 4) and with the help of the totally linearly degeneracy of (1.6), then y satisfies
2

Ly = O(8Y20¢=3/2,), where L = —p Z 9°P 9, udj is a vector field approximating & + .. Thus

avﬁZO
u ~ 1 can be derived. The positivity of 1 means that the outgoing characteristic conic surfaces never

intersect as long as the smooth solution ¢ exists. Set ¢ = (o, 1, 2) = p = (Oop, D10, D2¢). Then
it follows from (1.6) that

g0y = Fy(p,00), v =0,1,2, (1.25)

where g = gaﬁ(go)d:no‘d:z:ﬁ is the Lorentzian metric, (gas(p)) is the inverse matrix of (¢%%(¢p)), O, =

|d - Z 0o (/| det g| go‘ﬁ 03), and F, are smooth functions in their arguments. To study the quasi-
et g|

7

linear wave system (1.25), we first focus on its linearization
py ¥ = @. (1.26)

Note that the function p never goes to O in the paper, which means that the defined energies and the
fluxes of ¥ (see (6.20)-(6.23) in Section 6) do not contain the degenerate factors. As in [12], it is crucial
to derive the global time-decay rate of ¥ since ¥ = W, = Z¥¢ will be chosen in (1.26), here Z
stands for one of some first order vector fields. In this case, by computing the commutator [u[y, Z k],
there will appear the quantities containing the (k + 2)-th order derivatives of ¢ in the expression ¢ of
(1.26). For examples, Y ZF=1)\ and WQZk_l,u will occur in ®, where \ = g(@Xf, X) is the second
fundamental form of S ,, with & being the Levi-Civita connection of g and X = 8% (¥ is the extended
local coordinate of # € S which is described by LY = 0and V|t=1126 = 0). Following the analogous
procedures in Section 3-Section 11 of [12] and by the much involved analysis to the 2D problem (1.6)
with (1.7), we can eventually obtain |¢| < § 1-20¢=1/2 and further close the basic bootstrap assumptions.
However, compared with the corresponding treatments for the global 4D problem in [12] or the 3D
problem before the shock formation in [4, 36], it is more difficult and complicated to derive the global
weighted energy estimates for the 2D system (1.26) with the suitable time-decay rates due to the lower
space dimensions. In order to obtain the global weighted energy of W, one can proceed as usual to
compute || pru 40y W (VW) through appropriate choices of some first order vector field V', where Db =
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{(t,u,9):1 <t <t,0<u <u,0<9 <27}, We will choose the vector field V' as, respectively,

2
J1 = _Q2m Z gaHQnﬁLﬁaa,
a,k,3=0

2
> B
J2 = - Z gchmﬂL aom
a,k,3=0

2
1 1
J3 = Z (§Q2m—1\1,9a\11 o Z\112@a(92m—1))80”

a=0

2
where m € (%, %) is a fixed constant, p = t — wu, L= —,u(lol + 2 Zg”o&,), and Q) is the energy-

v=0
momentum tensor field of U given as

2
Qus = (0uT)(O20) — Lgus 3 (@ T)(O2D).
v,A=0

It should be pointed out that the weight o acts as the time t in J; and J3 since p ~ {, and the

requirement of m > % in Jp is due to the slow time-decay rate of solutions to the 2-D wave equation

such that some related integrals are convergent (see (9.22) in Section 9, where ftto 7 1/2=mdr will be
uniformly bounded for t). However, once m > % is chosen, then f Dt ,uDg\I/(V\II) with V = J; and
J2 will contain the non-negative integral (m — %) S 10>~ 1AW |? which cannot be controlled by the
corresponding energies and fluxes on the left hand side of the resulting inequality. To overcome this
crucial difficulty, we introduce a new vector field .J3. Thanks to the special structure of J3 and by some
technical manipulations, we can eventually obtain a new term (m — 1) [, po®™ ' |d¥|?* instead of
(m—3) Dtu 10°™ AW [? on the right hand side of the related energy inequality, which has the desired
sign for m < 1. Meanwhile, in the estimate of [}, uy¥(J3¥), it is necessary to restrict m < % since
the integral ftto 72m=5/2 7 is required to be uniformly bounded (see (6.32)). In addition, it is noted that
for the shock formation problem of the 3-D potential flow equation for polytropic gases with small initial
data, the vector fields J; with m = 1 and J are chosen in the related energy estimates, see Subsection
10.2 of [36].

1.2.3 Global existence of the solution in By

It follows from (1.23) and (1.24) that for r € [1 — 30, 1 + 0], 9“¢ admit the smallness of the higher order
62-1el=20 4t time ¢t = 1 + 24. In addition, note that the outgoing characteristic cones of (1.6) starting
from {t =1+ 20,1 — 26 < r < 1+ 6} are almost straight, and contain Cys. By the properties (1.23)
and (1.24), we can prove that on Css, the solution ¢ and its derivatives satisfy |0%¢| < §2-c0¢=1/2 with
the better smallness O(52~<°). Based on such “good” smallness of ¢ on Cys, we will solve the global
Goursat problem of (1.6) in the conic domain Bsys. To this end, we intend to establish the global weighted
energy estimates for the solution ¢ in Bss and make use of the Klainerman-Sobolev inequality to get the
time-decay rates for 9%¢. However, since the classical Klainerman-Sobolev inequality holds generally
on the whole space (see Proposition 6.5.1 in [21]), we need a modified Klainerman-Sobolev inequality
for Bys whose lateral boundary is Cas. Using this together with the bootstrap energy assumptions, and

2(1+t—r)’1/2

a careful analysis on the weighted energy estimates with the ghost weight W = e , We can
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obtain the large time behaviours of the solution ¢ up to the forth order derivatives (see Proposition 11.1),
for examples, (w'd;+0;)p = O(625/16=20)t=3/2(1 4t —7), (W' +0;)Dp = O(3%/3720)t=3/2(1 4t —r),
(W' +0;)0%p = O(6°/16=20)¢=3/2(1 4+t —r) and (W'D +0;)0%p = O(69/16=20)¢t=3/2(1 4+t —r) with
i = 1,2 (which imply that &*¢ may be large). On the other hand, the bootstrap assumptions can not be
closed directly since the corresponding higher order energies of ¢ may grow in time as t? (here ¢ > 0 is
some positive constant, see Theorem 11.1). To overcome this difficulty, we turn to studying the nonlinear
equation for the error qu = ¢ — ¢q, Where ¢, is the solution to the 2D free wave equation [, = 0 with
the initial data (¢ (1 + 26, x), 9,¢(1 + 26, x)), and obtain the uniformly controllable energy estimates for
¢ by a delicate analysis. Based on this, the bootstrap energy assumptions of ¢ can be closed, and the
global existence of ¢ with |0¢| < C'§25/16=20¢=1/2 inside By is established.

1.3 Organization of the paper

Our paper is organized as follows. In Section 2, we prove the local existence of the solution ¢ for
1 <t < 14 26 by the energy method, moreover, some desired smallness properties of ¢ are obtained. In
Section 3, we first list some preliminary knowledge in the differential geometry, such as the definitions
of the optical function, the inverse foliation density p, the deformation tensor, the null frame and some
norms of smooth functions. Then the equation for p is derived, and some elementary calculations for
the covariant derivatives of the null frame and for the deformation tensors are given. In Section 4, the
crucial bootstrap assumptions (%) in Ays are listed, meanwhile, under assumptions (x) we derive some
estimates on several quantities which will be extensively used in subsequent sections. In Section 35,
under assumptions (%), the L> estimates for the higher order derivatives of ¢ in Ass are established. In
Section 6, we carry out the energy estimates for the linearized equation pul1, ¥ = ® and define some
suitable higher order weighted energies and fluxes as in [36]. In Section 7, under assumptions (%), we
derive the higher order L? estimates of several key quantities. In Section 8, L? estimates on the highest
order derivatives of tr\ and /Ay are established, where tr) is the trace of the second fundamental form
A, and /A is the Laplacian operator on S'. In Section 9, we deal with the error terms appeared in the
energy inequalities of Section 6. Based on all the estimates in Section 4-Section 9, in Section 10 we
complete the bootstrap argument and further establish the global existence of the solution ¢ to (1.6) in
Ass. In addition, in the end of Section 10, we derive the delicate estimates of ¢ on 6’25, which will
play an important role in solving the global Goursat problem inside Bys. Finally, we establish the global
existence of the solution ¢ in Bsgs and complete the proof of Theorem 1.1 in Section 11.

1.4 Notations

Through the whole paper, unless stated otherwise, Greek indices {«, 3, - - - }, corresponding to the s-
pacetime coordinates, are chosen in {0, 1,2}; Latin indices {i, j, k, - - - }, corresponding to the spatial
coordinates, are {1,2}; and we use the Einstein summation convention to sum over repeated upper and
lower indices. In addition, the convention f < g means that there exists a generic positive constant C'
such that f < Cg.

Since (1.6) is a nonlinear wave equation, it is natural to introduce the inverse spacetime metric (gaﬁ)
as follows:

V=1, ¢ =¢"=-00, g¢7=cbij— 0090, (1.27)

while (g,43) represents the corresponding metric:

g

goo = —1+cHVo%,  gio=g0i = —c 100, gij =c ', (1.28)

where ¢ = 1 + 29;¢ + |V ¢|?, and §;; is the usual Kronecker symbol.
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Finally, the following notations will be used throughout the paper:

to =1+ 29,
L =0+ 0,,
L:at_ara
Q:egxiaj,
t— t
S=t0i+r0, = "L+ L

. ot Ot tw'
Hi:t8¢+x’8t:w’(r2 L+ J;TL)+ 7}(2,

Y ={(t x):t' =tz eR?},

where e =1, el = —1, ¢! = 0andw; = (—w? wh).

2 Local existence of the smooth solution ¢

In this section, we use the energy method to prove the local existence of the smooth solution ¢ to (1.6)
with (1.7) for 1 < ¢ < (. Furthermore, we derive the important smallness estimates of ¢(to, x) on some
special spatial domains. The main result is:

Theorem 2.1. Under the assumptions (1.8) and (1.9) on (¢g, ¢1), when 6 > 0 is suitably small, the
Cauchy problem, (1.6)-(1.7), admits a local smooth solution ¢ € C>¥([1,t] x R?). Moreover, for
a €Np, be Ny, q¢€ Ng and k € Ny, it holds that

(i)
|L20I0 (g, )| < 6¥lal=s0 e [1— 26,1+ 20], 2.1)
|L20%0 p(tg, )] < 627120 e 136,14+ 4] (22)
(ii)
1090 B (to, )| < 077, as ol <2, [1— 38,1+ 0] 2.3)
,T)| S re|l—30,1+09]|. .
0 547‘(1'7607 as ‘Q| > 27
(iii)
|LALPQF o (to, )| < 62750, e[l —26,1+ ). (2.4)

Proof. Although the proof is rather analogous to that of Theorem 3.1 in [12], due to the different struc-
tures between the general 4D quasilinear wave equation satisfying the first null condition in [12] and the
2D quasilinear equation (1.6) fulfilling the first and second null conditions, we still give the details for
the reader’s convenience.
Denote by Z, any fixed vector field in {.S, H;,i = 1,2}. Suppose that for 1 <t < ¢y and Ny € Ny
with Ny > 6,
090F Zg ¢ < 6%271 (jg| +k+a < Ny, a<2). 2.5)

Define the following energy for (1.6) and for n € N,

Mty =Y SN0 Z56(t, )72 g2
lgl+k+a<n
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Letw = 011990 Z%¢ (|| + k + a < 2Ny — 2). It follows from (1.27), (1.6) and integration by
parts that

t

// (atwgaﬁaiﬁw)(T,x)dxdT
1 s,

1

:2/ (= (Bww)? — g Q;wojw) (¢, x)dx — ;/ (= (Bw)? — ¢" 0;wojw) (1, z)dx (2.6)
31

3¢
¢
+ / ( — 8¢gOi(8tw)2 — (8igij)8jw8tw + %(atgij)aiwajw) (1, x)dxdr
1 s,

with
gaﬁaigw = gldl Z (88q19k1251¢)(828(129k2Z52¢)
Ezz:1(%‘7kz‘7ai) < (q,k,a)
(g2, k2,a2) < (¢, k,a)
wor 2 (OO 231 )92 23202 Z6),

22 (gi, kivai) < (g, k,a)
(q37 k3a Gg) < (q, k, a)

2.7)

where we have neglected the unnecessary constant coefficients in (2.7).
It follows from the assumption (2.5) and (2.6) that

/E ((8tw)2 + ]Vw|2)(t,x)dx
w)? w|? x)dx t —1/2 w)? w|?) (1, z)dxdr
< [ (@ wup) @iz [ [ 520+ vup) st @9

t
+/1/ |(5twga53§5w)|(7,m)dmdr.

Using the bootstrap assumption (2.5) to estimate (2.7) and substituting the resulting estimates into (2.8),
one can get from the Gronwall’s inequality that for 1 < ¢ < ¢,

Mo, _5(t) < Man,_3(1)ed /2D < g3=2¢0,

Next, it follows from the following Sobolev’s imbedding theorem on the circle S! (with center at the
origin and radius 7):

1
w(t, o) S =195 w2y,
together with r ~ 1 for t € [1,¢o] and (¢,x) € supp w that
090k Z20(t, 2)| S Q5101 226 121y S OV 0N Z06 ] 1o,y S XTI, (29)

when |q| + k + a < Np and a < 2, where Ny > 6 has been used. Therefore, (2.5) can be closed for
suitably small 6 > 0 and g9 < % A
This, together with L = (¢t + )~ (S + w'H;), yields

L0090 p(t,x)| S | 2507 p(t, x)| S 67190 (2.10)

with |g| + £+ a < Npand a < 2.
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Y08

]

r=1-26 r=1-9¢ r=1 r=14+26

Figure 1. Space-time domain D! = {(t,7) : 1 <t <tp,2—t <r < t}

Now we start to improve the L™ estimate of ¢(to, ) on some special domains. Note that (1.6) can
be rewritten as

_ gt 1 Loz, 1o, Loo, v L re
Lm—@{zrw 5 Lo+ 0% + L% Lo+ L% Lo — - (L9) +G1+Ga}, (2.11)

where © = 1 + % L¢, G1 and G4 are quadratic and cubic nonlinearities in the first and second order
derivatives of ¢, which have better smallness due to (2.10).

Acting the operator L? on both sides of (2.11) yields an expression of LL?’qb by LL = LL and direct
computations. It can be checked easily that the worst terms in the expression of LL3¢ are 5 (L1¢) (L)
and 55(L%¢)(L%¢). Then one can use (2.10) to get [LL3¢| < 6'7%0. Using this together with the
vanishing property of ¢ on Cj, one can integrate LL3¢ along integral curves of L to show that for
(t,7) € D' (see Figure 1),

|L3p(t, x)| < 622, (2.12)

Similarly, it holds that for (¢,7) € D?,

|L3090F ¢(t, 2)| < 627 1a=20  for |¢| + k < Ny — 4. (2.13)
Substituting (2.10) and (2.13) into the expression of L L3¢ again, and noting that the worst term in the
expression of LL3¢ becomes — 515 L2L¢, one then further gets |[LL3¢| < 6!~ for (t,r) € D' by
(2.10). Hence the following improved smallness estimate holds:

|L3p(to, z)| < 027%0 forl—26 <r <1+ 26.
Similar arguments show that
|L3090 b (to, z)| < 62711750 for|q| + k < Ny —5Hand1—26 <r <1+ 26.

Analogously, for € [1 — 24, 1 + 24], an induction argument yields that

|L2Le0I0F p(to, )| < 627191720 30 4 |g| + k < Ny — 2. (2.14)
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r_1_35 r=1-6 r=1 r=1+56

Figure 2. Space domain for 1 — 36 <r <14 on X 95

Similarly, by the expression of LL®092"¢, integrating along integral curves of L yields that for
r € [1 — 34,1+ ¢] (see Figure 2),

|L*97Q%p(tg, )| S 6271150 2a 4 || + k < Ny — 1. (2.15)

7

Furthermore, since 0; = %(L +L)and 0; = (L — L) + %Q, 0 (2.15), (2.11) and (2.10) imply that
when |¢| + k < Ny —3andr € [1 — 36,1 + 4],

62750 as |g| <2,

070" @(to, )| < { (2.16)

sold==0as |g| > 2.

Next we prove the final estimate (2.4). Note that (2.16) implies that on the surface X, with r €
[1—26,1+6], |L=2QF¢| < 62750 and |[L=2QF¢| < 627%0 for k < Ny — 5, and hence | LLOQF¢| < 62720
by (2.11). Furthermore, we claim that

|LALPQF | < 6270, for3a+3b+k < Ny — 1. (2.17)

(2.17) can be proved by induction. Indeed, assume that (2.17) holds for a + b < ng with ng € Ny
satisfying 3ng + k£ < Ny — 1. One needs to verify the estimate in (2.17) for 3(ng + 1) + k£ < Ny and
a+b=mng. If a > 1, by (2.11) and the induction assumption, one can get that

LA LY QR g = |L* P LPQM(LLg))|

<5220 4 §2-c0| et bkl 4 §2—c0| ol 20 <k gl (2.18)
This together with an induction argument yields
ILLYIQFg| < 6770 4 520 |LU T LY g (2.19)
If b > 1, similar to the proof of (2.19), one has
LT LPQF g S 0%7%0 4 5270 |LU LY g (2.20)

Combining (2.19) with (2.20) yields
|LaLb+1Qk¢| + |La+1Lka¢)| 5 52—50,

which means (2.4). Therefore, the proof of Theorem 2.1 is finished. ]
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3 Some preliminaries

3.1 The related geometry and definitions

In this subsection, we give some preliminaries on the related geometry and definitions, which will be
utilized as basic tools later on. It is assumed that a smooth solution ¢ to (1.6) is given. The “optical
function” corresponding to (1.6) can be introduced as in [4] (see also Definition 3.4 of [36]).

Definition 3.1 (Optical function). A C! function u(t,z) is called the optical function of problem (1.6) if
u satisfies the eikonal equation
9*?dpudgu = 0. (3.1)

Choose the initial data u(tp,z) = 1 4+ 29 — r and pose the condition d;u > 0 for (3.1). For a given
optical function, the inverse foliation density u of the outgoing cones is defined as

1 1

- (=), 2
K gBOudat ( go‘oaau) (32)

We will show that > C > 0 as long as the smooth solution ¢ to (1.6) exists. We adopt most of
terminologies and definitions introduced by Christodoulou in [4] (see also [36]).
Note that
L= —g*%0,udps
is a tangent vector field for the outgoing light cone {u = C'}. In addition, L is geodesic and Lt = p~ L.
Then it is natural to rescale L as

L =ul,
which actually approximates to L = 9; + 0,. To obtain the approximate vector field of the incoming
light cone, one sets T =—g¢"%, — L, which is near —9, for t = to. Then in order to define a null frame,
one can set

T=ul, L=pL+2T,

where L and L are two vector fields in the null frame. Finally, the third vector field X in the null frame
can be constructed by using L. Extending the local coordinate § on S* as

LY =0,

De=t, = 0.
Subsequently, let X = %. Then X is the tangent vector on S ,. Rewrite X = X“0,. Then X 0=90
holds due to 2t = 0.

o9 —

Lemma 3.1. {L, L, X} constitutes a null frame with respect to the metric (9ap), and admits the follow-
ing identities:

g(L, L) =g(L,L) = g(L, X) = g(L, X) = 0, (3.3)
g(L,L) = —2p. (3.4)

In addition,
Lt=1, Lu=0, (3.5)

Lt=p, Lu=2. (3.6)
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And

g(L,T) = —p, g(T,T) =, (3.7)

Tt=0, Tu=1. (3.8)

As in [36] or [33], one can perform the change of coordinates: (t, 2!, z?) — (t,u, ) near Cy with

=t,
u=u(t,x), (3.9
0= 0(t,)

Under the new coordinate (t, u, 1), we introduce the following subsets (see Figure 3 below):

Definition 3.2. Set

= {{,d,9) ¥ =t,0<d <u}, wue€l0,40],
Cu ={{t,u,9): ¥ > ty,u/ = u},
Ct={({,u,0) : tg <t < t,u' = ul,

St,u = Et N Cu,
DY = {(,u/,9) i tog <t < £,0 <o/ <}

Next, we list some geometric notations which will be used frequently.
Definition 3.3. For the metric g on the spacetime,

® g = (gij) is defined as the induced metric of g on %y, i.e., g(U,V) = g(U,V) for any tangent
vectors U and V of X,

° ]ZIg = (5& —(53[015 + Lo TP is the projection tensor field on Sy, of type (1, 1), where 5§ is Kronecker
delta;

o ¢ = I is the tensor field on S, for any (m, n)-type spacetime tensor field &, whose components

are
/

i cam _ B B m g0y,

In particular, ¢ = (g is the induced metric of g on Sy,

)
o (gXX) is defined as the inverse of § . with § ... = g(X, X);

e 9 and Y denote the Levi-Civita connection of g and ¢, respectively;
o [, := 9“6925, A= gXXW?X;

o Ly¢ is the Lie derivative of & with respect to V and Ly ¢ = VI(Ly€) for any tensor field & and
vector V ;

e For any (m,n)-type spacetime tensor field &,

/
Oy,

|§‘2 = gal@ta e gama;ngﬁlﬁl o gﬁnﬁnggllg'fzngg?ﬁ;l ’
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o divU = D,U® for any vectorfield U; divY = YV xY X and divk = WX/@X are angular diver-
gence for any vectorfield Y and one form k on St ,,.

C. Ch

Y1425
1—-26 1+26—u 1+ 26

Figure 3. The indications of some domains

Under the frame {IO/, L. X }, the second fundamental forms X and 0 can be defined as

Axx =9(ZxL, X), Oxx =g(2xT,X). (3.10)
At the same time, define one-form tensors  and £ as
(x = 9(ZxL.T), &x =—g(IxT.L). (3.11)
Then u(x = — X + €x. For any vector field V, denote its associate deformation tensor by
Witas = 9(PaV,05) + 9(D5V, Oa). (3.12)

i i
On the initial hypersurface ${°, one has that 7" = Ty O(0'™%0), L0 =1, L' = Ty 0(5%7%0)
r r

1 ..
“Jox T O(6'7%°). Note that on %y, 7 is just to — u. For t > t, we define the “error
r

vectors” with the components being

and >\XX =

Y=o,
=1 — x—l
Q’
g (3.13)
Tt .= T 4 iy
o

where ¢ :=t — u.

Note that ¢ is the coordinate on S¢ ,,. Then under the new coordinate system (t, u, ¥}), one has L= %.
In addition, it follows from (3.8) that T = % — nX X for some smooth function 7. And moreover, a
similar analysis as for Lemma 3.66 of [36] gives that
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Lemma 3.2. In domain D%, the Jacobian determinant of map (t,u,9) — (2%, 2%, 22) is

(20, zt, 2?) B _1/2

Remark 3.1. Iz follows from (3.14) that if the metrics g and § are regular, that is, detg > 0 and

9y > 0. then the transformation of coordinates between (t,u, V) and (2°, 21, £2) makes sense as long
as > 0.

On S!, one is used to applying the standard rotation vector field 2 = €l if)j as the tangent derivative.
In order to project €2 on Sy, as in (3.39b) of [36], one can denote by

R:=1Q, d:=1d

the rotation vectorfield and differential of S ,,, respectively. Then

R = (Q)'0; = (W;99)0; = (8 — ;o T*T*)Q 0y = Q — g;, TQIT. (3.15)
Set o o
vi= g T = gi; T (3.16)
Then one has 3
R=0Q —T.

For domains with > 0, we give some definitions of related integrations and norms, which will be
utilized repeatedly in subsequent sections.

Definition 3.4 (Integrations and norms). For any continuous function f, set

fi=[ fdv ::/ Fltu,9 tu,0)dd, | fI? ::/ P2
/St,u Stu d st ( Il ) 11 z2(s...) Sw| |

t
L= [ swndgar 51y = [ 1P
Cﬁ to ST,u Cﬁ
L= [ sl W = [ 1
t tu’ t

t pru
/ f ::/ / / fr, u/,ﬁ)dygdu/dﬂ HfH%2(Dt,u) 3:/ ‘f’z
Dtu to 4O ST,u/ Db

For reader’s convenience, the notation of contractions is recalled as follows:

Definition 3.5 (Contraction). If © is a (0, 2)-type spacetime tensor, k is a one form, U and V are vector
fields, the contraction of © with respect to U and V is then defined as

Ouy = OusUV7,
and the contraction of k with respect to U is
Ky = ko U®.
Definition 3.6. If £ is a (0, 2)-type tensor on St then the trace of £ is defined as

tré = gXXfX)(.
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3.2 Basic equalities in the null frames

In this subsection, with the help of A, 0, ¢ and & defined in Section 3.1, we will derive some basic
equalities in the frame {L, L, X} or {T, L, X }.
Set

agaﬁ aGZz,B
G, =" and G .= .
of 0py of Oy

0 0

For any vector fields U = U*—— and V = V®——, as in Definition 3.5, one can define va =
e ox®

GopU VA and G}y, = G U @V# . Direct computations yield

v 17 0 _ o1 -1 -1
Gii__Qc L, G5:=2c", G%T—Qc Qg —c T,
G%f = —2¢71, Gly = —2¢ Yy, G%X =0, G}, = —c Yy, (3.17)
Gy =0, Ghx =—2"gy 0 Ghx =—2""paffx
and
G%Oi =8¢ 2, G%“i =4¢ (g, + LY, G%bi = 4¢ 2 (o LY + ¢y L),

G¥y = 8072gXX, Gy = SC*Q@QgXX, G%\ = 2¢2(4papp — Oab)d  x

G%OX =0, G%‘fx = 2¢ 2 2?, Gailfx = 2072(g0adxa:b + padxz®), (3.18)
G%OT = —8¢ 2, G%‘% = QC_Q(T“ —4¢q), G‘ibi, = 20_2(65ab — dpqp + cpafb + gpr“),

GOT%, =8¢ 2, G%“T = 8¢ %pa, G%bf = 2¢2(4papp — COup), G;’i( =0,

where dx f = X, f and d; f = V' (dof) = V5 (D f) for any smooth function f.
Based on (3.17), p satisfies the following transport equation.

Lemma 3.3. u satisfies
Ly = cilu(f}alﬁ’}gpa — Lc) (3.19)
Proof. Note that L = —gaﬁé?auﬁﬂ is geodesic, i.e., @EI: = 0. Then it holds that
L*(0aL”)05 + LL°T7 40, = 0, (3.20)

where Fg 5 are the Christoffel symbols. Since IO = p~!and L= Mf/, taking the component relative to
t in (3.20) yields

Ly = pLp = pL*LPTY,

1 . | o 3 (3.21)
= QGIQ/IQ/(TSDQ) - iﬂGii(Lsoa) - NGTL"/L(P()[-
Since T'po = 1 Z 00 — uigpa + 10 and Oy pg = 93pq, one can get from (3.17) that
i
G} (Tpa) = —2¢7 T (Lipa). (3.22)

Substituting (3.22) into (3.21) and applying (3.17) yield (3.19) immediately. ]
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Remark 3.2. The importance of the expression (3.19) should be emphasized here. Due to the special
2

structure of equation (1.6), i}u is just the combination of icpa (note that Le = 2j}<p0 + 2 Z goz-lolgoi ).
i=1

With the smallness and some suitable time-decay rate of IO/QOQ, we will be able to show that u > C for

some positive constant C (see (4.2) in Section 4). This is in contrast to the cases in [4], [33] and [36],

where the expressions of Ly contain the “bad” factor T'p, which leads to ;. — 0+ in finite time (e.g.

(2.36) in [33]).

Note that the quantity “deformation tensor” defined in (3.12) will occur in the subsequent energy
estimates. It is necessary to check the components of (V)7 in the null frame {i, L, X}.

Let (V)ﬁUX = (V)T('UX for U € {lO},L, X }. Following the computations for Proposition 7.7 of [36],
one can have

(1) forV =T,
T T T T
Oy =0, Dapp=2Tp, Orpp=-Tp, | rx =0, (3.23)
Mis o = —dxp— 2T Axoa, Dt = 2u0xx;

() forV =1L,
By =0, Bmpp=2Lp, Pmpp=—Lp, gy =0, (3.24)
L)¢TX = dXH + QC_I,U/TadXSOa’ (L)?‘LXX = 2AxXx;

3) forV =R,

(R)Trii =0, (R)T('TT =2Rpu, (R)WET = —Ru,

; » . 1 .
R)ﬁix = —R¥Axx + gaje] L'dxa® + ve ' Tx oo — 50_1RXgXX(LC) - 50_1UdXC

1 o _
#TX = :UR )\XX + UdX,U + 1Gaj€ jTZdXﬂf + 2C MRXgXX(LC) —-cC 1M(R‘Pa)dX$a
1
+ §c_luv¢fxc,

R>¢XX =2VvAxx + C_IU(ECWXX - QC_IU(dXan)dX% - C_I(Rc)gxx'
(3.25)

3 As seen in (3.19) and (3.23)-(3.25), the components of L and T appear frequently. In view of
T = p; — L, one can find the equations for L' and L' under the actions of the derivatives in the
null frame {7, L, X}

Lemma 3.4. It holds that

LI} = —c'L¥(Lpa)T?, (3.26)

f)(gﬂi) = oLl = —cilgio‘(lo}gpa)fi, (3.27)
. 1 . 1 - . -

dxL' = (r\)dxz' + ic_l(LC)Xm’Z - §C_l(¢fXC)TZ + T (dxpa) T, (3.28)
. . 1 . 1 - . .

Ay L' = (r\)dxa’ + Se7t (Ledxa’ = S (dxe)T" + 7 T (dx pa) T, (3.29)

where de = gXXde = gXX(Xf)for any smooth function f.
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Proof. As for the proof of Proposition 4.7 in [36], (3.26)-(3.29) can be obtained directly by using (3.17).

O]

In addition, it follows from (3.10)-(3.11), (3.17) and Lemma 3.4 that
(x =T (dxpa),  Ex = T (dxpa) +dxp, (3.30)
Ixx = —5e  u (T — 3¢ (Lelg o + ¢ (hxpaldxa® — Axx. (3.31)

2 2

which have been given in Lemma 5.1 of [36] in terms of G xy. Then (3.30) implies that

T =~ (T Lpa) T+ (@) (@) + e (T doald ™o+ Zeud o)(dxa’). 332

For later analysis, one also needs the following connection coefficients in the new frames, which are
given in Lemma 5.1 and Lemma 5.3 of [36].

Lemma 3.5. The covariant derivatives in the frame {T, L. X } are
2;L = 'Lp)L, PrL=—-LuL+&5X, IxL=—(xL+mAX,
9T = —Lul — u¢XX, 97T = pLul + (' Tp+ Lp)T — p(d™ 1) X,

S A (3.33)
IxT = uCx L+ p ExT + (urf) X
IxX = WXX + (éXX + /\X)()f/ + Mfl)\X)(T.
Lemma 3.6. The covariant derivatives in the frame {L, L, X } are
P;L=—Lul + 265X, 9;L =—2u*X,
= (3.34)

Py L=~ Ly + L)L — 2ud™ )X

Next we compute the equation for ¢, under the action of the covariant wave operator [1,. With the
metric g given in (1.28), one has

1
0,0y =——0, detg|g®?d
= T o (V/|detg| g™ Dy )

= — ¢ 19" 0ac(95p,) + 9*P 0250+ (3.35)

— Zachz (O +Z<pj )P~y Jrz:(%p7 (O +Zg0]
Differentiating (1.6) with respect to the variable 27 yields
9P 0% g0y = 2231% 5H—Z<P; 0i =2 0ii(0r + > ©i05)p (3.36)
e J
Substituting (3.36) into (3.35) yields

Uy =—c¢ 19aﬁ(8 c)(9ppy)
—32@% at+z% %+3Z@% o+ 00 (3.37)

J

Note that

g8 = —LeLP — ToLP — [oTP 4 (dya®)(dX2P), (3.38)
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0y = ¢ VT + M (A ) X, (3.39)

O+ 05 =L+p'T. (3.40)
J

Then in the frame {7, L, X }, (3.37) can be rewritten as

mpne 20_1{%@0 +Tc—3T"Tp; — guiﬁf% — gudxxi(dxw)}fi%
+ge M Lot 8T g, — 3¢ 0¥ (dxo0) ) Loy (3.41)
+ 0_1{ — ,uch + 3M(IO/(Pi)dX$i + 3(T<,0i)dxxi}dxgov,
where v = 0, 1, 2.
For later use, we list in the following lemmas some identities involving commutators, which are given

in Lemmas 4.10, 8.9 and 8.11 of [36].

Lemma 3.7. In the frame {L, T, R}, it holds that

L, R) = g, X,
L1 = D¢, " x, (3.42)
T, R = Mg, X,

where (R)a‘iX = gXX(R)ﬁiX and (R)ﬁix = (R)ﬂ'iX = (R)Waﬁio‘Xﬁ.

Lemma 3.8. For any vector field Z € {L, T, R},

1. if f is a smooth function, then
2 1 (2) :
([W ’Z"Z]f)XX = ivX(tr #)de7
2. if © is a one-form on S, then

(Vx,£2]0)x = %WX (') ex;

3. if ©is a (0,2)-type tensor on Si,, then

(Vx,£210)xx = Vx (D)%) Oxx,
(Vx,£2]YO)xxx = SWX (D) ¥ xOxx,

where (Z)ﬁXX = Dryx.
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4 Bootstrap assumptions on 0¢ near C\ and some related estimates

To show the global existence of a solution to (1.6) near Cp, we will utilize a bootstrap argument. To this
end, for any given smooth solution ¢ to (1.6), we make the following assumptions in D% C Ays:

5l\\iza<ﬁv|’Lw(zg) < Moo/
! 1—e0—3/2
SNAZ% || Loy < M 20472,
17 —e04—1/2
5 HLZOLQO’\/”LOO(ZF) S M6 50{ s (*)
2 n—
IV 0 | oo () < ME' 047572,
[yl oo (muy < Mot Eo/2)
where |a| < N, N is a fixed large positive integer, M is some positive number to be suitably chosen
later (at least double bounds of the corresponding quantities on time t¢g), Z € {oL,T, R}, and [ is the

number of T included in Z¢.

We now give a rough estimate of p under assumptions (x). Note that 1 = gijTiT I = (1 +
2

O(M§t—=0t=1/2)) Z |T%|? by (3.7). This means
i=1

T, | L' < 14 O(M§ —=0t7/?) @1

due to L = ¢; — T". This, together with (x) and (3.19), implies \L,u\ < M§'—20¢=3/2),, When 6 > 0 is
small, by integrating Ly along integral curves of L and noting p = =1+ O(6'7%°) on 3;,, one can
get directly that

S\

p=1+0(Ms ), (4.2)

To improve the assumptions (x), we may rewrite (3.41) in the frame {L, lo;, X} as
o o 1 .
LLSOW + ?QL‘PW = H’yu 4.3)

here one has used the fact that ugp, = —.@%Lgov + ug* X D% 0 = LLo, — 2uCXdx oy + plhp, —
,u(tré + tr)\)loApV — trAT'p,, by (3.33) and (3.34). In addition, by (3.30)-(3.31),

1 e 3 ~ o 1 _ X
H, :,uﬁgo,y + { — 50 ITe+ 3¢ lTaTSOa + 50 IMTaL@a + 50 lﬂ(d fl)dX(pa

1 . ° 1 . 1 o 3 ~ o 3 o
4 gurd+ 35} gy + { = 5= 5ot o= Se T g, + S (e e} gy B9

— 3T + LY (A u)dixps

It follows from the expression of H., that when there are some terms containing factors T'p,, or icpa
which are not small enough and have slow decay rate in time, then there will appear always some ac-
companymg factors Lgpv or tr\ with the “good” smallness and fast time-decay rate (see — 50 YTe) (Lgo,y)
and — §tr)\(Lg07) in H.). This implies that 1, may possess some desired “good” properties for our anal-
ysis later.

Unless stated otherwise, from now on to Section 9, the pointwise estimates for the corresponding
quantities are all made inside the domain D%%.

It follows from (4.3) that Lgo7 can be estimated by integrating (4.3) along integral curves of L. To
this end, we start with the estimates of 7, \ and so on in H,,.
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Note that |dz¢|? = g“bdaxidbxi = ¢ — (T%)2. Then (%) and (4.1) imply that

da'| < 1. (4.5)

To estimate \, one needs to study the structure equation of \ by utilizing the Riemann curvature %
of the metric g, which is defined as follows (see the Definition 11.1 of [36]):

Hwxvz = —9(DyxY — PxwY, Z), (4.6)

where W, X, Y and Z are vector fields and .@a/XY = W“Xﬂ.@a.QBY. Due to (3.17) and (3.18), one
has

Lemma 4.1. Let Z be the Riemann curvature tensor defined as (4.6). Then in the frame {L, T,X},
Ry ix and E; « i« have the following forms:

1 _ _ 5 .
‘%TXEX == ic 1dan(dXT§0a) tc 1ﬂXX(LT<P0 + (PaLTQOa)
— 2 1- 2 1 _ ~
—C I:UJ{WX(PO + (Soa - iTa)WX(Pa} + §C l(TadX(Pa)dXM
1 _ 1 _ 1 . -
3¢ 2 (dx pa)rA + ¢ NTe)Axx — ¢ NT T pa)Ax x

e 2 (L ) < Ly > < dyxle ) L2y ) < pldx - dxe > ’

Ty dxz® - dxa F*Fuldxadxpq)?
4.7
_ o _ o o _ o 2
Rixix =—¢ dxa®(dxLoa) + ¢ gy (L0 + palPpa) + ¢ L7 (Vipy)
XXszD : dg@ )
- - Fa 7 — 2 (dxxdxpa)
+ ' Ndxz)d —c¢ A T Log) + ¢ 2f(LY, g : X ’
( X ) XPa XX( (Pa) f( 90) ﬁXX(DP)(Lf)
(dandX(Pa)L(P
4.8)
Ay By
where f, f1 and f5 are generic smooth functions with respect to their arguments and : :
A, B,

stands for those terms which are of forms A;B; (1 <i <n,1 < j <m).

Proof. Note that # is a (0, 4)-type tensor field. Taking W = 0., X = 0),Y = 0, and Z = 03 in (4.6),
and applying Z,03 = g7"I'4,30,, one gets

%m)\aﬂ = a)\Faﬁn - 8I€FA60£ - gé’yraw{r‘)\(sﬁ + gé’yr)\'yarmsﬁ

with the Christoffel symbols

1
Loge = i{GgHaaSov + Gzéﬁan‘ﬂv - Glnalﬂov}-
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Then

where GZ( N

1
Krirop :i{nggia@V - Gén-@ig% - G%Agga% + GZA@%;%%}
1 1
= 1971 G5.GRa(0580) (0y00) + 497 G5\G o (000) (D0
1 1] v o 1 o v o
- 19 7(6715(56/\)9011)( 7(,ﬁa)%f?o) + 19 7(CTY(S(,B&-;)SDV) (G’y()\aa)()oa)

1
+ §{GEZ(3A%)(%%) — G27(9605) (0500) — G55(0x00) (Datpr)
+ GR% (00 ) (0500) }

Do)y = G5 Oapy + GlaOrpy. It follows from (3.38) that

9"(950) (0y00) = (B~ 0a) (dixcpn) — (Lpa)(Lioy) — 1~ H(Ta)(Ligy) — 1~ H(Tpy) (Lipa).-

Contracting Zyap With T (4 )L (dx 2P) leads to

In addition,

@)2(T907

Similarly,

1 14 14 14 14
Arxix :Q{“fogfcz% — G D50 = Gix Dippw + Gyt DX}
pule : 4.9)
o in 2a L
+ 2 f(dE LY 0, 9) | T < dso >
pde 4

(3.31), (3.30) and Lemma 3.5 imply that

=AxToy — (ZxT)py
1 2 7 nl i@
=AxToy — (W Ty )dxp+ (pdxoy)ud+c“f(dZ, L o, ¢) | pde ( do ) :
Ty
(4.10)
: a4 7a plo \ ( Ly
2 _ 2 _\ -2 Az Fa id IOAP
1Dx oy = pV xpy = Axx(Ts) + ¢ “f(dZ, L% o, 4) | pde o ) (4.12)

Ty

Substituting (4.10)-(4.12) into (4.9) yields (4.7).

(4.8) follows by an analogous argument for (4.7), the details are omitted here. However, it should be
emphasized that the terms containing factors Tgoaigpg and Tgpadg% in (4.7) disappear in (4.8) due to
the special structure of (1.6). ]

Note that in Lemma 4.1, % ; y and #;  ; - are obtained after contracting % With respect to
the corresponding vectorfields. If using (4.6) directly, e.g. Z; yj = g(.@x(@ii) - Qi(ng}), X),
then one can get the following structure equations for Ax x and A x x with the help of Lemmas 4.1.
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Lemma 4.2. The second fundamental form X and its “error” form X, defined in (3.10) and (3.13) re-
spectively, satisfy the following structure equations:

Laxx =¢ M xa"(dxLoa) = g (B0 + pal?0a) — ¢ LY (Vi) + (W) Axx
(dxe)(dxp)
gXX(dXOm“d)g%)Z (4.13)
F*F(Le)(Ly) )
(dandX‘pa)LSO

1 o ..
—c'trA(dxx®)dx o — QCfl(LC)AXX +c 2 f(LY )

(1 . .
Lrixx =Yxu+c I{del‘“(dx’f%) — b x (LT90 + paLTpa) + wY 30
1 a2 1 —1/pa
+ p1(pa + §T )VX%} — p(trA)Axx — 3¢ (TTpq + Tc)Ax x

1 . 3
+ ¢ Yuldxa®dxpa)trh + 5¢ YT dxpa)dxpt

ot () (i, ) e 050 )

(4.14)

and hence,
.. B W B . . . 1 e .
s =e Uxa®(dx Do) — ¢ g (Bpo + o) — D (Frpy) — 5e M (Le)Axx

- C_l(tr}‘)(dan)dX(pa - 19_16_1(i10)gxx - Q_lc_l(dX$a>dx(Pa + (U‘X)}\XX

2
X&d{;ﬁ(dj@ v
—92 [Q/l g Xoxa )g‘pa
+e 7 f( 7‘:0) gXX(LQO)(Lg?) )
(Xm'adXSDa)L‘p
4.15)
. 1 . . 1-
Lrixx =Yxu+ c‘1{§dxx“(dXT<pa) — g (LT00 + 0aLTpa) + n¥x 00 + pi(0a + §T“)Y7§<soa}
- 1 - 1 3 ~
— u(trM)Axx — §c_1(T“Tgoa +Tc)Axx + 50_1M(dan¢2XSOa)tr)‘ + 50_1(Ta¢fx%)dxu
-1 -1, . 91 1
+ T+ ()~ TP e+ g
2 i Ly g Ly > 2 (fi ( u(dxe)(dx ) >
+c AL 790)< Ty > ( ﬂx)ié‘)f'd% +c “fa(L', ) FX pldxatdog)? )
4.16)
Proof. 1. It follows from (4.6) that
Zixix =9(Px(2;L) — 2;(9xL), X). 4.17)

Substituting the expressions for .@ilol and Zx L in Lemma 3.5 into (4.17) and noting that Axx =
9(IxL,X) = 9(2; X, X), one can get
Ry vix =1 HLp)Axx — LAxx + (tA)Axx. (4.18)

This, together with (4.8) and (3.19), yields (4.13). On the other hand, (4.15) follows directly from
AXX = Axx — %gXX and LgXX =2\xx.
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2. Using the definition of Lie derivatives, and by some detailed computations, one has
Lrixx = Lrdxx = 9(IxPrL, X) + 9(IxL, 70 X) = 9(X, V. x)L) = By, (4:19)
where
9(Ix DrL, X) = g(Zx(—LuL + X X), X)
=Vm + Vi (ux) — (Lpp)ixx *20

and

9(DxL, 91 X) =Cxtx + 9(Ing.x L, X)
=(x&x + g(-@[T,X]ia X)+ Q(QM@XTL X) (4.21)
=Cxéx + 9(Zir,x) L, X) + ptrfg(Zx L, X),

here (3.10), (3.11) and (3.33) have been used repeatedly. Substituting (4.20) and (4.21) into (4.19)
yields

Lrixx ZV_QXM + VY x (uCx) — (Lp)Axx + Cxéx + ptrfg(Px L, X) — Rrxix-

This leads to (4.14) with the help of (3.30), (3.19), (3.31), (4.7) and (3.10). Similarly for (4.15),
onecanuse Axx = Axx — %gXX and £TgXX = 2ufx x to obtain (4.16).
O

Based on LA in (4.15), the estimate of A could be achieved by integrating along integral curves of L.
Proposition 4.1. Under the assumptions (x) with 6 > 0 suitably small, it holds that
Al = |rrA] < Mt e0¢3/2, (4.22)
and

1
Al = rhd O(M ' —=0¢=3/2), (4.23)

Proof. 1t follows from tr\ = gX X x x that

o . 2 . o v
LX) = —2(trh)? — ~teh + g X LAxx. (4.24)
p

Substituting (4.15) into (4.24) and using (x), (4.1) and (4.5) to estimate the right hand side of (4.24)
except A itself, one can get

L (0%t} < M& 2065292 4 M5 =0¢73/2| 2te| + 02| 0%trA[%.

Thus, for small § > 0, we obtain (4.22) by integrating along integral curves of L, which also yields
(4.23) directly due to (3.13). ]

It follows from Proposition 4.1, (3.28) and (3.29) that for small § > 0,
AL S o7, ALY S Ms' o3, (4.25)

Note that ) § )
L(o?dp[?) = 20*{ — tul|dpl* + (d L) (4" 1) }. (4.26)
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Substituting (3.19) into (4.26) and applying (x), (4.1) and (4.25) give

L (oldu|)| < M&—=0t3/2(o|du|) + Mo—=0¢=3/2,

This implies immediately that
dp| S Ms' ot 4.27)

Now we are ready to improve the estimate on Lgow, which will lead to better estimates for Io/go7 and
some other related quantities independent of M.

Proposition 4.2. Under the assumptions (x) with 6 > 0 suitably small, it holds that
L (t 1, 9)| + [Tipn (tu, 9)] S 5042, (4.28)

Proof. By (%), (4.1), (4.5) and (4.22), it follows from (4.3) that
o o 1 -
|[LLgpy + o Lpy| S M25172072,
0

This yields
1L (0" 2Ly (t,u,9)| S M2§1—250¢73/2, (4.29)

Integrating (4.29) along integral curves of L gives
|02 Loy (8, u,9) = 0 Lip, (t0, u, 9)| S M?8' 72, (430)

where 9o = to — u. Then the estimate on | L‘Pv’ in (4.28) follows from (4.30) for small §. This, together
with L = pL + 27, yields the estimate for [T’y | in (4.28) by (x). O

To improve the estimate on ., further, we need to treat 7 first since 7' = a% —nXX.

Lemma 4.3. Under the assumptions (x), it holds that for § > 0 small,

Inl = Vaxxn¥n¥ < Ms'—*t. 4.31)
Proof. Note that 7 is a vector field on S, and one has
X =1, 1)X = (2rL — 2; )" = & i+ 2u¢™. (4.32)
Then, it follows from (3.30) that
L(o™2n|*) = o *{2uA|nl® + dxpim™ + 2¢7 uT A pun™ }.
This, together with (4.27), (4.22) and (%), yields
Lo~ nD| € M'0t=>2 (o™ ) + M &' 02, (4.33)
Thus (4.31) follows immediately by integrating (4.33) along integral curves of L. O

Based on Proposition 4.2 and Lemma 4.3, we can now improve the estimates on ¢~ and [O/(,D»y which
are independent of M.

Proposition 4.3. Under the assumptions (x) with 6 > 0 suitably small, it holds that

o (tu, 9)| S 87020 Loy (tu, 0)| S 810t 3/2, (4.34)
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Proof. First, substituting T' = % — X X into (4.28) and using (x) and (4.31) lead to

0
k) < 5012, .

Integrating (4.35) from O to u yields the desired estimate on (., in (4.34) since ¢, vanishes on Cj.
Next, note that L. satisfies the equation

.. 1. ..
LLp, = —;@Lg@v + Hy — LuLpy + 20 a0 + 2u¢? d s,

due to (3.34) and (4.3). Then ‘LLQOVI < §=€0¢=3/2 follows from (4.4), (3.19) and (3.30). Similarly as
for (4.35), one can get

o .
|- Lpn (tu, 9)| S 60472, (4.36)
ou

Then the estimate for onp7 in (4.34) follows by integrating (4.36) from 0 to u. O

One can now use Propositions 4.2 and 4.3 to measure the errors of the components of the frames.

Lemma 4.4. Under the assumptions (x) with 0 > 0 suitably small, the following estimates hold:

‘Lz’ S., 51*50{*1/2’ ‘T1| S 51750,[71/27 (4.37)
O (T e 4.38)
0
|RF — QF| < gle0gl/2, (4.39)
Proof. First, it follows from (4.1), (4.34), and (3.27) that
|L(oL?)| S o' c07 12, (4.40)

Integrating (4.40) along integral curves of L yields the desired estimate on L’ in (4.37), which implies
the estimate on 7" in (4.37) by 7" = ¢; — L.

o L J S S
Next, since g;; (1" — x—)(TJ - x—) =1,then % = c— 8T + 2(5ijT’%. Thus,
0 %

0
K 1= 2((,00 + (,Olwi) + 2LZ<,07, _V(Si{ffiffj — 25ijvffiwj7 (441)
0 \/C + (51']‘Tiwj)2 — (SijZT] +1- 5ijTiwj
which implies (4.38) due to (%) and (4.37).
Finally, (4.39) follows directly from (3.16), (4.37) and (4.38).
]

Note that the rotation vector field R behaves just as the scaling operator Y under the assumptions
(%) and the estimate (4.22) as stated in the following lemma, which is similar to Lemma 12.22 in [36] or
Sect.3.3.3 in [33].

Lemma 4.5. Under the assumptions (x) with 6 > 0 suitably small, it holds that
(i) if k is a I-form on Sy, then

(k-R)? = (1+ 08 =0t 1/2))r2 k)2, (4.42)

(L ri?> = (1408 50t 12)) 2| Vx| + O(6' 50t /2 M2 w2, (4.43)
(ii) if © is a 2-form on Sy, then

ILROP = r?[YO* (1 + O =0t~ /2)) + |020(s" =0t~ 1/2 ). (4.44)
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5 L™ estimates for the higher order derivatives of 09 and some related
quantities near C)

Note that although the L°° estimates for lower order derivatives of some geometrical quantities (such
as (4.22), (4.25) and (4.27)) and the M-independent estimates for the first order derivatives of (., (see
(4.28) and (4.34)) obtained in Section 4 are not enough to close the assumptions (%), yet the method
proving (4.34) indicates that it is possible to improve the estimates on ., by making use of the equation
(4.3). Thus, in this section, under the assumptions (%), we will improve the estimates of (- up to the
(N — 1)*" order derivatives. To this end, we start with some preliminary results which involve only the
rotational vector fields on S .

Lemma 5.1. Under the assumptions (x) with 6 > 0 suitably small, it holds that for k < N — 1,
L ) S 1, [EA] S Mot 32 | REFLE < 1
’ﬁ%(R)ﬂ g ]\45175%71/27 ’K%(R)ﬁi‘ 5 M61750t71/27 (5.1)
’Rk+1L]| S M&l*EOt*l/Q’ |Rk'+1,U| 5 M517€0t1/2'

Proof. This will be proved by induction with respect to the number k.
First, for k = 0, the desired estimates for A\, RL/, RL/, (R)zf, (R)¢ i x and Ruv follow easily from
(4.22), (4.25), (4.37), (4.42), (3.16) and (3.25), respectively. Since

R%x' = R(Q! — T = eéR:ﬁj — R(vTY),
then |R?2°| < tby (4.38) and (4.39). This and (4.42) with £ = Rz’ yield
|Lpdzt| = |ARx"| < v YR < 1. (5.2)

Next, assuming that (5.1) holds up to the order £k — 1 (0 < k < N — 1), one needs to show that (5.1)
is also true for the number k. This is done by the following three steps:

(1) Treatments of KI;%;\ and KZ(R)@‘ i
Using the expression of ) ; x obtained in (3.25) and the induction assumption, one can check that

505 | S HLRA| + 610 M2, (5.3)

Then m%(R)yf ;| admits the upper bound once t|£l;%5\| is bounded suitably. Thus, it remains to
estimate £%5\. It follows from direct computations that

L(o*tr(£RA)) = —20(eN)tr(£RA) + 02 (£ £ xx)
= 202 (e \)r(LEN) + QQgXX(KIEf,i}\XX)

k—1
30 g R (P VR e £ Ay,
k1=0

54

where we have neglected the constant coefficients in the summation above. It then follows from
(5.4), (4.15), and the induction assumptions that

L(P(L5N)| S M0t Pue(L5N)] + M =012, (5.5)
Integrating the inequality (5.5) along integral curves of L and using (5.3) yield that for small § > 0,

LR+ LR | < Mmoo,
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(2) Treatments of RFF1[i RF1[i RE+1y and K%(R)ﬁ
Due to (3.29), it holds that
RMILY = RF(RYdx LY)

- S _ ~ 3 (5.6)
=R*{trA(Rz") + %cil(Lc)Rxl — %cil(Rc)TZ + ¢ ' T(Rpa) T}

This implies | R¥T1 L | < M§*—=0¢~1/2 by (%), the induction assumptions and the estimate on ﬁ%j\
in part (1). Hence |RF*1L| < 1 holds for small § > 0. It follows from this and induction assump-
tions that the desired estimate for R**1v can be obtained by applying (3.16) directly. In addition,
L5 Bt < MSL=204=1/2 holds due to (3.25).

(3) Treatment of K?ldazi
Note that

Rk+21 — eé-Rk-Hl'j _ Rk-l—l(UTi).

Then by the induction assumptions, the estimates on R¥*1v and R*H177 (= RF+1¢p; — REHLLIY) in
part (2), one can get | RF+227| < t, and hence |£];%+1¢‘ij| < 1as for (5.2).

O

Based on Lemma 5.1, one has the following estimate on the higher order rotational derivatives of y.
Proposition 5.1. Under the same assumptions in Lemma 5.1, it holds that

|RFF | < Mst%0, k< N —1. (5.7)

Proof. This will be proved by induction.
When k£ = 0, (5.7) follows from (4.27) and (4.42). Assume that (5.7) holds up to the order k£ — 1
(k < N —1). Then (3.19) and (3.42) imply

lo-/Rk—'—lM — [IO/,Rk+1]/,L+ Rk+1iu

= Z Rk ((R)ﬁiXdXRkQM) + RkH{c*lu(fLaiﬂpa - Lc)} (5.8)
ki1+ko=k

Using (*), the induction assumptions and Lemma 5.1, one can estimate the right hand side of (5.8) to get

‘I"/Rk-i-l'u‘ < M(Sl—sot—S/Z’Rk-‘rl,u‘ 4+ MSieo3/2, (5.9)

Integrating (5.9) along integral curves of L yields | RFF1p| < M40 for small § > 0. O
One can conclude from (3.25), Lemma 5.1 and Proposition 5.1 that

LR Pt S M 02 E< N -1 (5.10)

Similarly, we can estimate the derivatives containing 7" as follows.
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Proposition 5.2. Under the assumptions (%) with small 6 > 0, it holds that for k < N — 1 and any
operator Z € {T, R},
’£1%+1,de]’ 5 51711*1’ |¢%7f;\’ g M517i760t73/2, ‘Z:]%-i-l;iR‘ 5 M527i750t71/2’
L5 ] S Mot e 2 g g | S Mgt 2,
’Zk+1;iz-/j| S M527i750t717 ‘ZkJrl;iTj’ g M(Slfifsotfl/Q, ‘ZkJrl;iU’ g ]\46171‘750,‘1/27
|Zk:+1;i'u| 5 M(Sl—i—a(), M:%Z(R)#T| 5 Mél—i—sot—l/Q’ ‘K%l(T)¢| S M(S—i—eot—l/Q’

(5.11)

where the array (k;1) means that the number of Z is k and of T is i (i > 1).
Proof. We first check the special case of ¢ = 1.

1. Taking Lie derivative R™ on both hand sides of (4.16), and using Lemma 5.1, Proposition 5.1 and
the assumptions (), one can get that form < N — 2,

LR LA S Ms—=0t73/2, (5.12)
Note that [T}, B] = " #,% X in (3.42) and for ky + ky < m,

Y2 DN o Y R S Y s Y o Y
l1+1lo=ko—1

Then WEW < 5720 Mt3/2 follows for k < N — 1 by making use of (5.12), (5.10) and the
estimate of \ in Lemma 5.1.

2. Similarly, noting that

Lrda? = (dp)T7 + pdT?,

.. o . —1.. 1T
Tii =T - P T

0 0
. a o - o -
Tv:eggjb{ — ¢ YTe)zTI — ,ux—Tj +z*TT },
0

£rR=T.R] =7 X,

which are due to the definitions, (3.16) and (3.42), one can get the estimates in (5.11) for K?l;ldaﬁj ,
L3R, ZEF LI, ZERA TS ZkH Ly by (332) and T = oy — L,

3. Now we estimate p by induction.

Differentiating (3.19) with respect to 7" and using (3.42) lead to
o o o X _ ~ X _ o o )
LTp = [L,T)p+TLpp = (=d" p = 2¢7 uTd” pa)dx p + T{c™ (L Lpa — Le)}.

Then

|LTu| < Mo—=0t3/2 4 gl==0¢=3/2| 1y (5.13)
holds due to (x) and (5.7).
Integrating (5.13) along integral curves of L and applying Gronwall’s inequality yield

ITu| < M§=. (5.14)
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Assume that forn <m —1(m < N — 1),
\R"Tp| < M§—e. (5.15)
Note that

m1+ma=m—1
+ Rm{(—dxu — 2 T o)+ Tle (L Lo — Le)}.
It follows from (5.15), Lemma 5.1 and Proposition 5.1 that
|LR™Tp| < M50t =3/2| R T | 4+ Mo—c043/2,

which yields (5.15) for n = m by integrating along integral curves of L, and hence | ZF+1L | <
M =#° follows from induction. The estimates of f’;l(R)#, K?l(T)yf and ﬁgl(R)yf ; follow easily
from using (3.23) and (3.25). Meanwhile, £7' "4, can be estimated by (3.25).

Analogously, (5.11) for ¢ > 2 can be proved by induction. O
We can now improve the L°° estimates on derivatives of ¢~ with respect to Z € {T,R}.
Corollary 5.1. Under the same assumptions as in Proposition 5.2, it holds that for k < N — 1,
| Z85 Lo (4, u, 0)| + | 28Ty (tu, 9)] S 671504 1/2, (5.16)
|ZFi o (4, u,0)| S g0 L/2, (5.17)
here i is the number of T in Z*.

Proof. For any k € N with k +¢ < N — 1, one has from (4.3) that
. . e 1o
RFT'H, = R*T"(LLep., + TQL%)

=L(R*T'L¢,) + 5 R*T'Lipy ~ S RM(BgE A RRT Ly,
ki1i+ko=k—1

. .. . 1 .o
LY RTOEGT L) Y T BT,
i1+ia=1i—1 i1+i2=1%,11>1 ¢

(5.18)

Since the last three summations above can be estimated by Lemma 5.1 and Proposition 5.2, one gets
from (5.18) that

RFT'H, = L(RFT Ly, + 2—QR’CTZL% + O (M2t 17 20¢72), (5.19)

On the other hand, one can also estimate Ri-“TiH7 by the expression of H, in (4.4) as follows
|RFTH,| < M?§' 72072, (5.20)
Combining (5.19) and (5.20) yields |L(o'/2RFT L < M251-1220¢-3/2 which can be integrated
g y Pyl g
along integral curves of L to obtain
|02 R T Lips (t,u, 9) — o5 *R¥T" Lipy (10, u, 9)| § M73* 2%,

This yields that |RkTiLg07 (t,u,9)| < 6-*~20¢=1/2 for small § > 0. This, together with the commutator
relation and L =2T + MIO,, implies (5.16).

Note that (5.16) also implies |T'Z*¢. (t,u,9)| < 67~%0¢~1/2, Thus, (5.17) can be derived in the
same way as for (4.34). ]
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It remains to deal with the derivatives involving the scaling vectorfield ,QIOJ. To this end, due to (4.15)
and (3.27), one can take Lie derivatives of oL\ with respect to Z to estimate £%£Q A as for (5.12).

Note that the terms containing the derivatives of QIO/ can be estimated in the same way as in the proof of
Proposition 5.2. We can now state the main results as follows without tedious proofs.

Pr(gposition 5.3. Under the assumptions (%) with § > 0 small, it holds that for any operate Z €
{oL,T,R} and k < N — 1,

|£§+1;i,ldmj‘ < 5—1'7 MEZZM < Mél—i—sot—3/2’ ml?l;i,lm < M51—1—50t1/2’

’K?Z’Z(R)?ﬂ 5 Mélfifsotfl/a |¢%ZJ(R)¢L’ S/ M(slfifeotfl/Q,

’2k+1;i,le| S M&l_i_EOt_l/Z, ‘Zk—l-l;i,lTj‘ S Mél—i—(—:ot—l/Q’ |Zk+1;i,lv| S, Mdl—i—€0t1/2’

’Zk+1;i,lu| < ]\45171750{71/27 mlgal(R)?fT’ < M517i750t71/27 \£'§i’l(T)¢! < M(Sfifsotfl/Z’
(5.21)

where the array (k;i,1) means that the number of Z is k, the number of T is i , and the number of Q[O/ is
L(>1).

Note first that (5.16) implies |RFT" Lip- (t, u,9)| < 67704~ 1/2 for k 4+ i < N — 1. Assume now
that the following estimates hold:

|R*T(oL) 1 L, (t,u, 9)| S 07775042 (k4i+1—-1<N—1, 1>1). (5.22)
(4.3) gives that
e e L, 1.
R*T'(oL)' Loy = RMT" (L)™' (= 5 Lipy + oHs). (5.23)

Due to (4.4), RkTi(gIO/)l_l(QHW) can be estimated easily by (5.1), (5.2) or (5.21). This, together with
the induction assumption (5.22), shows that

|RFTH(oL) Lip| S 67747 V2 k+i+1 <N, (5.24)

which implies | 2 RFT" (oL)!p,| < §===04~1/2 as for (4.35). Thus, one obtains also that for k +i+1 <
Nandl > 1,
|RFT(oL)\p,| < 1=~ 1/2, (5.25)

Using Lemma 3.7 and rearranging the orders of derivatives in (5.24) and (5.25) lead to

Corollary 5.2. Under the same assumptions as in Proposition 5.3, it holds that for k < N — 1,

[ ZE N o (o, 9)| S 57, (5.26)
(2 o (. 0)] S 812, 521

Finally, it is noted that under the assumptions (%), we have obtained not only the estimates with M
dependent bounds in Lemma 5.1, Proposition 5.1, 5.2 and 5.3, but also more refined results independent
of M in Corollary 5.1 and Corollary 5.2. On the other hand, if starting with Corollary 5.1-5.2 and
repeating the above analysis as in Section 5, one can improve the conclusions in Lemma 5.1, Proposition
5.1, 5.2 and 5.3 such that all the related constants are independent of M when k& < N — 3. Therefore,
from now on, we may apply these estimates without the constant M since N could be chosen large
enough.
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6 Energy estimates for the linearized equation

To close the bootstrap assumptions (x), one needs further refined estimates than those derived in Section
5. To this end, we plan to construct some suitable energies for higher order derivatives of ¢.. Note that
-~ satisfies the nonlinear equation (3.41), and each derivative of ¢, also fulfills similar equation with the
same metric. Thus, in the section, we focus on the energy estimates for any smooth function ¥ solving
the following linear equation

pdy U = & (6.1)

for a given function ®, where ¥ and its derivatives vanish on C§. The following divergence theorem in
D% will be used to find the related energies adapting to our problem.

Lemma 6.1. For any vector field J, it holds that

/t u.@aJO‘dugdu'dT :/ ( — Jr — ,uJi)dugdu’ — / ( — Jr — ,uJi)dl/gdu'
Dtu sy

o 6.2)
— /C& JidvgdT.
Proof. This follows from the proof of Lemma 10.12 in [36]. O
The vectorfields J’s in (6.2) will be chosen as
Ji = —0"" 9" QupL 0, (6.3)
Jo = =g Qs L0, (6.4)
J3 1= (%QQm—lwaxy — i\y@a(g?m—l))aa, (6.5)

where m € (%, %) is a fixed constant and () is the energy-momentum tensor field of ¥ defined as

Qus = Qusl¥] 1= (aT)(O50) ~ 0030 (B, W)(01)
= (0a0)(950) — 5gus{ MV~ (LW) (L)),

Each term in (6.2) will be analyzed respectively.
We start with the estimates of right hand side of (6.2). Note that the components of ()3 relative to

{L,L,X)} are

Qij = (LY, Qpp=(LV)? Qpp = uldvf,

Qix = (LO)(dxT), Qpy = (LT)(dxD),
1 1 .

Qxx = 5(Ax V) (dx®) + 5g on (LY)(LT).

Then it follows from (6.2)-(6.4) that
/ 1D d1” =/ Lo (Lw)? + |dw[?) — / %u@zm((fﬁ/)2 + |dw)?)
Dbtu Dy pI1

2
‘o (6.6)
+ / o™ (LW)?
Ct

u
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and

1 [} 1 o
/ Doy = / L (@wy 4 2 iwp) - / L (@wy? 4 2w
o 2 % ? 6.7)

While (6.2) and (6.5) yield
Lemma 6.2. It holds that

1ogmg e 1, _
/D s = /E (— 5@ (L) + 1o (2m 1) (1~ 2) + opird)
u u

1 o 1 ~
= [ (= L) £ (e = ) - 2) + ourd) (68)

to
1 .
+ / (= =trh-0®" 1% — UL,
oy - 4
Proof. Applying (6.2) directly to J3 yields

1 1 . om—1
/ 1D oI5 =/ (— F@TIU(TY) = ST (L) + = o™ — 1))
Dtu Y

1o, 1 o, o 2m —1 4.,
- / (=5 w(@) = S (L) + = - 1)) (69)
%

u
to

1 o 2m — 1
Jr/ ( _ *Q2m_1\P(L\I’) + m Q2m—2\1,2).
ot 2 4

Note that ¥ vanishes on ©w = 0. Then

“ 0
Qm—l\IJQd :/ / 2m—1\Ij2d d/
/Svtyu Q Vﬂ 0 <8u/ S Q l/g) u

tu/
/ ( — (2m — 1)0*™ 202 4 20210y + ng_lutrél/Q),

t

which is
1 1 1 -
/ —— o N(Tw) = _/ nglxp?Jr/ (—(2m—1)0*" 2V 4 o*" 1 utrdT?). (6.10)
s 4 /s, 4 Jsu

Taking t = £ in (6.10) gives

1 1 1 -
/E —592"1—1\1/(1\1/) __4/5 Q2m—1qf2+4/u (—(2m—1)0*" 2 W%+ 0> e T?). (6.11)
1

u
to 0-u to

Thanks to the following identity
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then (6.10) becomes

1 1 1 .
/ _§Q2m—1qj(T\P> _ 4/ 02mly? 4/ (L(sz—lqp) +tr/\.g2m—1qj2>
i Sto.u G 6.12)
1 ) .
+ 4/ (—(@2m— 1) 202 + " puuh ).
ity
Substituting (6.12) and (6.11) into (6.9) yields (6.8). ]

It follows from (6.8) and (6.6) together with (4.2) that

/Dtu N(gajla - -@ow]?)a)

1 i )
:2/ (HQ2m|d‘ll|2 +,ug2m(L‘I’)2+ug2m71\ll(L‘ll) _’_m02m72‘112 _’_0(575002m73/2‘112)>
u¢

1 o o
_ 2/ (u@zm\ﬂ‘l’\2 4 /Lg2m(L\I/)2 i ugzm—lq,(L\I,) + m?m 2 4 O(é—EQQQm—?)/Q\IjZ))
s

+ / ((Qmi\lf + %Qm—l\p)2 + 0(51_8092m_5/2\112)),
oL

(6.13)

here one has used the estimate | it | < 67%0¢~1/2 due to (3.31) and the estimates in Section 5.
In order to estimate 60 [y, 0*™~%/2¥2 and 51 [, 0*™~/2¥? in (6.13), one needs the follow-
t u

ing inequality.

Lemma 6.3. Under the assumptions (), it holds that for any f € C1(D%*) which vanishes on C},

2 —1y2 2 [ (F2 —1 42
Lo [ oss [ nste [ 0L o ) (614

Eto

Proof. 1t follows from Lemma 3.4 in [30] that for any vectorfield J,
(1D d® = —L(uJ; + Jp) — T(J;) + div(uf) — p(ted + X)) J; — A7, (6.15)

where / is the projection of J on Sy ,,. Take J = fQID} and J = 5o~ '~ f2T in (6.15) respectively, and

>Su »

5| o 'fr=9¢ (o™ 'wdf* + T (07" f?)). (6.17)
C}& Dtu

uf? + /Dt ) (L + pte) f2 + pL(f2)), (6.16)

u
to

By adding (6.16) and (6.17) together with the estimates on the coefficients in the right hand sides of
(6.16)-(6.17), one arrives at

2 —1 r2 2 —1 £2 T2 —1 £2
Lo [ s [t [ @ b o ),

to

Hence (6.14) follows directly from Gronwall’s inequality. O
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Let f = §—50/2p™m=3/4 in (6.14). Using the facts that

L) S ot f2+ 070" 2L

and
T ' ) S 6 o7 f2 48! 0P TP,

one then can get

/ M5750Q2m73/2\112 +/ 51750Q2m75/2\1}2
by

Cu
5\/
by

Substituting (6.18) into (6.13) yields

(6.18)
o 1
/MS_EOQQm_g/Q\IJQ + / (5_509_1/2(gmL\If + §Qm_1\11>2 + 52—5092m—5/2|T\I/’2)_

u t,u
to Db

/ :U’(@ocjla - @at]i%a)
Dtu

z/zu (™" [0 + ™" (LW)* + o 720?) —/ (T2 + (£0)? + 5002

t %

o

u
to

o 1 o 1 .
(QmL\I/ + §Qm—1\:[/)2 o / §—¢eo (Q_l/Q(QmL\I/ + igm—l\p)Q + 62Q2m_5/2(L\P)2)-

7& Dtu
(6.19)
By (6.19) and the identity (6.7), it is natural to define the following energies and fluxes
Er[)(t,u) = / (" (LW)? + P A + g 20), (6.20)
by
B[ W] (t, u) := / (LP)* + |dw]?), (6.21)
bty
: 1
Fi[9)(tu) = / (0™LW + igm_llP)Q, (6.22)
Ci
Fo0](t,u) = / e 6.23)
Cu
Next, we treat the left hand side of (6.2). Set
‘/1 = szia V2 = L
Direct computations give that
o 1
1D 1 = — B> (LT) — §MQ°‘5 0]V 7,8, (6.24)
E 1
Doy = =@(LY) — S pQ W] Wy, (6.25)
1 1 . . 1
/L-@aJBOC — §Q2m_1\1’q> + ( _ §Q2m_1(L\If)(L\I’) + §M02m—1|d\1/|2)
L2 2m—2 -1 ? 7]
+ Z\Ij (2m —1)p <(2m —2)0" (u—2)+ Ly + putrd + (pn — 1)tr)\>. (6.26)
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Recall that the components of (Vi)wag in the frame {f, L,X } have been given in (3.23)-(3.25). To

compute Qaﬁ(vi)ﬁag in (6.24)-(6.25), we can use the components of the metric in the frame {Ii, L, X},
given in (3.38), to derive directly that

1 (e
— HHQ U)Wy
1 —1(V1) 1 —1(W1) 1(V1) X L v xx
:—ZM WELQID/L_gﬂ WiQi’f’—i_i WLQ[",X—§M 177 Qxx 627
1 o 1, 9 me1 1 ome \, ¢ o 1 X ’
=(50"" Ly + p(m = 5)@*™ AU + (m(n = 2)0™" 1 = S0 L) (L®)* + 0™ (4™ o
—1 a X o 1 5, 1 9, . .
+ 267 T 00) (LY) (A 0) = S o™ x| A0 [* — o @™ try (LW) (L)
and
L oaBrg(ve)
- 5”@ [\Ij] 2 Taps
1 . o .
Zi(LM +plp+ ¢ \uTe+ ¢ phe + p2ueh — 20 P dxa® - 4 00)|d 0| 6.28)
_1ma s X X o X e ’
— Cue ' T o+ A p) (dx V) (LY) — pd” (L) (dx )
1 1 o 1 o o
+ (5o et ppe be— 7 ud ot dxgpa + Jurx) (L0) (L),

We first treat the terms involving J; and J3.

Combining (6.24) and (6.26) and using (6.27), % <m < % and ¢ < 2, one can get by using the
estimates in Section 5 that

/ (u@aJla — M.@ajga)

o 1 1 o 1 .
T / D(PML + ") + / (u(m = 1)@ + S0 Ly — S p® ™) [ AW |?
Dtu 2 Dtu 2 2

(e (u=2) = ) E0+ [ 2 T ) (LD

1\1'2(2m —1)p*m2 ((2m —2)0 M —2) + Ly + putef + (p — 1)tr)\)

Dtu 4
1 S o

— / — 0N (L) (L)

Dtu 2

. 1 1 . ; 1o o
g—/ (I’(QQmL\I/—i-QQm_l\I/)—f—/ ng(Lu—um)\dW—/ —0*™ Lu(LY)?
Dtu 2 Dtu 2 Dtu 2
- . X 1 < e .
[+ 2 T ) LO@ W) - [ S (L) (L)
Dtu

1 o ~
k Z(2m — 1)0*™ W (L + ptrd + (1 — 1)tr))
Dtu

7 1 — —&0 2m—: —&p 2m— 7
5/;t @(Q2mL\IJ+§Q2m 1\11)’+/Dt ((51 002 S/Z‘d\l,‘2+62 002 5/2‘L\I/‘2)

+/ 6—50Q—1/2(Qmi\1] + lgm—llp)Q + / 6_8092m_5/2\1/2.
Dtu 2 D

t,u

(6.29)
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The last integral in (6.29) can be estimated by taking f = o™ 3/4W in (6.14) as

5 Q2m75/2‘112 </
ot ~ s

<)
Eyo

+ / 0?5 /292
Dtu

This, together with Gronwall’s inequality, yields

5 Q2m_5/2\1f2</
ct ~ s

\112+/ (92m71/2|l°'/,1]|2_’_5202m75/2‘L\P|2+Q2mf5/2\112)
Dtu

u
to

o 1 o
\I/2+/ (Q71/2(QmL\P+§Qm71W)2+52Q2m75/2|L‘11|2)
Dtu

o 1 o
‘112+/ (Q_1/2(QmL\I’+ 5QTTL—I\IJ)Q_‘_(52Q27’VL—5/2|L\:[]|2).
Dtu

u
to

Thus

/ QQm—S/Q P2 S /
Dtu P

Substituting (6.30) into (6.29), we arrive at

° 1 o
\112+/ (Q_1/2<QmL\I/+§Qm_l\11)2+(5292m_5/2‘L\IJ|2). (630)
Dtu

u
to

/ (ﬂ.@ajla — ,u.@w]ga)
Dtu

o 1 o
§| t @(szL\I’ + §Q2m_1\11)| + / t (51—50Q2m—3/2|d\11’2 + 52—50Q2m—5/2|L‘1}|2) (6.31)
Dt Dtu
o 1
+ / 578()@*1/2(@’”[/\1/ + igmfl\lff + AV
Dtu

T
Et‘o

It follows from (6.19), (6.31) and Gronwall’s inequality that

t
E1[U](t,u) + FL[W)(t ) SEL ) (t, u) + §e0g? 4 220 / 7252 By W] (7, u)dr
Eto to (6.32)

o 1
+ [ @(PLY + S0P
Dtu 2

It remains to treat (6.25) involving J>. Recalling (6.28) and estimating each coefficient in it by using
Proposition 5.3, one can get

1
a /Dt u i’uQaﬁ[\II](w)ﬂ'aﬁ

o [ (AP 457 L] 57 L+ 7 L) (633)
Dtu
<§-eo / Fo[0)(t,u')du’ + / T3 By [ (7, w)dr 4 620 / TS B [ (7, w)dr
0 to to
Then, it follows from (6.7), (6.21), (6.23), (6.25), (6.33) and Gronwall’s inequality that

t 1
B[] (¢, u) + Fo[W] (1) < B[ W](to, u) + / B - [LW] 4+ 520 / 78 B0 (r, w)dr. (6.34)
Dtu to
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Combining (6.32) with (6.34) and using Gronwall’s inequality again, due to m € (%, %) we obtain
finally that

SE[W](t, u) + SFa[W](t, u) + B [](t, w) + Fy [W](t, u)

SOE[W](to, u) + By [¥)(to,u) + [ 075002445 & LU
St Dt (6.35)

o 1
+ | (* LV + ™).
Dtu 2

(6.35) will be used to derive the energy estimates for ¢, and its derivatives. To this end, we will
choose W = Wkl .= 7kt and then ® = ®F := u0, WEH (k < 2N — 6) in (6.35). Note that

O = O, WA = [0, Z]WE + Z(u0, k) — (Zp) 0,0

(6.36
_ v ®CE 4 (24 Dp)k, |
where
v 1 14
D0y = (D7 = 507, )0, 0305,
(Z)A _ ltr (Z)ﬂ_ o ,U_IZ,U«a (6.37)

2 g
V) =, @ =p0gp,

with trg(Z)w = g8 (Z)Wag and <I>g being the right hand side of (3.41). Consequently, for \IfﬁJrl =
Zy1Zy -+ L1~y With Z; € {Q[O/, T, R}, we can derive by (6.36) and an induction argument that

k
(I)if/—l-l _ Z (Zk+1 + (Zk+1)A) ... (Zk+2—j + (Zk+27j)A) (NdiV(ZHlij)C”;_j)

i=1 (6.38)
+ pdiv @) CF 4 (Zyy + B)N) (2 + PIN) DY, k> 1,

0} =(21 + PIA) @Y + pdivi#) Y.
In order to estimate (%) A and udiV(Z ) Cﬁ, it is more convenient to rewrite

1(2)

trg A = —2p7 A7 4 Dyt

It follows from (3.23)-(3.25) that

1 1 .
DA = _§C_ITC — ic_l,uLc +c tuda® - o, — PTG,
@A = otr} 42, (6.39)

1 o 1
(BIA = vtrd + 56711}(.[/6) —c todx® - do, — icfch.

In addition, in the null frame { L,L,X }, the term Mdiv(z )C’; can be written as

. 1. 1. ‘
pdivi?Cy = — SL(DC ) = L(DC ;) + div(u' P ¢h)

Lo 3\ (Z) ik L \(2) ik
—§(L,u+utr)\+2utr«9)( )CW,E_§tr)‘( )C’LL’

(6.40)
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where
X 1 o
A =D (7 05) — o (D) LWL,
o 1 o
Dk = —2(Dnpr + p= Oupr) (LUE) + Ot LX(dX\Ifﬁ) - i(tr“);f)gpﬁ, (6.41)

. S Htr Z)W{X‘I’k

Z) 4k 1
“( )¢7,X (Z ?‘LLX(L\I'ic/) *(Z #LX(L\IIk) 7TLT(dX‘I’ )+ 2

A direct substitution of (6.41) into (6.40) would result in a lengthy and complicated equation for MdiV(Z )C','f.
To overcome this difficulty and to get the desired estimates efficiently, we follow the ideas in [33] to de-
compose pdiv(? )C’ﬁ as

pdiv?ck = Zpk | Zpk )+ A Dk, (6.42)
where
1 ° 9 ]_ o X o X o
D8, =g H(EL + GL) — Oy @I - O L)
o 1 ’
+ ((Z)FET + (Z)T('TT)(LQ\IJ,’;) + §utr(z)7f4ﬁ\1’,]§ + (Z)WETA\IJ,’;,
. 1_x 1. .
R T
X 1
— (£ PR — dx D) W+ Sl (e D) - 40 (6.44)
1 X ° 1 X 1. 0
3V LS = S8, ) d ™ W+ T L ) LY,
1 1 - 1 .
@ pk :{tr/\((Z>7r]3T + D) + (G pted + = ptrf) Dyt — deu(Z)ﬁX}L\I/ﬁ
. 4 2 2 (6.45)
* 5{(tr(z)¢)(€X 1) + (ueh = L) Dt +ex Dk,
Note that all the terms in (%) D ; are the products of the deformation tensor and the second order deriva-

tives of \I"fy, except the first term containing the factor of the form LL\Ilg QtrAL\I@ (see (6.43)). It
should be emphasized here that such a structure is crucial in our analysis since \I!,’j is the derivative of
¢~ and by (4.3), LLap7 tr)\Iojgov = H, + trj\IoApV admits the better smallness and the faster time-
decay rate than those for Lchﬁ, and tr)\chﬁ, separately. In addition, (z )Dk o collects all the products of
the first order derivatives of the deformation tensor and the first order derlvatwes of \Il,li, while (4 )D’,j’
denotes all the other terms.

The explicit expression for @5“ obtained from (6.38)-(6.39) and (6.42)-(6.45) will be used to esti-
mate the corresponding last two integrals in (6.35). Due to the structure of (6.35) for ¥ = \I/’;H, it is
natural to define the corresponding weighted energy and flux as in [33]:

E;pi1(tu) Z Y §*Ei[Z u), i=1,2, (6.46)
¥=0|a|=p

Fip1(tu) Z > %Fz u), i=1,2, (6.47)
7—0m|p

Eicpri(tu)= > Einp(tu), i=1,2, (6.48)

0<n<p
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Ficpri(tu)= > Finpa(tu), i=1,2 (6.49)
0<n<p

where [ is the number of 7" in Z. We will treat these weighted energies in subsequent sections.

7 Higher order L? estimates for some quantities

In this section, we shall carry out the higher order L? estimates for some related quantities so that the last
two terms of (6.35) can be absorbed by the left hand side, and hence the higher order energy estimates
on (3.41) can be done. To this end, we first state two elementary lemmas, whose 3D analogous results
can be found in Lemma 7.3 of [33] and Lemma 12.57 of [36] respectively.

Lemma 7.1. For any function ) € C'(D%"") vanishing on Cy, it holds that for small § > 0,

) 56/ (1LyP + 2| Ly)?), (7.1)
Seu su
/u yp? <o /Z (1L + | Ly ). (72)
t t
Therefore,
) V? < 6(Bal)(t,u) + 0P Erly)(t ), (7.3)
t,u
2 <P (EL[](tu) + 0 P Er[Y](t u)). (7.4)
oy
Furthermore,
B <k (tu) S 6°0°" 2By cppa(t,u) + 6207 By <ot ). (7.5)
Proof. For any function f € C''(D%*) which vanishes on Cy, it follows from (3.23) and (3.31) that

0 1
i — (D).
8’[1, - fdl/g /St’u (Tf + 2tr ﬂL f) dl/g

1 5
= / <Tf + 5( —c e — pe ' Le + ZCflﬂdxx“(anpa) — 2utr)) f).
St,u

This leads to
— fdv 5/ T+ 67%f]). (7.6)
‘ u /Sw g| S&,u(| | | |)

Setting f = )2 and integrating (7.6) from 0 to v yield

/ deVgS/ (yTw\-ywara—EOw?)g// 6_1¢2dugdu’+// S| TP dvgdu.
St,u 3¢ 0 I 0 Sh,u’

Thus Gronwall’s inequality implies that

) ¢2dyg,§//s 8|Tp|*dvgdu. (7.7)
t,u 0 tu!

Since T’ %L ,ui, then (7.1) is proved. And hence (7.2) follow from (7.1). ]
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Lemma 7.2. Assume that (x) holds for small § > 0. Then for any f € C(D%Y), F(t,u,9) =
ftto f(r,u,¥)dr admits the following estimate:

t
1
7||f||L2 su)dT.
0V Q(T,u) (%)

We now turn to derive L2 estimates for higher order derivatives of 5\, 7 ixe 7 XX° Iv/, v and 7. To
this end, as in Section 5, one starts with estimates for the rotational vector field.

I 12y < (14 C6')\/ o(t, u) t (7.8)

Proposition 7.1. Under the assumptions (x) with small § > 0, it holds that for k < 2N — 6,

IR L2 S 02720032 It 4+ 7 By < (tu) + 0204 Inty/ By <y (t ),

I(RM1LY, flziz(R)ﬂ‘)HH(zy) S 32750 4 ot [ By <o (tu) + 64/ B <pa(t ),
||£];a+1d$||L2(23) S S22 4 o By <o (tou) + 00/ Bo <ppa(ty ),
(t,u),

IR* 10| oy S 8%77°0t + 0* 7"\ Bt <palt,u) + 5t\/m

where Ei,§k+2(t7 u) = SuptOSTSt Ei’§k+2 (T, 'LL) (l = ]., 2)

Proof. Since the L> estimates for lower order derivatives of the above quantities have been given in
Lemma 5.1, the corresponding rough L? estimates can be obtained by the fact ||1]| sy S Voo(t u)
(see Corollary 12.54 in [36]). In particular, one has

“Rii”L2(E§‘) < 53/2—50’ H(R)ﬂ|L2(Z’;) < 53/2—507

' (7.9)
e rdall 2y S 822, ||RU| p2gmpy S 6¥2700

To treat higher order derivatives of L7, one can use (3.29) for RKH1TJ as (5.6) in the proof of Lemma
5.1 by carrying out the following two steps:

e Keep the L2 norms for the highest order derivatives of A, L, z7 and ¢, while apply the L estimates
in Section 5 to treat the corresponding coefficients in these terms.

e Instead of controlling the L2-norm of Z<*¥+1y (Z € {R, gi}) directly by o' ™™ \/E1 <41 (t, u),
one can use (7.4) to obtain better smallness and decay rate for || Z¥T1¢|| ;2 (su), for example, |R= Le| L2(sw)

can be controlled by 501"\ /E1 <12t u) + 071 \/Fa <kra(t, u).

Consequently, one can arrive at
> e <k-1 <ksx eg— <k
[RML || 2y SO0t V2 £5 (R)7fHL2(z7;) + L7 M2y + 6t V2|5 || L2 (s

+d0™ \/E1,§k+2(’t, u) + 5\/E2,§k+2(t, u) + 51_60"_1/2||R§ij||L2(EI‘)‘

Using this iteratively and taking into account of (7.9), one then gets

IRFHLI|| sy S6%/27 20047 1/2 4 6120 V2) £2F 1B oy + LR M 20

1—eg—1/2) p<k —-m (7.10)
+ 0 TR LR ]| 2 sy + 007/ B <y + 0/ Ea <hya-
Similarly, one also has
_ <k > _
[RF ]| pa sy SO L5, da ]l agsyy + IRSFLI|| paisny + 00" /B <k a1

+ 0o/ Ea <2,
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k _ .
L5 B 2y S8¥2722047 12 4 47 REF0| 2 sy + 61502 LF N | L2 gy

(7.12)
+ 007" /Er <y + 03/ Ea cpyn + 0270t £ d|| L2 (s,
k1 _ o oy
£ dal|p2sey S SOV 4 | RS o sy + 61750t 1/ZHJ-'%SICHLJ||L2(23) 7.13)
62 50 —m—1/2 /El <hi2 + 52 50 /E2 <hi2-
It follows from (7.9)-(7.12) and a direct induction that
oy _ <kx _
IRM L || 2wy S 53220 || £5 M r2muy + 007"/ Br <iya + 6/ Ba <ra, (7.14)
k1 <kx _
145 || 2 (spy S S L Mlz2muy + 007"/ B <ky2 + 6/ B2 <kr2, (7.15)
_ k< _
||Rk+1U||L2(2y) < 820t 2 £5 All2(ze) + 60" "/ E1 <kr2 + 00v/ B <ky2, (7.16)
k _ <kx _
IR L2y S 82720 + 4| £7 M2 (sp) + 60"/ Er <kra + 63/ B <o (7.17)

It remains to estimate £];%5\ in L? norm. To this end, as in Lemma 5.1, one needs to treat each term
in £ iﬁl;,}\ (see (5.4) and (4.15)). We treat Zﬁ’;(dx“ dLp,) in details as an example.
Note that £ pdz? = €} dz® — d(v(p; — L7 — )) Then

Uhda?| S 1+ RSF| + 5120t 2 (RS + |RSFLT)).
This implies that

L5 (dz® - ALa)l| 2 (s

S S IMRRLg| 4 6t R By
k1+ko=k

+ (CH R ] 4 6102 (IR | |[REILI)) R Lo 125
<1£717m E1 ,<k+2 + 51750{77/2“R§k'l]”[/2(2%) + 627250{73”R§ijHL2(21‘)

51 Eot—5/2||£<k 1 )¢||L2(E?)

The same results hold also for the L2 norms of K%(%WZQDQ) and K%(dma -dpa), where %W24pa arises

in the term —c_llofl(Yﬂgoa) = —c_IL“(Wzgoa) — c_lg_lx“W2<pa in (4.15).
Let F(t,u,9) = o(t, u)2tr(£5N) (4, u, 9) — o(to, u)2tr(£5N) (to, u, ¥) in (7.8). Then

Pt (LEN |20y S %2750 /5+ Vo / V2 L(Pe(L3N) || 2 gy - (7.18)

Apply (5.4) and (4.15) to estimate the integrand in (7.18) to get

¢
||Q3/2tr(£11€2)‘)”L2(2?) 553/2_6°+/ (71/2_”‘ By <py2(T, )

to
61 €0 71||R<kLzHL2 E”)"’_(;l €0 71H£<k (R )ﬂ'HL?(Zg) (7.19)
481202 RS ) + 6 (RN e ) dr

Substituting the estimates (7.14)-(7.17) into (7.19) and utilizing the Gronwall’s inequality yield

(LN 2 (m S 8275042 It 0" By cppa(t,w) + 627042 Inty/ By <jpa(t,u). (7.20)

Then the remaining inequalities in Proposition 7.1 follow from this and (7.14)-(7.17).
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As a consequence of (R)yf j x 10 (3.25) and Proposition (7.1), it is direct to get

k. _ _ ~ ~
MR(R)MHB(E?) < o3 ! m\/E1,§k+2(‘t, u) + 5\/E2,§k+2(f7 u). (7.21)
Next we estimate the L? norms of the derivatives of /.

Proposition 7.2. Under the same assumptions in Proposition 7.1, it holds that for k < 2N — 6,

IRF il sy < 03279042 4 12 [ By cppa(tu) + 07042\ [ By <ppa(t,u). (7.22)

Proof. It follows from (5.8), Proposition 7.1 and the > norm estimates in Section 5 that

o Ccoe1y p<k g
ILR | oy 6"t LR Ot il o (e + 802 RS ] o)
+ " By <ppa(tu) + 61702 RS lr2(sw) + 51_E0f_3/2HRSkdﬂUjHL%zg)

SO T By cpra(tu) + 8770 By <t )

+ 51750(3/2HRSkHMHL?(Eﬂ;)-

(7.23)
Applying (7.8) to F(t,u, ) = R*1u(t,u,9) — R¥ ' pu(t, u,9) and using (7.23) lead to
t
||t_1/2Rk+lﬂ||L2(2?) 553/2—50 +/ {53/2—507_—3/2 4 Y2em /E1,§k+2(7'7 w)
to
+ 52_507_3/2\/ By <joro(T,u) + 51_507'_3/2HT_l/QRSkHMHB(Eg)}dT-
(7.24)
This, together with Gronwall’s inequality and the fact m € (%, %) yields (7.22). O

For any vectorfield Z & {Qi/, T}, we can also obtain similar L? estimates for the corresponding
quantities as in Proposition 7.1 and 7.2. The main ideas and methods for this are along the same lines
of establishing Proposition 5.2, 5.3 from Lemma 5.1 and Proposition 5.1, so the details are omitted. We
may conclude from this and Proposition 7.1 and 7.2 that

Proposition 7.3. Under the same assumptions in Proposition 7.1, it holds that for k < 2N — 6,

5l|’Zk+1Li||L2(E?) S 53/2_80 + fl_m \/ELS]H_Q(’(, u) + 5\/E~'27§k+2 (f, u), (7.25)

(SIHZ’HQ.%J'HL%E%) S (51/2’£3/2 + f2_m \/E17§k+2(’£, ’U,) + (5f\/E~'27§]€+2(f, u), (7.26)

k I -
NS gl 2y S 02 4 67 [ By cpya(t,u) + 84/ Bo <psa(t ), (7.27)
(Sl”Zk—HUHLQ(E?) < 63/2—601( + t2_m\/ ELSIH_Q(’(, ’LL) + (5t\/ E27ﬁk+2(t’ u), (7.28)
5l”£§5‘HL2(E’;) S A B \/ Ey <hya(tu) + 06/ Ey cpa(t ), (7.29)

SILL (B, B 1 B ) 2y S 67750 + 07 By cpsa(tow) + 84/ By cpna(tu), - (730)
SLL Dt i |2y < 8272047 Y2 4 o7 V2 [ By ot w) + 062 By cpaa(t ), (7.31)

5l|m§(T)¢HL2(23) < §Y/2TE0 4 ge0gl/2mm \/E1,§k+2(f7 u) + \/Ez,gkn(t, u), (7.32)
5l”Zk+1/,LHL2(E1{) 5 53/2_60’(1/2 + f1/2 Elék_;,_g(f, u) + 5t1/2\/ Egék_i_g(f, u), (733)

where [ is the number of T’ in the corresponding derivatives.
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8 L? estimates for the highest order derivatives of tr) and /Ay

Note that due to (6.36) and (6.44), the top orders of derivatives of , A and u for the energy estimates
in (6.35) are 2N — 4, 2N — 5 and 2N — 4 respectively. However, as shown in Proposition 7.3, the L?
estimates for the (2N — 5)™ order derivatives of A and (2N —4)™ order derivatives of 1 can be controlled
by the (2N — 3) order energy of ¢. So there is a mismatch here. To overcome this difficulty, we need to

deal with trA and /Ay with the corresponding top order derivatives.
As in Proposition 7.1, we also modify the associated fluxes as follows:

Fi,p+1(t7 ’LL) = sup {Fi7p+1(7—’ u)}7 1=1,2,
to<t<t

0<n<p
8.1 Estimates for the derivatives of tr)

Due to (4.13), tr\ satisfies a transport equation as

o o ° o o 1 o
L(tr\) =c Mz - dLo, — ¢ H(LPp0 + pal?ps) — ¢ 1LY fpry — ic_l(Lc)tr)\

do - d
(dzfa : dipa)Q
(Lo)(Lg)
(dxa : dSOa)LSD

- CiltrA(dxa : d@a) - ‘)\’2 + Ci2f<dx7 f/ia 2 ﬂ)

In addition, (4.3) can be rewritten as
.. 1. -
/MA‘P“/ = LLypy + ?QL(‘D“’ — H,,
where ﬁw = H., — p/Ap,. Then (8.3) can be written as
o 2 1 1383 1 <10
L(rA—E) = (— = —c¢ 'Le+ ¢ 'LP Lypg)rh + — — [A]? + ¢,
0 o

which contains only the first or zeroth order derivatives of ¢, on the right hand side, where

3 .. .
E =c Yz dp, — =c¢ 'Le+ c_lL’Bng,

2
(ddso-ddw)Q
- N
c=cfde. o) |t o) (he)

(dz - dipa) Lip
Set F¥ = dZ*ue\ — dZ*F with Z € {Q[O/, T, R}. It then follows from (8.5) inductively that
2 o o po
LiFF=(- . ¢ 'Le+c tLPLpg)F*

2 ° o ns .
+ (- 0 ¢ Lo+ LPLpg)dZFE — AZF(|1N?) + €F,

8.1

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

8.7

(8.8)
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where for k > 1,

ek :Kl;eo + Z ﬁlgﬁ[LZ}Fb

ki1+ko=k—1
9 ) o (8.9)
+ > ZFRM(=Z Lo+ P Lpg)dZM A
k1<k—1 0
and
¥ =de +d( - c e+ cili)’glo;wg)tr)\. (8.10)
Note that for any one-form ~ on Sy, it holds that
L(0?|k[%) = —20°tA|k]? + 20 (el )| ]. (8.11)
Then choosing kK = 0*F* in (8.11) and using (8.8) lead to
IQ/(Q6]Fk\2) :96{ — 2\ |F*)? + 2(— ¢ 'Le+ c_llo/Blochg) |F*|2 4 2¢F . FF
2 o o 5o .
+2(==—c'Le+c'LPLpg)dZFE - F* — 24 Z%(|N?) - F* ).
0
This yields,
o . o 0o o 2 o
|L(P[FF))] SPAl- [F¥| 4+ 0°| — ¢ ' Le+ ¢ L Ly |- |[F¥| + 0*| = = — ¢ Le 3.12)
Y .

+ L Ly |- ZV B+ PlAZF(AP)] + o[-
Then it follows from this and (7.8) that
8 QI F* || 2y =8 1F  (to, -, )2 (s + 5lo'/? /tt {75/2“5\\&00(27;) ALFF 2 (s
0
+ 792 = e+ Cilzvz%hw(zg) : ”FkHH(zg)
+ 72| — z — ¢ 'Le+ ¢ L Ly || ooy - IAZR B 250y
+ 22 AP 2oy + T b 2o b

Thus, the Gronwall’s inequality yields

t
o2 FHagegy S 220488 [ {rP1AZ5Bl gy + T IAZH AP g .
to .

+ T5/2H€k”L2(E¥)}dT'

Each term in the integrand of (8.13) will be estimated as follows.
We start with 4Z*E. Since F = ¢ 1dx®- dp, — %cich + cilLﬁLgc)g, then

SMAZYE pa(syy S 832750472 + 77 [ By cpopa(tu) + 077042 [ By cppn(tiw),  (8.14)

where one has used L°° estimates in Section 5, Proposition 7.3 and Lemma 7.1.
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Next, we treat Z* (| \|?). Direct computations give
AdZF(|N?) =2\ (dZFX) + 2 > ZR2 M dZF )
k1+ko=k, k1<k—1

=2t \(F* + dZ*E) + 2 > ZF2aN(dZM ).
k1+ko=k, k1<k—1

(8.15)

Taking L? norm of (8.15) on the surfaces X% directly, and applying the estimates in Section 5 and Section
7 to handle the lower and higher order derivatives respectively, one can deduce

SAZ (IAP) | 2y S8* =428 | F¥ || oy + 67272077/

_ - (8.16)

Finally, it remains to treat e”.

At first, we deal with the term £’;£[E Z]F’” in (8.9) with ky + ko = k — 1. If Z € {R, T}, then
(L, Z) = P#¥ X by (3.42), and therefore, £; , F*2 = Dyt - YFR 4 phe. gD, This leads to
that by Proposition 7.3,

k —E0— — —
SIS £ F* ooy < 00260 | F¥| oy + 6%/ 201712

. : (8.17)
+ 6t B o (bu) + 62702 By <o (t ).
If Z = oL, thenby [L, Z] = L and (8.8),
2 o o o .
'}%[LZ]F’% - ’;1{(_E — ¢ e+ ¢ L Ly )AZM ) — 4272 (|N?) + eF2}. (8.18)

Note that the estimate of £5' dZ*2(|\[2) in (8.18) can be obtained by Proposition 7.3 immediately,

SAZE (APl gy 0722047/ 4 512052 [y ()

+ 620 T/2 B> <pya(t,u).

(8.19)

The other two terms in (8.18) can be estimated similarly as for the remaining terms in (8.9), which will
be done below.

Indeed, for the term Z*F—%1 (—% —c e+ c_lfﬂfjapg)deltrA in (8.9) with k1 < k — 1, by Propo-
sition 7.3, one can get

B 2 1 {eopoe
|| z* kl(—;—c "L+ ¢ 'L L) AZM A | 2 sy

SO 4 7T S B (b u) + 68 B cipa(ty ).

It remains to estimate K’;eo in (8.9). By (8.10), (8.7) and Proposition 7.3, one has

5 |’¢Z€O||L2(zy) SO TP By cppa(tu)s + 070U By cppa(tu). (82D
Combining the estimates (8.17)-(8.21) and (8.9) yields
Sl |l pagspy SO0t FH||| pagp dr 4 8327504 4 472 By <pa(tw)

+0t? \ By <pya(t,u).

(8.20)

(8.22)
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By inserting (8.14), (8.16) and (8.22) into (8.13), one obtains from (8.5) and (8.6) that

(5l||FkHL2(E7:) §53/2760f72 + tilim\/ ENLSkJrQ(f, u) + (5’(72\/ E~27§k+2 (t, u) (823)
In addition, due to the definition of F*, dZFtrA = F¥ + dZ*E, and hence,

. k <
S NAZ N | 2wy + S| AIVEZ A L2 (s

SO 7 [ B (b u) + 6872 B <hpa(tyu)

holds true, where one has used (8.23) and (8.14).

(8.24)

Remark 8.1. Since dZ%tr\ = dZ%tr\ by (3.13), so (8.24) gives also the L? estimate for VVASION

8.2 Estimates for the derivatives of /Ay

As in Subsection 8.1, one can use (3.19) to estimate /A .. Indeed, it follows from [L, A = —2(trX) A p—
20 1Ay — dtrX - dp due to Lemma 3.8 and (3.19) that

Lisp =[L, flp+ SLp
= 2N~ 2 e+ (e (g L) + 2 e i
¢ he) + u{% “UL) Lo + 24(cT L) - dLpe } + L(c T uL hpa)
(e ) fpe — ¢ AL g + pll K] Ine — E(ufiine) + (L) Alne.

To estimate the term with wavy line in (8.25), one notes that (3.29) implies

(8.25)

AL* =dir) - da® + el pa® + Y { N (Le)dya® —%c Y dxe)T + ' TP (dx )T}, (8.26)

and the L? norm of each term in (8.26) can be estimated by (8.24).

Observe that the two terms with the underline in (8 25) are both derivatives with respect to L and
then can be moved to the left hand side of (8.25). Let E = ¢ uL®Apq — p/Alncand F = fApu — E.
Then (8.25) can be rewritten as

LE =(=2trA — 20 ' + ¢ 1L Lpy — ¢ 1 Le)F
— ditrx - (dp — cil,ulozgoadx“ — cil,ulo/adgoa +udlne) + é

Recall that Z is any vector field in {T', R} defined in Proposition (5.2). Set F¥ = Z¥/Ay — Z*E, one
can get by induction as for (8.8) that

LF® =(—2uh — 207" + c_lloﬂlo/gow — ¢ 'Le)F*

_ . . . _ _ (8.27)
—AZ%eN - (dp — ¢ pLpada® — ¢ pLodpo + pdinc) + [L, 2] dx FF1 + &*
with
e = Z kzl[loL,Z]XdXsz + ZFe + Z {Zkl(—Ztrj\—Qg_l —|—c_lloﬂlolgo,y —c_lic)FkQ
kp4+ ko =k—1 kp 4+ ko =k

[k1] > 1 [k1| > 1

— (dZ*2te)) ﬁkzl (dyp — ¢ YpLpadz® — ¢ pldpn + pdIn c)}7
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where the first sum on the right hand side above vanishes when k& = 1. Thus, applying (7.8) to
F(tu,9) = 0?F*(t,u,9) — QOFk(to, u, ) and using (8.27) lead to

t
5193/2”Fk||L2(Z}L) 553/2750 + 5175051’“716“112(2?)617'
to (8.28)
/51+l o2 dZ A 2 zu)dT+/ 726 || 2 oy

to to

It follows from (8.24) and Proposition 7.3 that

/51+l €0 I/QHJZ]CU.)‘”LQ(EM dT—I—/ 3/25l”ék”L2(Eg)dT
to

<o¥/2=0 4 / ( By crsa(ru) + 07 2m>d7 (829)
<$%/2750 4\ [ By cpra(tu) + 00/ B <ha(t,w).

Inserting (8.29) into (8.28) and appying the Gronwall’s inequality yield

5l93/2\|FkHL2(zg) <g3/27E0 V B <iaa(t,w) + 04/ Ea <ppa(t,w),
and hence,
SN Z* ] Loy S22t 4 032 By cppa(tu) + 6832 By <ppa(tw).

The other cases, which contain at least one Q[O/ in Z*, can be treated by using (3.19) and commutators
[oL, Z] and [oL, /\]. Therefore, we eventually arrive at

5l||Zk4AM||L2(E1;)

_ _ (8.30)

At the end of this section, we are going to improve the L? estimate of K%j\ in (7.29). It follows from
the proof of Proposition 7.1 and 7.3 that the estimate of L? norm of £25\ was obtained by integrating

L iﬁ’;;\ along integral curves of L. Such an approach leads to losses of time decay of some related
terms. To avoid such a difficulty, we now make use of the estimates (8.24) and (8.30) and carry out the
L? estimates directly by studying the equations of A under actions of different vectorfields.

Corollary 8.1. Under the assumptions (x) with § > 0 small, it then holds that for k < 2N — 6,

S ZFtrM|| oy S ¥4 4 6871 By cpra(tow) + 06 By <ppa(t,w), (8.31)

where [ is the number of T' in the corresponding derivatives. Furthermore,

5l||Zk[O/l’r5\||L2(Z?) 5 53/2_€Ot_2 + t_l_m\/ E~‘17§]€+2 (f, U) + (5’£_2\/ E~‘27§k+2 (f, u) (832)
5l+1 HZkTﬂ‘}\H[g(Z?) S 53/2750’(71 + tim\/ E1’§k+2(t, u) + (5f71\/ E27§k+2(f, U) (833)

and
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Proof. We first derive (8.31). Without loss of generality, k& > 1 is assumed. Z¥~1(oL)tr), Z*1TtrA
and Z*~! Rtr\ will be treated separately as follows.

Step 1. Treatment of Z*~1(oL)tr\
It follows from (4.15) that
8| ZF (oL)trA| <M | ZMted| + 61504 0/25t2 | 22 0| 4 612 | L 22
4 5l2 ‘dZTLQSO’ 4 t—l(slz |Zn2g0| + 61—80t—3/25l1 ‘an L’L| (834)
+ sleog=3/25lo |£7%0(R)7fi| + §2—c0¢=3/25lo |£’%0 (T)?fﬂ?

where [; is the number of T"in Z™ (i = 0, 1,2), and n; < k — 2 + . (8.34) and Proposition 7.3 imply

5lHZk_1(Qi)tr5\||L2(zy) ST By e (tu) + Sy By <pra(t ), (8.35)
which, together with (7.5), yields

S ZF (oL trA|| pasyy S 0¥ 4 671 [ By cppa(tow) + 067 By <ppa(tu).  (8.36)

Step 2. Treatment of Z*~1Ttr\
Thanks to (4.16), one has

S ZF TN | g2 oo 326h 2T gt | 4 gm0 1251z | 4 61 2 A
+ 6172 Zr2 | 4 62| d 20| + 62| L2 | 4+ 7162 27
+ 51750t73/25l1 |Zn1 Lz| + 5t726l2 ‘Zn2/~L‘ + 617€0t73/25l0 |£7Zlo (R)ﬂ.L‘
+ 527€0t73/2610 ‘Z:"%O (T)%Li’7

(8.37)

where the number of T in Z*~1is I, [; and n; (i = 0, 1,2) are given as in Step 1. We now apply (8.30)
to estimate Z™ /Ay and use Proposition 7.3 to handle the other terms in (8.37). This leads to

SN ZM T | gy S 0% 7504 + €/ By cppa (b u) + 06/ By < (t ). (8.38)

Thus

S ZE TN oy S 03270471 4 671 [ By cppa(tou) + 0671 /By <ppn(tu). (8.39)

Step 3. Treatment of Z*~! Rtr)\
Due to ZF "' RtrA = [Z¥~1 RjtrA + RZ*'tr), then

(51‘Zk_1Rt1‘5\’ S (51_€0f_3/25l0 |[’ZO(R)¢L’ + 52—50t—5/25lo M:ZO(R)#T‘ + t(sll \dZ”ltrM,

which, together with Proposition 7.3, (8.24) and (7.5), implies

(5lHZk_1RtI'5\||L2(E?) 5 53/2_8(){_1 + f_m\/ E17§k+1(f, ’LL) + 5’£_1\/ E27§k+1(t, u)
< 032me0 Tt L S By cpra(tu) + 68 B chya(t ).

Collecting (8.36), (8.39) and (8.40) leads to the desired estimate (8.31). Moreover, (8.32) and (8.33)
are the direct consequences of (8.35) and (8.38) respectively. ]

(8.40)
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9 Estimates for the error terms
With the L2 estimates in Sections 7 and 8, we are ready to handle the error terms ¢ f Do o L\IJ| and

| [ Dtu @(gzmiql + %QQm_l\I’” in (6.35), and then get the final energy estimates for ¢. To estimate
[peu ®(0*M LT + L 0>™=1F) for the top order derivatives, the following two lemmas will be needed.

Lemma 9.1. For any smooth functions f and h, it holds that

(fh) = / (L +mgmy+ [ (g

St,u Sto,u

f(Lh+—h) /Ct(if+2lgf)h+/

C£

trA(fh) + /S (fh), .1)

Ci

/ Rih=— [ frn) -t / PR fh). ©2)
St,u 2 St,u

St,u

Lemma 9.2. If f; (i = 1,2, 3) are smooth functions, then it holds that

g risy == [ g mg L)+ [ (eRE g

o 9.3)
+ Er; + Ery + Ers
Dt nu =y
with
Ery =(tr\) fi- fo- Rfs — Rf1- fa- Lf3—1(fr Y f1- fa Lf3—f1 (R)ﬁiXdXﬁ)'f:a
<<R>¢Lxd f) - fo fs = @) fr-foe fs = (L+ 5 )f1 Rfs- f3
~ R(L+ )f1 fa- f *Q(W(R)#)(LﬂL SPULRIERNEY
Er2:Rf1-f2-f3+§(tr Vi fa fa
Ers=—fi-Rfyfs—Riv fo- fs — 3™ B o fo.
Proof. Let f = f1- Rfsand h = f5 in (9.1) and then integrate over [0, u] to get
- [ AheLht g p)RE)
:/ utr)‘{fl fa Rf3}+/ {L+ )(fl Rf3)- f2} (9.4)

—/ {fl'f2'Rf3}+/ {fi- fa-Rfs}.
ot o

Denote the last three integrals on the right hand side of (9.4) by I, I] and /11 respectively. Choosing
f=fzandh = fo(Lfi + 55/f1) in (9.2) yields

I=- /D L RUB(LS+ ;an}fg - % /D R+ ;anfa}

- 9.5)
+ l)*,'u{fl -fo-RLf3} + /l)£7u{f1 < fo- ((R)?fLXdeg)}
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Treating [, {f1- f2- RIO/fg} by using (9.2), one can get from (9.5) that

== [ RR(LA g [ RIRE R

Dt,u
1

-5 /Dt,u ot {f(Lf1 + ;Qﬁ)fg} — /Dt,u f1-Rfs-Lfs

Dtu

—/ fl((R)ﬁszsz)fs—/ ((R)ﬁixdxfl)fz-fs
Dtu Dtu
—/Dtu(diV(R)ﬁj)fl'fz'f:%-

— Rf1-fo-Lfs — ;/Dw tr(R)%‘{fl'fQ‘loffS} (9.6)

Similarly,
1
1= [ frgtr [ Rfc s ot [ GO0 R f ©)
1
I = — fl(Rf2)f3_/ Rfi-fa- f _2/ D8 1 f2 f. (9-8)
oy DA oy
Thus (9.3) follows from substituting (9.6)-(9.8) into (9.4). [

Recall the notations in Section 6 that for ¥ = Zk+1<p7 =Zy12y - L1y, = <I>’ff1 = J{“ + Jé“
is given explicitly in (6.38) with J{“ and J§ being the summation and the rest in (6.38) respectively. We
will also use the notation that gpz = Zn---Z1py forn > 1, and gog = ¢~. Then our main task is to
estimate J§ and J§.

9.1 Estimates for J}

It follows from the explicit form of J{“ that the key is to estimate the derivatives of udiv(z )C’QL 0<n<
k). Due to (6.42) and the structures given in (6.43)-(6.45), the treatment involving (2 )D?n? will be given
separately from those for z )D$,1 and 4 )D;L,ii’
Pry-

(1) We start with the estimates involving (2 )nyﬁl and (4 )nylyg. Substituting (3.23)-(3.25) into (6.43) and
(6.45) yields

since the latter do not contain the top order derivatives of

) L . 1 . 1 .
MDD =TpL?e? + p(dp + 2¢7 pTpa) - dLT + §tr(T)¢(LLsOZ + 5 XLy
~ o 1 o
+ (A + 207 W oa) - ALY — Tudbply + 5 (= ¢! Te — ¢ 'ule ©9)
+2c 7 uda® - do, — 2utr)\)4&pz,
1 1 - 1 o .
Mz ={teATp + (FutrA + §utr9)trg(T)%‘ - §|dul2 — T - dipa } Leo?

1 1. ~
+ (itr(T)yf + 5 Ln— putr) (dp + 2¢ T epq) - do,

(9.10)
(L) D) =(2 — pu+ oLp) L2p" — 20(dp + 2¢ T dipy) - A L™

L. 1 . c 9.11)
+ o A(LLey + Stex L) + o(uted — L) g7,
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. ) - ]
L) pn o =teA{2 — i+ oLy + optrd + ig,utr)\}Lgpg
+ 20t A (dp + 2uc ™ T p,) - der,
° o 1 o o 1 .
WD =RuL?ey — Wi - ALl + Su Wi (LLeY + StALeh)

. Lo .
— By ALyl — Rudol + Qﬂ(tr(R)¢)4A¢7’

1 - .
(E) " s ={tARu + iu(trO + %tr)\)tr(R)ﬁ + %du : (R)ﬁi}hpfy‘ + {%tr(R)ﬁ(du

i 1. 1 1 i
+2uc M T, — iLu(R)m‘i + §tr)\(R)7fL + §utr)\(R)7fi} ol

9.12)

9.13)

9.14)

Note that the term LL@’; + %tr)\chZ appears in %) DY and J{“ contains at most the (k — n)™ order
derivatives of (%) D2, (i = 1,3). Then it can be checked that the L? norms of all the terms involving
(%) D2, (i=1,3)in J¥ can be treated by using the L>-estimates in Section 5 and the related L2

estimates of Proposition 7.3. Therefore, it holds that

k
2+ | / Z (Zisr + (Zk+1)A) o (Zpyoj + (Z’”Q*J')A)(ZHlfj)D’lj_lj
Dtu j:1 7

Lkt

t k ,
<pU+ Z 1(Zisr + (Zk+1)A) i (Zryaj + (Zk+2fj)A) (Zk+1fj)D"I§7_1] L2 (s0) 9.15)

to j=1
AILZ* o || 2 sy d

¢ t
5547450 + / 773/2E1,§k+2(77 u)dT + 7.*3/2E2’§k+2(7', U)dT,
to to

Similarly, one can get that

k
521 | / Z (Zk+1 + (Zk+1)A) . (Zk+27j + (Zk“_j)A)(ZHl_j)Ds:”j
Dl,u R
7j=1
'LZkJrlSDV ‘

¢ t
S537350 + 627350 / 773/2E1,§k+2 (7_7 u)dT + 52*50 / 7'73/2E27§k+2 (7'7 u)dT
to to

The corresponding terms in 6% [, . (o> LU + $0*™~1I)| can also be estimated as

k
52 /Dw | Z; (Zk+1 + (Zk+1)A) o (Zk+2fj + (Zk+2fj)A) ((%H—j)pi‘lﬂ
j:

+ (ZkJrlfj)D’]i;sj) (g2mi@k+1 + 7Q2m71@£€/+1) |

(9.16)
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k
5521+1/ { Z Zg1 + FmtVN) L (Zypamj + Brr2-i) p) ((Zk+l_j)D§,_1j
Dtu
7j=1

.32 1
B DI P @ [ (grLht 4 e kP
Dt 9.17)

t t
§(54_480 + (S/ 7'_2E1’§k+2(7', U)dT + (S/ 7'_3+2mE2’§k+2 (7’, u)d’f

to to

u
—I—(S_l/ F1’k+2(t,u/)du/
0

(2) We now estimate the terms involving (% )D;"z (0 < n < k) in J§. Note that the most special case
is n = 0, which corresponds to j = k in JF. Indeed, in this case, the order of the top derivatives
n % )D%2 is k, which implies that (%) D2,2 contains terms involving the (k + 1) order derivatives
of the deformation tensor. This prevents one from using Proposition 7.3 to estimate the L? norm
of (4 )D%2 directly. Otherwise, the factors E1 <y 3(t,u) and Fy <y 3(t, u) will appear in the right
hand side of the energy estimate (6.35), which can not be absorbed by the left hand side. Thus, we
will examine carefully the expression of (%) DY 5 and apply the estimates in Section 8 to deal with
the top order derivatives of tr\ and p. Indeed, it follows from direct computations that

(T)

L 1 1 -
"oy =LTu- Lol — 5(%”%;) ety + 5 dividys |+ 2¢7 T dipu) L

1- _ e _ 1 b
+{L( = Te— ¢ uLe+ 2pe ldaz“-dtpa;&/ﬁt{g) + 5| Vx (ud " p

+2¢ P T pa) YL@l — {dTp — S £y (du + 27 uTda) } - didy (9.18)

d(Q;L trA+20 tp? 4+ ¢ uTe + c_l,uQIO/c — 212 (dz?) Apa) - dgog

+ — (Lu'g) Lt

uk\»—k l\D\H

my ={L( =+ obn) + 3 L(ote) = | ¥y (o™ |+ 2 opT ™ pa) } Lot

[\')

1o, oo i O
5L (0N Lot — (£ (dn + 27 ouT o) + (i + oLyr) } -’ (9.19)

+ d(outr) - dih,
————

[T 1 1 \ afi
(R)D'y2 —(LRM)LQOW - {iﬁL((R)?\LL) + dRN - im - gabEiL dxb

1 ° 1 _ n 1. ron
3¢ 1RXch + 3¢ 1Udc)} 'd@'y + ZL(tr(R)ﬂ')L‘pw

o o o 1 .
L(2Utr)\ +c¢ wLe — 2¢ todz? - dp, — c_ch) Loy — - Y x (,uRXtr/\
PN

—wve M T, +

!
4

.. .. ~ 1 °
+ gab,uei-’dexxa + 2gapued T dab + poe T, + §cfl,uRXLc
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1 o 1 .
+ —c Lpvde + 2udp — QC_IIU,RQOadan)L(p: +-Vx (RXtr/\
2 2
y - 1 o 1 o
— gabengan:b — vcilT“ngoa + 5671RXLC + icflvch)chz (9.20)

1 ,
+ 3 d(2vutr>\ +c YpuvLe — 27 poda® - do, — ciluRc) : dgpﬁ
—_——

It is emphasized that special attentions are needed for terms with underlines, wavy lines, boxes, or
braces in (9.18)-(9.20). In (9.18), due to 3 £; du = AT+ 3 ud Ly, the corresponding underline part
is { )

ATy — f£° dp = —fudLuj (9.21)
which can be estimated by using (3 19). For the terms with wavy lines in (9.18)-(9.20), one can use
(4.16) and (4.15) to replace 1£ A by 77 i+ - -+ which can be handled by (8.30). We also apply
(8.30) and (8.24) to estimate those terms with boxes and braces respectively. Meanwhile, one notes
that in (9. 18) (9.20), there are some terms containing derivatives of the deformation tensors with

respect to L. For example, 5 (K (1) v L) dgpv appears in (9.18). However, these terms are not the
“bad” ones and can be estimated by taking into account of (3.19), (4.15), (3.23) and (3.25).

In summary, we can arrive at

s+l | /t Z g1 + Zk+1)A) o (Zk+2—j + (Zk+2—j)A) (Zk+1—j)Di€;2j
Dt i

k+1 ‘ . (9.22)
t 5 t -

<gi—deo 4 51—250/ 7_1/2_mE1’§k+2(7’, w)dr + 6 T_l/Q_mEZSk"FQ(T’ w)dr.
to to

It remains to deal with

. . 1 _
52 | /Dt (Zk+1_|_(zk+l)A)..'(Zk+2_j+(Zk+27])A)(Zk+lfj)Dk J( 2mL¢k+l+§Q2m 1¢§+1) I

where j = 1,2, - - - k, which will be done by these steps below.
(a) For Zy1_; =T, according (9.18), one can get from (8.24), (8.30) and Proposition 7.3 that

k
o | /Dt Z (Zk+1 + (Zk+1)A) o (Zk+2—j + (Zk+27j)A) (T)D'I;,_ZJ (o 2mL90k+1
sU i—1

1
+ 2Q2m 1@54_1) |

k
552l+1 / Q2m | Z (Zk—l—l + (Zk+1)A) o (Zk+2—j + (Zk+2—]')A) (T)Dk J |2
Dtu = (9.23)

u
+5_1/ Fy o (tu')du’
0

t t
<6000 53_480/ T 2By <ppo(T, u)dr + 53_250/ T3 By <po (T, w)dr
to to

u
+5_1/ Fi g (t, u')du
0
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o contains a term 2z kL gtr)\))chﬂ, Then (4.15) implies that
824 (otrd)| 0%\ 272| + 02127 (o(fspo + Lo Bpa)) | + 651 L 270 )
+ 01T 260 g | 4 47161 23| 4 61T 26"2 22 L] (9.24)
 olmeog3/2gh g (R)7‘LE|  §2e0 g3 250 p (T)%Li”
where [; is the number of 7" in Z™ andn; < k —2+1i (1 = 1,2,3). Due to (8.4),

(b) For Zy41_; = oL, Z"(eL) o

. L. 1. . .
(oo + L2 fpa) =L LLpa + 5 L Lipa — L% Ha

. ) 9.25)
=L(L*Le®) — (LL*) L, + 2—LO‘L¢Q — L°H,.
0

Substituting (3.26) and (4.4) (note that H, = H, — whpy) into (9.25) yields

Ao + f%%

=L+ LSOO + Z {@pa—LYL+5 )L% + L(2pa — L) L}

a=1
2 1 - 9.26)
+ ¢ N(L%a — Le){ Lo + Z(Qcpa — L") L, } + §cfl(T“cha :
a=1

— da® - g — ctrh — co™ ) L Lipa + ¢ (Lipa + 3T dpa) - da® (Lpy)
1 . - . - - .

+ 5c*l(Lc + 3T Lpg — 3dz® - dipq + ctrA)(L* + 2T7) Lipg,.

It then follows from (9.26) and Proposition 7.3 that for any fixed constant 3> 1,
52[ / £ Q2m79|Zk (Q(ASOO + id&%&z)) |2
Dtu
1
55213/ 2m 9’([1 + 2 )Zn3¢‘2 + 52[3/ 7‘2m_2_9’Z”3(p‘2

Dtu Dtu

+ 52—250+2l2/ 7_2m—3—;|Zn2Lz|2 + 62—250-{-13/ 7_2m—5—9|an‘,E|2
Dt,'u, Dt,u

o /D P g2 g2 /D P 2 9oy

+ 54—280—1—2[1 / T2m—3—3|£’%1 (T)7\LL‘2
Dtu

u t
S/ Fi <pya(t,u)du + 6770 + 52250/ T B <y (T u)dT
0

to

t
+ 52/ T2m_2_9E2’§k+2(7’, U)dT

to

In addition, (7.4) implies that for the constant 5> L

/ QQm_95213|IO/Zn3(P’2

Dtu

5 / 2m 952l3 |(L + )Zn3<p|2 / T2m—2—352l3 ‘Zn3<,0|2 (928)
Dt Dtu

u t
5/ Fingya(t, U/)dul+52/ 7_2_91‘31,n3+1(77U)dT+52/t T2 F et
0 to Dtu



60

On the other hand, applying (8.31), (9.27) and (9.28) to estimate the first line at the right hand
side of (9.24), and utilizing (7.4) and Proposition 7.3 to deal with the other terms, one then can
obtain by choosing 5= 1 in (9.27) and (9.28) that

[ P2 LIl S8 [ 2L )P
Dbu Dtu

t t
553—460 + 52—450 / 7—_2E17Sk‘+2(7—7 u)dT + 52_250 / T2m_3E2,§k+2(T7 u)dT (9.29)

to to

u
+5_280/ F17§k+2(t,u')du'.
0

Therefore, thanks to (9.19), Proposition 7.3 and (9.29), one has

k

52 ‘ / Z (Zk+1 + (Zk+1)A) o (Zk+27j + (Zk+2fj)A) (QL)DIWC;j . <92m[°/(p7;+1
Dbtu
7j=1

1
4= 2m—1 k+1)|

50"
k
552z+1 /D{u 02" | Z (Zk+1 + (Zk+1)A) o (Zk+2—j + (Zk+27j)A) (@L)D’;;J \2
| 2 (9.30)

u
61 / Py ot /)
0

t t
St 53_45”/ T 2B <o (T, u)dr + 53_280/ T2 By <y (T, u)dr

to to

u
+(51/ Fl,k_,_g(t,u/)dul.
0

(c) Finally, we deal with the most difficult case, Zj11_; = R. In this case, it follows from (9.20)
that Z*(%) D2’2 contains the term %(RZ "‘“‘trj\)ch7 whose treatment is more subtle and will be
given later in Proposition 9.1. The other terms can be estimated as follows

1 <o
sl z* B DS, — §(RZktr)\)L907|
SO Y2 13| Lz | +61 720 6%2| 27 LirA| +67 =0t /2 62| 272w
—— ——— ————

(9.28) (8.32) (8.31)
+ 51750t725l2 ’£%2(R)7\LL‘ + 517€0t75/25l3 ‘ZHSN’ + 5272€0t73513 |Zn3 Lz|
+ §E0¢—3/2 gl |Zn2y| 4 5120435l 1ZMz| + §E0¢—3/2l3 1275 (9.31)

+ 5—601(—5/2512 |Z7L2,U| + 51—60t—3/26l3 |LG3%0| + 51—2€0t—1613 |dZn390|
+ 51—25(){—2512 |Zn2tl'(R)¢‘ + 52—250t—35l2 |£7Zl2 (R)7(,T| + 51—250t—35l3 |Zn3U|
+ 62722041 g2 | 22 DA | 4510t 2 612 202 | +61 042 6 Az
—_— —_—— ———
(8.33) (8.30) (8.24)
where [; is the number of 7 in Z™ and n; < k — 2 +i (i = 2,3,4). To estimate the L2-

norm of §'|Z¥ (%) D2’2 — 2(RZ*tr)) Lgpﬂ over D%“, we can bound the L2-norms of the terms
underlined with braces in (9.31) by the corresponding estimates indicated bellow the braces.
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While the other terms without braces can be treated by using Proposition 7.3 and (7.4). Then
one can conclude that

1 .o o 1 _
|52l /Dt (ZIC(R)I)S72 _ §(RZktI‘)\)LC,D»y) .(QQmL¢:+1 _|_§Q2m 1()01;-5-1) |

" t
55_1/ Fy <ppa(t,u)du' 4 6740 + 53_450/ T 2By <hya(T, u)dr (9.32)
0

to

t
—1—53_250/ T2m_3E273k+2(7’,u)d7.
to

Finally, we turn to the estimates involving the term %(RZ ktrj\)Lgov, whose L? norm cannot
be estimated by (8.24) directly since the resulting time-decay rate is not enough to close the
energy estimate (6.35) (see also the beginning of Section 10). Our strategy here is based on the
structural equation (8.5). Indeed, (8.5) implies that lol(trj\ — E) admits better rate of decay in
time, which, combined with (9.3) and (9.2), will enable us to obtain the desired estimates for
corresponding terms. Meanwhile, the terms involving E defined by (8.6) can be handled easily
by using Proposition 7.3 and (9.28) directly. Thus we can get

Proposition 9.1. For § > 0 small, it holds that

‘e S 1 —
‘52l /Dtu(RZktrA)L(‘D’y(QQ LZkJrl(P'y"i‘iQQ 1Zk+1¢'y)|

<3320 +5‘1/ P <npalt, u')du’+5_1/ O o2 (t, u')du’
i A (9.33)

t t
+ 527380 / Tm72E1,§k+2 (T, u)dT + 52760 / T2m75/2E2’§k+2 (7’, u)dT
to to

+ 52—360£7]17§k_~_2(t7 u) + 62_50E2,§k+2(t7 u).

Proof. Noting (8.5) for tr), one can bound the left hand side of (9.33) by |I| + || with
_ § ) . 1.,
= /Dtu RZM(wA — E) - Lo (0™ LZ" g, + §Q2m 2 p,),

— o ° ].
II:62I /Dtu(RZkE)Lsﬁfy(anLZkJrlSD»y'f‘2Q2m12k+190ry),

where F is defined in (8.6).
We start with the easy term T1. Note that RZ* E contains Z*(dz® - dR¢,) and

- R o = S0 dieu) + (Re") K

Replacing /A, with = (LLp, + 2% Ly, — H,) and applying (4.4) yield

dz® - ARy,
1 2 1 1
=(L + ?Q)Rgoo + Z(Q@a — LY (L + ?Q)R¢a + itr(R)ﬁ(dx“ dpa)
a=1
- 3 9.34
- Z@Sﬁa - La)(R)¢i Ao — (R)ﬂ‘i -dipo — %Rwo ©.34)
a=1
1< Ly

~ % 2(4% — LYRpq + ¢ f(L ) | da® ey | Re.
0 a=1 trA
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It then follows from (8.6) and (9.34) that

u
7] <6 / Fy 2t 0 )du' + 517250 /D e vty
0 U

+ g3 e /D‘ w 02m765214‘Z"4x|2 + g2 /D Q2m71 ’Zk(dxa : dRSOa)‘Q

t,u

+ 53—4&0 Al QQm—452l2 ‘£%2 (R)#i‘Z + 65—460 /Dt QQm—662l1 |£7%1 (R)#TP

+ 65—460 /;t Q2m_452l1 |£Zl (T)¢i|2 + 53_460 /D Q2m—452l3 |Z7L3 L’L|2

t,u

+52l+17250 /D{ 92m71|iZkRSO|2

u . 1
<5t / Fipeya(t u')du' + 51770 / LT A )2 R ©.35)
0 Dt

+ 53—480 / Q2m—662l4 ‘Zn4$|2 + 63—450 / l9277"0—45%3 |Zn3LZ’2
Dtu D

t,u

+ §53—4eo /Dt’u QZm—452l2 ‘£7ZLQ(R)¢L|2 + §5—4e0 /D Q2m—652l1 |£7le (R)¢T|2

t,u

+ 557480 A){ ) 02m7452l1 ‘Z:ZI (T)¢L’2 + 637450 /Dt ) Q2m7452l2 yznztr(R)¢|2
t,u

+51—280/ Q2m—35213‘2n3¢’2+53—4m/ 92m_252l2]Z"2tr5\]2
Dtu D

+62l+1—260 /;t Q2m_1|iZkR(;0|27

where [; is the number of 7" in Z™ and n; < k — 2+ (i = 1,2,3,4). Applying (9.28) with
5= 1 to estimate the last term and using Proposition 7.3 to deal with the other corresponding
terms, one then can obtain

U t
ITT] <671 / Fy o (tu)du + §4740 4 5340 / T2E) <pyo(T,u)dr
0 to

(9.36)

t
—1—53_260/ TQm_3E2,§k+2(T, u)dr.
to

We now treat the difficult term /. Choose f; = sz_zigow, fo = Zk+1<p7 and f3 =
0?Z*(trtA — E) in (9.3), and define

I_l _ (52l/ IO/(QZZk(trj\ - E))(Q2m_2L§0»y)(RZk+1(p»y),
Dtu
L2 = o /Eu (RZkHSDv)(QQmiQLSDV)(QQZk(trj‘ - E))
t
It then holds that

=R+ h+? [ Er4? / Er + 6% / Brs. 9.37)
Dtu nu »

u
to
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Note that (8.5) implies that

L(o*(rh — E))
= —20F + c_1g2(iai<pa — ic)tr/\ — 0% (tr\)? + o%e

. o o o o (9.38)
:c_lg(—Qd:E“ dq +2Lc — L*Lpy) + c_IQQ(LO‘cha
— Le)trh — o2 (trh)? + oe,
so I; can be rewritten as
= [ 5Z(Peh  B) (@ L, (RZ)
+ 521/ L([¢*, Z*)(eA — E)) (" * Loy ) (RZFH )
Dtu
+ 6 / 0" 2 ZRL(0* (X — E)) Loy (RZF )
Dtu
=:I11 + Lz + 3.
I; (i = 1,2, 3) will be treated separately as follows.
i. To estimate I11, one can use the facts that [L, Z*] = Z ZM(L, 21Z% [L, oL] =
~ ki+ko=k—1
Land[L,Z] = (Z)ﬂ‘)ng with Z € {T, R}, and Proposition 7.3 to obtain
| 6% / _ZML, 0L] 2" (¢*(uh — E)) (" *Lipy) (RZ" (o) 2" Rypy) |
Dtu
SIP [ 2Lz (P - ) (@ L (RZM. 0L 7P R |
+ | 6% / ZMLZ" (X (A — E)) (0™ 2Lyp,)(eLRZ*¥1 Z*2 Rp.,) |
Dtu
oo [ g 5| 2Bl 2 (9.39)
Dtu ————

oo 2 (1L |+ £ D)) + e8| LZM ] }
—_——

t
U A / T2E) cppo(T u)dr
to

t u
+ 52_50 / 7’2m_5/2E27§k+2 (7‘, U)dT 4 ¢ / Fl,k+2 (f, u')du',
to 0

where the first and second term underlined by braces have been estimated by using (8.31)
and (9.28) with >= % respectively, and by (7.5), and similarly,
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8 [ 2L 22 (P A= D) L (RZ ) |

552—450 / t Q4m_452l1 |£TZL1 (2)7(_L|2 + 52—450 / Q4m—25212 |Zn2tr5\|2
Dtu D

t,u

+ 54—650 /Dt Q4m—752l3 |Zn3x‘2 + 52—450 /D Q4m_452l3 |Zn390|2

t,u
. (9.40)
_'_64650/t Q4m552l2’Zn2L2‘2+/l 521|de+1@’2
Dtu Dtu

t
5557650 + 547450 / 7_2m74ELSk+2 (7_7 u)dT
to

t u
+ 64—450 / 7_4TrL—4E12’§k+2 (T, u)dT + 5_1 / 5F2,k+2 (t, ’U,/)d’U,/7
to 0

where [; is the number of 7" in Z™ withn; < k -2+ (i = 1,2,3).
Combining (9.39) with (9.40) yields

t u
‘I_H‘ §5373€0 + (52780 / T75/2E1,§k+2 (T, u)dT -+ (571 / 5F2,k+2(’£, u’)du’
to 0

¢ w (9.41)
+ (52_50 / TQm_5/2E27§k+2(T, u)dT + 5_50 / F]_7]€+2(t, u’)du'.
0

to

ii. |I12| can be handled similarly as in Case i. Indeed, due to [¢?, QL] f = —20°f and
[0%,T]f = 20f, then as for (9.39), one can get

| 6% /D L(ZM[0% 0L) 2" (wh — E)) (" Lipy) (RZ™ (L) 2 Ry |

t
5637380 4 52*50 / 7—75/2E1,§k+2 (7-7 u)d'r 9.42)
to

¢ u
+ 270 / T2 Ey cpyo(T, u)dT + 570 / Fipsa(t u)du’.
to 0

Meanwhile, it follows from (8.31) and Proposition 7.3 that
8 [ L(ZMATIZR = ) (@ L (RZ ) |

5/ (52”de+190’2 + 52—250 / 7_4m—35212 (‘ZthrMZ + ’anE’2)
Dtu Dtu

. . ) 9.43)
551/ 0Fy oo (t,u)du’ + 67740 + 542&0/ T OB <o (T, w)dr
0 to

t
+ (54_2a0 / T4m_5E2’§k+2 (7’, u)d’]’
to

Therefore,

t
| T1o] SO373%0 + (5250/

to

T75/2E~1,§k+2 (T, u)dT + (571 / 5F2,k+2(’£, u’)du’
. o0 (9.44)
+ 52_50 / T2m_5/2E27§k+2(7’, u)dT + (5_80 / F17k+2(f, u')du'.

to 0
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iii. We will use (9.38) to estimate ;3. Due to (9.2) and (9.34), one has

52 | t QQ’”_QZ’€ (c_lg(2daca g — 2Lc+ i“iwa))L@V(RZlﬁH%) |
Dtu

<® | [ PmERZF( o(2dat - dipy — 2Le + L7 Lipa)) Loy (7 0,) |
Dtu

+ 6% | t o’ 27k (cilg(Qda;a dpg — 2Lc + i“f)@a))RLgow(Zk“%) |
D S U
1 - - .. .
+ 507 | [ PR (e o2 dpn — 2Le + L Lipn)) Loy (28, )ut g |
Dtu
5/ 61_50927”_3/2{51_5°+l47_5/2|Z”4x| + T_l5l3|Zn3(p| + 5Z|Zk(lo/ + QL)R(M
Dtu Q
t otmeotl =32 (| g2 (B | £ gty | 4 61L7 Dt | + 7 2721w
62ty =SR2 g (B | 4 6| LRZF o] 46" =0 s =32 zms |} 61| 2 )
~—_———

where [; is the number of 7" in Z™ withn; < k — 2+ (i = 1,2,3,4), and the term
underline with brace can be estimated by using (9.28) for >= %
This, together with Lemma 7.1, Proposition 7.3 and (9.28), yields

52 | . QQm_QZk (c_lg(de“ Aoy — 2Lc+ IOJO‘loLgoa))Lgo,y(RZngov) ]
t
<gdm2e0 +53‘2a0/ 732 <o u)dr (9.45)
to

t U
+ 53_260 / 7’2m_5/2E27§k+2(7', u)dT + / Flélﬁ_g (f, u’)du’.
to 0

In addition, for /; and n; defined in (9.45), one can get
62 | . A (c_IQZ(iaigoa — Lojtrh — o2 (trh)? + QQE)LQD,Y(RZIH_IQO,Y) |
5 / 52l |de+1QO‘2 + / 52—4507_4m—462l3 |Zn3¢|2 + / 54—650T4m—552l2 ’an L2|2
Dtu Dtu Dtu

+ 547650T4m775213 |Zn3x’2 + 6274507_41717262[2 ‘Zthrj\‘Q
Dtu Dbtu

t t
oo gt [ty (e + 8 [ By a(ra)dr
to to

+5_1/ 0Fy o (t,u')du’,
0
(9.46)

where the last integral in the second inequality has been estimated by (8.31). Collecting
(9.38), (9.45) and (9.46) yields

t
’j13’ 5547250 + 53250/

to

T73/2E~17§k+2 (T, u)dT + (571 / (5F27k+2(f, u’)du’

. ) L (9.47)

+ 53_250/ TP 2By o (T u)dT +/ Fi<pa(tu’)du'.
0

to
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We conclude from (9.41), (9.44) and (9.47) that

11| So3730 + 52_60/ SRE cyo(mu)dr + 6 / §Fy oy (t, u)du/
L 5 (9.48)
+077%0 / 7252 By pga(,w)dr + 5790 / Fy <pyo(t, ) du!
to 0

Next we deal with I5. For any vectorfield Z € {R, T}, it follows from equation (9.38) that

8| L(*RZ* (uh — E))|
<&Y[L, RZ*](o*(trA — E))| + 6'|LR[%, Z*|(ttA — E)| + 8'|RZ*L(* (A — E))|
551—5091/2512|R2n2 (tr5\ _ E)|51_50t_1/26l2 W}”Z%I + 51—50t—3/25l4|2n4x’
+ 51700258473 p| 4 610265 2 LY + 06| 272 (da® - dRepa)|
+ 88| ZM | + 01 |LZ | 4 6203260 £ (Rt | g gLme0gl/ 25tz 2|
+ 600" Z"2 Lir ).

(9.49)

This, together with (7.3) and (8.32), yields
5| L(*RZH (A — ) 2(opy
6100 25 | RZH (X — B)||poqsyy + 632750 + 617027 JEy a(tw)  (9.50)
+ 04/ By <kio(tu) + 06| 27 (da” - dRoa )| 12(sy + t(slgHiZ%@Hm(w)-

On the other hand, applying (7.8) to F' = o> RZ*(trA— E)(t,u,¥) — 02 RZ* (ttA— E)(to, u, ¥),
one can get from (9.50) and (9.34) that

%8| RZ" (trh — E)lrzsw

SO 2 50T By cgpa(tu) + 662 By < (tw)

t
+ / T2{6% 27 (da - dRpa) | 25y + 82 | L2720 2y b

to

N/ P L+ 5 L) 20 oy dr + 89/220 (12 9.51)

+ otmeogt "/ Eq <ppo(tu) + f1/2\/ By <ot

1/2
<f1_m(/ Py <kr2(tu )dul> + §3/2—=0l/2
+ 5 0 B o (tu) 4 682 By <ot

When there is at least one oL in Z¥, that is, Z* = Z¥1(oL)Z" for ki + ko = k — 1, according
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to (8.5), Proposition 7.3, (8.24) and (7.5), one can deduce that
Y|\ RZ* (oL) Z*2 (trA — E)lr2csw)
<§'|RZM[oL, Z](trA — E)| p2wy) + O |RZ¥ 22 (oL) (rA — B)| 12 (s
<ot £ (Z)?fiHB(zg) + 5" IRZ™ A 2wy + 1ot 1Z™ || L2z
+ gt /2gh 127 oA || 2y + gloeog=3/ 25t 1272 1| L2 (s
1 §lmeog=5/24ls |22 2z

<20t 50 2 m By () 4 66 By (b ).

Thus, it follows from (5.1) and (5.2) that

(9.52)

N w 1/2
ORZH (A — E) || oy S €/ (/ P <ka(t, u’)du’) + 53/ 2 el
0 (9.53)

+ 01T 2T By o (b u) + 0 By cppa(t ),

which, together with (9.2) and (8.31), yields

I =67 /Z (24,)0" R{Lipy 24 (A — ) }da
t

1 o )
45 [ @mE ) Lo, 24w - ) u s
o
SO0 PG| 28 | oy - M| RZF (X — B)| oy (9.54)

+ 5_50927”_1/251||Zk+190||L2(23) -S| Z5 (X — B) | p2gsy
u
oI ER0gPmE/2 5_509_1/2/ Fi <pya(t,u)du
0
+ 62—350 Q_1/2E1,§k+2(t7 u) + 52—50 sz_3/2E2,§k+2 (f, u)

Recall (9.37). It remains to estimate terms involving Er; (i = 1,2,3) given in Lemma 9.2.
First, one has

52l | ETl |
Dtu
t
<67 / P 2 ol g { 812N (A — )12
to

+ 771282 2 A 2y + 60T 2N LY D2y
+ 77326 27 || pasy + 6107262 | 2 Bl 2 (9.55)
+ 617507_735[3 ”Zn'gwiH[?(E?) }dT

t
—{—51_260/ 7_2m—15l||dZ/€+1SD||L2(Eg)5lHZk(tr)\_E)||L2(21#)d7-

to

t
+/ | / 8N (RZM 1 p.) o™ L, ZF (e — E)dz | dr,
to by

here one has uscid the identity (L + %@)fl = (2m — 2)@2"‘_3@9@7 + 0¥ 2(L + %@)Lgpv =
(2m —2) 0?3 Lo, + O (517250 9?™~4) due to (4.3). Notice that the last term on the right hand
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side of (9.55) is just j:; o ! |f2 |dT which can be estimated by (9.54), while the other terms can
be estimated by using (8.24), (8.31), (7.4) and Proposition 7.3. Thus we conclude that

t
5% | Ery |S 8570 + 52350/ T 2By <ha (T, w)dT
Dt t to . (9.56)
_'_52_50/ T2m_5/2E2,§k+2(7'7 u)dT+5_l/ F17§k+2(f7 u’)du/.
to 0

Next, 6% [, Ery and 6% [, Ers can be bounded by applying (8.31) and Proposition 7.3
t to

directly as

% [ Ero+ 6% | Bry <6330 £ 6230 cia(tu) + 020y cpra(tu). (9.57)

Dty 2
Then the estimate for I follows from (9.48), (9.54), (9.56), (9.57) and (9.37).This and (9.36)
complete the estimate (9.33) in Proposition 9.1. ]

Based on (9.32) and (9.33), we can end this subsection with

k
o | /Dt Z (Zk+1 + (Zk+1)A) o (Zk+2—j + (Zk+27j)A) (R)D”:;] . (QQMIQA’D’I;-H
s U A:1

1 5.
+ 502m 1@@“) |

. 1, [
S 5 / . z* (R)D2,2(Q2mL<P§+1 + §Q2m 1@5“) | +6 1/ F1 ot U/)dul
Dtwu 0

k-1
+ Z 51+2l / |Zp (R)D”;7—2j|2 . |Z§k‘—1—p (Z)A|2
= D 9.58)

k—1 k
4§12 Z /Dt | Z (Zk+1 + (Zk+1)A) . (Zk;-l,-Q_j + (Zk+2_j)A) (R)D:EJ ’2
j=1 J=1

u u
<o 4571 / Fi<ppo(tu)du’ + 67 / OFy o (t u')du’
0 0

t t
+ 517250 / TmiQEl,SkJrg (T, u)dT + 52760 / 72m75/2E2,§k+2(7', u)dT

to to

+ 52_3€0E1,§k+2(tv u) + 52_€0E2,§k+2(t7 u).

9.2 Estimates for J}

Recall that J§ = ,udiV(Z’“Jrl)C;€ + (Ziy1 + @A) (21 + PIA) @Y does not contain the top order

derivatives of trA and /Apu. Therefore, according to Proposition 7.3 and the expressions of z )D,’; ; in
(9.9)-(9.14) and (9.18)-(9.20), one can get

3
2l+1 z E 7 k1
et [ 13 Gt Lk
Dtu %
J=1

t t
553_250/ 7'_2E17§k+2(7, w)dr + 6 7'_2mE27§k+2(7', w)dr

to to

(9.59)

u
+(51/ Fl’Sk+2(t,u/)du/
0
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and
1
52l‘ . Z Zk+1 ) QmL(Pk—i-l_‘_ 292m 1()0’124-1)‘
Y =1

R ¢ - 9.60
§53250/ T2E17Sk+2(r,u)d7+(53250/ sz*gEg’Sk_s_g(T,u)dT (©.60)

to to

U
s / Fi <t o)/
0

In addition, CIDg is just pullyp~ which has the explicit form in (3.41). Then, Proposition 7.3 and (6.39)
lead to

o /Dt u |(Zky1 + (Zk“)A) o (Z1+ (Zl)A)q)g ~L<,0,]§+1!

t t
SO0 4 570 / T2 AREL ghopa (7, w)dr + 67790 / 732 By <poya(T,u)dr (9.61)

to to
u
+5_1/ Fy <pya(t,u')du
0
and

m T g
5%'/@,“(2’”1 + FA) - (Zy+ PIN)D - (P Ll 4 S0l

£ t
St 4 g7 / T 2B <hpa(T, u)dT + 6770 / T2 By <pa (T, u)dr (9.62)

to to

u
—1—(51/ Fi <pt1(t,u))du’
0

10 The global existence near C),

We are now ready to prove the global existence of the smooth solution ¢ to the equation (1.6) with initial
data (1.7) near Cj. Indeed, substituting (9.15)-(9.17), (9.22), (9.23), (9.30) and (9.58)-(9.62) into (6.35),
and using the Gronwall’s inequality, one can get that under the assumptions (%) with small § > 0 for
i<m<3,

6By <on—a(t,u) + 0Fy <on—a(t,u) + By <on—a(t,u) + F1 <on—a(t,u) S 52720, (10.1)

Based on (10.1), we are ready to close the bootstrap assumptions (x) in Section 4. To this end, one needs
the following Sobolev type embedding formula.

Lemma 10.1. For any function f € H?(S,,), under the assumptions () for § > 0 small, it holds that

Il S 77 SR s (10.2)

a<l

Proof. This follows from Proposition 18.10 of [36]. L]
It follows from (10.2), (10.1) and (7.1) that for £ < 2N — 6,
L2

§NZFp,| < N Z |R*Z* oyllzz (s S (\/El <oN-4+ V/Fa<an—4) S slmeogml/2 0 (10.3)

a<l
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which is independent of M. This closes the bootstrap assumptions (), and hence the existence of the
solution ¢ to equation (1.6) with (1.7) in the domain D%*® can be proved by the standard continuity
argument (see Figure 3 in Section 3.1).

Finally, let T' € {(t +r)L, L, Q} defined in the end of Section 1. For any (¢, ) € Cys, we will refine
the estimate on | I'®¢ | with better smallness O(§2750)

| D¢t 2) |< 62750t Y2, Ja| <2N —9, (10.4)

which will be crucial to prove the global existence of the solution ¢ to (1.6) in Bas.
First, we improve the estimates on derivatives of L*Lyq, L%pq and u — (t — 7).
Using (10.2) again, one can get by (7.1) that

106" 28 (L* @) | oo (5.0)
A<J5l+1/2t71/2<HL(QRS12'B@Q<PO<))”LQ(Z;L) + |’i(QR§12B(i/a<Pa))”LQ(E;L))
§5l+1/2’£_1/2{||RSIZB(EQ%)||L2(21;) + oll[L, R1Z%(L%¢a) | 25y
+ ol RSML, Z7)(L*0a) |l o) + @HRSlZﬁL(ia(Pa)HLQ(E}‘)}-

Since L(L%pq) = (LL*)¢a+L" Lpa and LL® is a combination of (3.26) and (3.32), for | 8| < 2N —7,
one then has

100" 2% (L @)l oo (51.0)

SOV 2 ll 2y + 01T TR 2 L2y }
+ 53/2760“21‘71{HZTLQNHLQ(E”g) + 2220 | 2y }
+ 632t o L LRt || 2 sy + 117 Pt gl 2sy }

S&Q—sot—1/2 +53/2—60t—1/2 /E1,§2N74+53/2t_1/2 /E2,§2N74

55275(%71/27

(10.5)

where [; is the number of T"in Z™ and n; < |3|+i (i = 0,1,2). (10.5) implies that in the domain D4%,
L%, can be estimated more accurately as

SNZP(Lopa)| < 8270732, |8 < 2N —71. (10.6)
Similarly, it holds that
N ZP(L¥Lipa)| S 8750472, |8 < 2N 8. (10.7)
In addition, it follows from (3.27) and (10.7) that for || < 2N — 8,

SN ZPLe| < §2Fog L, (10.8)

which leads to ,
| Z°(1— =) S 0% ¢!, | <2N -8 (10.9)
0

by (4.41) and the fact oy + piw’ = L% — @i + @i’ (1 — 7)) = O(8270t73/2) 4 pwi(1 — )
It follows from (10.9) that the distance between Cyy and Cys on the hypersurface Y is 45 + O(62750)
and the characteristic surface C,, (0 < u < 46) is almost straight with the error O(627%) from the

corresponding outgoing conic surface.
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On the other hand, note that

L=L+p {1~ g) — g L'T7 + (g — 1)gi; T'TI}T + ggijTi(dXﬂUj)X,
L=1 a1 % — ¢l — ggijTiTj}T _ ggijTi(Xm'j)Xa (10.10)
Q=R — p gt LT + p~ e tetalp,T.
When |5| < 2N — 7,
T2 (i ga) =[T, Z9)(8 pa) + ZPT (el )

= Y 2P 2)2P (G ) + 2P (ueT )
|B1]+]B2|=|8]-1
+ 78 (TO‘cha + gmneijT”TaTwa),

and then |TZP (e¢x'p,)| < 61720~! (1 is the number of T'in Z#), which implies that
ILZP(efa"pa)| S 0172070, |Bl < 2N -7 (10.11)

due to the second equation in (10.10) and (10.3). Integrate (10.11) along integral curves of L, and use
the zero boundary value on Cj to get

|28 (efa' 0a)| S 627707, |B| < 2N T, (10.12)
Therefore, in D4%, collecting (10.10), (10.9), (10.8), (10.12) and (10.3) yields
| D%y [S 61702 o] <2N -7, (10.13)

where [ is the number of L in I'®.
Recall that ¢ is the solution of (1.6) and ¢, = 0y¢. Thus (10.13) implies that for |a| < 2N — 7,

| L% |< gt tmsog—1/2, (10.14)
Hence, as for (10.12), one can get that in D% for la] < 2N -7,
| T |< 627120 1/2, (10.15)

For any point P(t°,2°) € Cas, there is an integral line of L across this point and the initial point is
denoted by Py(to, zo) on Xy, with |zo| = 1. It follows from (2.11) that

| L(rY20% L) |< 632007 10ly=3/2 o] < 1. (10.16)
Integrating (10.16) along integral curves of L and applying (2.4) to show that on Cas,
| 9%Lg | < 62207 laly=1/2 ) < 1. (10.17)
Using (10.17) and (2.11) again gives | L(r'/2L¢) |< 620t~3/2, which implies in turn that
[Lo| < o270t Y2,

and hence, | LLo |S §2-20¢=3/2 holds by (2.11). By an induction argument and (2.11), one can show
that on Coyg,
| T |< 6270t~ Y2 Ja| < 2N —9.

Thus, (10.4) is proved.
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11 Global existence inside Bs; and the proof of Theorem 1.1

In this section, we prove the existence of the solution ¢ to (1.6) inside Bays. To this end, define
D; = {(Z?,.’E) it — |JJ‘ > 25,t0 < ES t} C Bss

to be the shaded part in Figure 4 below. Different from the small value problem inside Bss in [8] and [16],
the solution ¢ to (1.6) in D, remains large here due to its initial data on time ¢( (see Theorem 2.1). Note
that for § > 0 small, the L norm of ¢ and its first order derivatives are small on the boundary Cs; of
By (especially, I'“¢ admits the better smallness O(627°) on Cos, see (10.4)).

A

\\ t 2] .//y

D

Figure 4. The domain D, inside By

We will adopt the energy method to get the global existence of ¢ in Bog. To this end, getting suitable
rate of time decay of ¢ by the Klainerman-Sobolev type L> — L? inequality is crucial. However, since
D; has finite lateral boundary, then the classical Klainerman-Sobolev type L> — L? inequality cannot
be used directly in D;. Inspired by the works in [15], [26] and [32], we intend to establish the following
modified Klainerman-Sobolev inequalities.

Lemma 11.1. For any function f(t,z) € C®(R*2), ¢t > 1, (t,z) € Dy = {(t,x) : t — || > 25,tp <
t < T}, the following inequalities hold:

2
- i—1)s |7 1
| f(t, x) IS ;t L=t HP f(t7 ')|’L2(r§t/2)v ’(IJ‘ < Ztv (11.1)
— a 1
| ft2) SIFEBY) [+ Y 72100 (1t e jasr<i—20), 2] > b (11.2)
a<1,]B|<1

where T € {S, H;,Q}, (t, BF) is the intersection point of the boundary Css and the ray crossing (t, x)
which emanates from (t,0), and s is the any nonnegative constant in (11.1).

It should be remarked that though this Lemma and its proof are similar to those of Proposition 3.1
in [32], yet the refined inner estimate, (11.1) is new (the appearance of factor § (i_l)s) and is crucial for
the treatment of the short pulse initial data here that is not needed for the small data case in [15, 26, 32].

Proof. The basic approach here is similar to those for Proposition 3.1 in [32] by separating the inner
estimate from the outer ones. However, to get the refined inner estimate (11.1), we will use a §-dependent
scaling. Let x € C°(Ry) be a nonnegative cut-off function such that x(r) = 1 fro r € [0, 1] and
x(r) =0forr > 3.
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Define f(t,x) = X(‘?—')f(t,x) and fo = f — f1. Then supp fi C {(t,z) : |z| < £} and supp fo C
{(t,z) : |z| > %} One can obtain the inner estimate (11.1) and the outer estimate (11.2) separately as
follows.

First, for any point (¢, ) satisfying |z| < it, fi(t,z) = f(t,z). One can rescale the variable as
x = t§®y, and then use the Sobolev embedding theorem for ¥ to get

s =1ntan s 3 ([ guesxen)rta)”

jof <2
1
S (/ (t5s)2'a‘!(8§‘f)(t,t5sy)|2dy)2 (11.3)
la|<2 [65y|<1/2
S (/ (t6°)711=2 (02 f (¢ Z)Ide)l/Q.
- aj<2 A5t o
Note that A
o 1 z’ B t :L'J_ ) . aa
Oi= = (S = it 59) withey = (—a%,0h) (11.4)

and t ~ ¢ — |2 in the domain {(¢, z) : |2| < 3t}. Then, it holds that

60 f(t, 2)] S I(t = |21)0:f(t, 2)] S [T f(t,2)],
PO2F(t IS Y IPUf(E2)]- (11.5)
o] <2
Therefore, substituting (11.5) into (11.3) yields (11.1).

Next, for (t,z) satisfying || > 1t, by the Newton-Leibnitz formula and the Sobolev embedding
theorem on the circle Sf with radius p and center at the origin on ¥, one has

t—26

Pltr) = POB - [ 0, p0)dp

||

t—26
1 a
2(t, BY) /| ST 19 L2 s 1920 | 2 spy o

ab<1

S A BY) + Z Q0% f (¢, - )H%Q(t/zlgrgthJ)'

a<l1,|8|<1
which implies (11.2). Thus Lemma 11.1 is verified. ]
We also need the following inequality which is similar to Lemma 2.3 for 3D case in [10].

Lemma 11.2. For f(t,z) € C®°(RY2) and t > 1, it holds that for 1 <t <t — 26,

f(t, .
( )| |HL2 F<lel<t—2s) S 2N (8 B poop<af<i—20) + 10F(, )2 < iej<t—2s).  (11.6)

Hlth

We will apply the energy method to prove the global existence of solution ¢ to (1.6) in Bgs. To
this end, motivated by the works on global existence of solutions with small data to 3D nonlinear wave
equations satisfying the first null condition in [9,25], we define the energy as

ZTRQLo 2 (',
Ep(t) = [|]OTFQlp(t, - )22 (SenDy) // |1+ - ‘m)g/z)d xdt’, (11.7)
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where Z € {Zz = w'Op +0;,i = 1,2}, [e {0, S, H1, Hy}. Based on the estimate (2.3) on X, one can
make the following bootstrap assumptions:
For t > tg, there exists a uniform constant M such that

Ep(t) < Mg?5%*, k+1<5 (11.8)

with ag = a1 :2—80,a2:%—80,0,3:%—60,&4:—%—502111(1&5:—%—60.
According to Lemma 11.1, 11.2, and assumptions (11.8), we can obtain the following L estimates.
Proposition 11.1. Under the assumptions (11.8), when § > 0 is small, it holds that

1ZQ=3¢| < Moo/ 16-204=3/2(1 4t — ), |ZDO=2¢| < Mo”8 ==0¢=3/2(1 4t — 1),

| ZT2QS1 g S Mod® 1720132 (1t — 1), |ZT3¢| < Mod™9/ 167204 73/2(1 +- ¢ — ), -
and
90=3¢| < M2/ 16—e04=1/2. 07020 < My6%/8—=04=1/2,
07205 | < M§5/16=204=1/2 30| < Myo—0/16=204=1/2, (11.10)
Proof. First, for |x| < L, one gets from (11.1) that
|1Z0%%9] + [00=2 |
S5 10056 sy + 1Pl asiomy + S IE2005 bl aspy }.
Choosing s = 1—76 in (11.11) and utilizing assumptions (11.8) yield
|ZQ=3¢| 4 093¢ < Mo?>/16—204~ L, (11.12)

Next, for £ < |z| < ¢t —26, choosing f(t,z) = (1+t— l2)) Y ZQ=34(t, )| in (11.2), and applying
(11.6) to Q=1 ZO0=3¢(t, x), one can get
295t 2)|
1+¢— |z
Q=191 20<3¢ (11.13)
WHLQ(tmgrgt—%)

SIQ=IZAS3(t, By )| oo jacr<i—as) + £ /2100 23| 12 fa<r<s—26)-

<1ZQ=3e(t, BY)| + 1712

Since widy + 0; = W'L + 1w Q, |QS1ZQS3¢(t, BY)| < 62750t ~%/2 due to (10.4), then it follows from
(11.13) and (11.8) that i
|1 ZQ=%¢(t, )|

T < Moo?—e0t=3/2, (11.14)
In addition, (11.2) implies directly that
100=3¢(t, )| < Mos>=0t=1/2, (11.15)

Thus it follows from (11.12), (11.14) and (11.15) that
|ZQ§3¢| < M0525/16_50t_3/2(1 +t—r),
’aQSi’)(M S M0625/16_50t_1/2.

Finally, the other cases can be treated similarly as above except choosing different s such as s = 5%
for ZT'Q=2¢ and ZT2Q='¢, while s = % for ZI®$. Details are omitted.



Corollary 11.1. Under the same conditions in Proposition 11.1, it holds that

|02Q=2¢| < Mod®/ 80t~V 2(1 -t — )71,
0P TQ=1g| < Mpo®/ 16720t V2 (14t — 1)1,
|0°T2¢| < Moo —2/10=e04=1/2(1 ¢ — )71,
and
’289§2¢‘ S ]\4059/8—<€0t—?>/27
]Z@fﬂgld < M055/167€0t73/27
’28f2¢‘ 5 M05_9/16_€0t_3/2.

Proof. These results follow from (11.4) and (11.9)-(11.10) directly.
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(11.16)

(11.17)

O

We are now ready to carry out the energy estimates in D; using the ghost weight method in [2]. To
this end, choosing a multiplier W 0;v with W = e2(+t=1)""% ang integrating W 9,vg*? (04)9% v over

Dy yield

/2 ) S {(00) + (14206 +1V6P) Vol — 3 0160;000,0 )W
tNDy

]

| Ziv]?
W
//Dt Z 1+T—T3/2

:/E . 2{(@@) + (1+ 2016 + |V Vo = 0:¢0;¢0,00; U}W

7]

\/5/ {%(1+28t¢>+ IVol*) ((Lv)* + (92)2) — (Lo +
Ca5NDy r

- % Z &cbajgvaZJv}W
2,J

1 - . o
+ //Dt 5{ Z(—2at¢5” + 0;00;¢ — |Vo|*69) ZivZjv — (w'w?
~ 69) 21921000 + 2 (Zi0) (O) |

(1+7—7)32

/Dt W@tvgaﬂaiﬁv+//Dt [0(20¢-0v-0v) + 006 20690 - 00) W

+ [ ofa-utow) S zwp + X wos0zuzlw
Dy i i,j
Note that due to (11.10), the integrand of fEm Dy in (11.18) is equivalent to

((0p)?* + |Vo))W,

and the integrand of |, Cos Dy in (11.18) can be controlled by

{(Lv)* + T%(Qv)2 + 62750773/2(8751))2}1/1/

(Q¢)°
272

(11.18)

(11.19)

(11.20)
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with the help of (10.4) and Z; = w'L + %Q, here we have neglected the constant coefficients.

Inserting (11.19) and (11.20) into (11.18), and utilizing Proposition 11.1 and Corollary 11.1, one
then can get by Gronwall’s inequality that for small § > 0,

|Zw]?
o) + Vo)W + // ——— W
/Etth (( tv) | U‘ Dy XZ: 147 —7)3/2
5/ ((Br0)* + Vo)W + // | Wowg*?02 v | (11.21)
Xty NDy Dy
+ /~ {(Lv)* + %(Qv)2 + 52760773/2(&51})2}1/[/.
CosNDy r

To close the bootstrap assumptions (11.8), we apply (11.21) to v = k0l (k+1<6). By (10.4),
[(LT*QI9)? + L(QTFQl)? + 527207 73/2(9,T*Q!¢)?| < 64~20775/2 holds on Cys. Therefore,

1
/(} . {(Lv)2 + 72((21})2 + 52_607_3/2(@@)2}14/ < g4 %0,
28 t

In addition, on the initial hypersurface Xy, N Dy, it holds that |9Q'¢| < 8270 and |aTFQlg| < §3—F—=o
for1 <k <6 —1by(2.3). Hence, (11.21) gives that

Br(t) S 6720 + / / | (OFFQ') (g™ 92, T400) |, k< min{1,6— 1} (11.22)
Dy

Epa(t) < o7 2k280 4 // | (0T ¢) (9P 025TFQp) |, 2<k<6-1. (11.23)
Dy

It remains to estimate [, | (9,T%Q'¢)(g*?02,T*Q!¢) | in (11.22) and (11.23).
Theorem 11.1. Under the assumptions (11.8) with 6 > 0 small, it holds that
Epi(t) S 8% *, k+1<6, (11.24)
where ay, (k = 0,1,--- ,5) are those constants defined in (11.8), ag = —% — €0, and L is some constant
multiple of 5° with 0 < ¢ < % — 2¢p.
Proof. Acting the operator T*€)! on (1.6) and commuting it with g®? o2 5 yield
g*Po% TRl = > Gy (0TH ¢, 0°T™ 02 )

ki + ko <k, l1+1l2 <1
ko +1lo <k+1

+ > Go(AT*1Ql ¢, oTF2Q02 ¢, 92 TR Q3 ),
k1 4+ k2 + k3 <k
l1 +1l2+13 <1
ks 413 < k+1

where (i1 is a generic quadratic form satisfying the first null condition, and G is a generic cubic form
satisfying the second null condition. Hence it follows from Lemma 2.2 in [20] that

/ /D | () (P02, T 0lg) |

5// \af’m&m{ > (|Z2TFQh g - 162TR2 Q2 ¢| + (T Q1 ¢| - | ZOTF2 Q2 ¢])
Dy Ri+ ko < kydy 412 <1
ko +la < k+1

+ > (|ZzTRQhg| - |aT*2 Q2| - |9*TRQl | + [T Q1 ¢ - |OTF2 02 ) - |Zaf’f3§zls¢|)}.

(11.25)
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Next we estimate the right hand side of the inequality (11.25). In fact, as it can be checked easily that the
last summation in (11.25) has better smallness and rate of time-decay, one needs only to pay attention to
the term involving the first summation in (11.25). This will be carried out case by case below.

Case 1: kK = 0and [ < 6. There are two subcases: [ < Iy and [; > [s.
Ifl; <lo,thenly < 3,ls <[ — 1. Then Proposition 11.1 implies that

‘Zﬂll(ﬂ S/ M0525/167€0t73/2(1 +t— 7“), |8Qll¢‘ 5 M0525/16750t71/2‘
Thus, one has by (11.4) that
[ 100011200 0110706 + 06261 - 200 )
Dy

t
Mos* 1572077321090 || 123,y 1(1 + 7 = 7)0*Q2 | L2 (3, AT

to
t
t M0525/16_5°T_1/2|’89Z¢HL2(ETOD0 HZGQI?(bHLQ(ETODt)dT (11.26)
0
§/t 7732109%%| 725 apyy T + ) M2525/8 2032000 o s, p,ydT
o 0

t 5 t
S Z /to 7'_3/2E0,a(7')d7' + M02525/8_250 Z /tO 7'_3/2E1,a(7')d7'.
a=0 a=0

If Iy > Iy, then Iy < 2. Then Corollary 11.1 implies that
0202 ¢| < Mos®/8~50t=V2(1 4t — )7L, | Z0QR2¢| < Myd?/8—c0473/2,

Thus,
/ / 0006|1290 610702 6] + |00 | - | Z0024))
Dy

5t
SM059/8_80{// —1/2|an¢| ‘ZQ ¢| // 3/2‘an¢’ |8Ql1¢‘}
Dy

I b2
1150 209/4-2 |ZQh |
55</t0 02 ¢HL2 EmD)dT—i_M Y - C// 1+ (r—7)2

+ Mod?/57=0 Z /t 721|096 22 (5, Dy AT (11.27)
=0 710

t 6t
<6 / T o (r)dr 4+ MgS*/ 0 By (£) + Mod”3 =0 ) / 732 By o(7)dr.

to
Inserting (11.26) and (11.27) into (11.22) yields
t
Z Eo,(t) < 64250 4 M2525/8- 220 Z/ 732 o (7)dr 4 6 / T By (r)dr,  (11.28)
1=0 to

where one has used s € (0, 2 — 2g() and Grownwall’s inequality.
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Case 2: k = 1 and [ < 5. There are also two subcases below.

If k1 + 11 < ko + 1o, then k1 + 11 < 3. Since the case k; = 0 can be treated as in Case 1, we assume
that k1 = 1. Then applying Proposition 11.1 gives

|ZDQM ¢| S Mod®8~20t3/2 (1 + ¢ — 1), |O0Q"¢| < Mos®/8~0171/2,
Since k2 + I3 < 5, thus for § > 0 small, one can get that
//D 0Tl p|{|ZTF1 Q1 | - |0’ TR2Q"2 9| + [oT Q1 g| - | ZOTF2Q"2 | }
:
S [[ 1oratel1 280t ol 10°0 ) + 20 - P10l
t +[oTQM ¢ - | 20922 | + |09 ¢| - | ZOT =12 9| }

. 6 (11.29)
t t
S Z /to 7_3/2E1,a(7)d7 + M359/4_250 Z /to 7_3/2E0,a(7)d7
a=0 a=0

4t
+ Mgo/820 / 72 By o (7)dr.
a=0"to

If k1 + 11 > ko + lg, then ko + 5 < 2. Note that the case ko = 0 can be treated as in Case 1. Thus
we assume ko = 1. Then Corollary 11.1 implies that

02002 | < Moo®/ 1672504~ 12(1 4t — )7L | ZOTQR2¢| < Mys®/16—504=3/2,

It hence follows from (11.8) that

// 00| {|ZTF1 Q1 | - |0’ TR Q2| + [oTH1 Q1 ¢| - | ZOTH2 Q29| }
Dy

: 6 5 t
<5 / T B (r)dr + MGSS /B0 Y " Foa(t) + ) / TV Bra(r)dr (11.30)
a=0"710

to a=0

6 t 5
RS [ S )
a=0"10 a=0

Similarly as in Case 1, one can substitute (11.29) and (11.30) into (11.22) to get

5
Z Eq,(t)
1=0

6 ,t ¢
SO0 4 MO8y / 72 By o(r)dr + 6° / T By (r)dr (11.31)
a=0"t0

to

6 4 t
- MOS0 S By (1) + M2/ 20 S / 732y o(r)dr.
a=0 a=0""0

Case3: 2 < k <5and! < 6 — k. One then needs also to separate two subcases.
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If k1 + 11 < ko + 1o, then k1 4+ I3 < 3. Then Proposition 11.1 implies directly

// TR Q| {|ZTF1 Q1 g - [0’ TR Q2| + |OTH Q1 | - | ZOTH Q2| }
Dy
6—k t 8—k t
SZ/ 7—_3/2Ek,a(7)d7—+M025_9/8_2€OZ/ 732 By g o(T)dr (11.32)
a=0"to a=0 " 10
Tk .t 5—k .t
+M§55/8_2€°Z/ 7—3/2Ek_17a(r)d7+M§525/8—2€0Z/ 7_3/2Ek+17a(7)d7.
a=0"7t0 a=0"1t0

If k1 + 11 > ko + lg, then ko + I3 < 2. It then follows from Corollary 11.1 that

// orkQlg|{|ZTR1 Q1 ¢ - [0 TR Q2| + |OTH Q1 | - | ZOTH Q2| }
Dy

t T—k 6—k ¢
<6 / T By (r)dr + M0 N "By o () + ) / 732 By o(7)dT
a=0"10

to a=0
—k (11.33)
e D S MU RS L) B RS DT
a+b<6,a<k—2 a=0"%o
t 6—k
+ MgoTO/80 N / T2 By (T)dr + MG 6”420y " By o (1),
a+b<6,a<k—27 10 a=0
Substituting (11.32) and (11.33) into (11.23) yields
6—k
> Br(t)
1=0
t
SR D DI / 2B (1) + 6 (1) }
a+b<6,a<k—2 M0
e (11.34)
S| / B o(7)dr + 6 By a(0))
a=0 to

5—k ¢ 6—k .t
+ M5525/87250 Z/ 7'73/2Ek+1’a(7')d7' +6° Z/ TﬁlEk,l(T>d7'.
a=0"10

1=0 710

Cased4: k=6and ! = 0.
We start with the subcase k1 < ko. Then k1 < 3. Hence similar arguments as for (11.32) give that

//D 008 |{| 2T 6| - |0°TR2 | + |0TF1 | - | ZOT 2]}

¢
—3/2
/ T Eqp(7)dr (11.35)

to

t
< / 7732 B o(r)dr + Mg s~ 2/8 20
to a+b<6,a<4

1 t
MR Y / r 325 (r)dr.
a=0"t0
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In the subcase k1 > ko, one can get from Proposition 11.1 directly that

//D 00| {| ZT% | - [9°TF2g] + [O0*1 | - | ZOT 2] }

t 1 t
<6 / T B o(r)dr + MGSY /8707 Y " By o (t) + / 732 B o(T)dr

to a=0 to
1 ’ (11.36)
+ M§5*9/8*250*< Z Eqop(t) + M355/87250 Z/ 7'73/2E5,a(7')d7'
a+b<6,a<4 a=0"to

t
Page s S [ s+ MBS B )
a+b<6,a<4” 10

Collecting (11.35) and (11.36), and applying (11.22), one gets that

t
Bgo(t) S67°72% 4 Mgs—2/8720 3~ / 732 Eap(r)dr
a+b<6,a<4 V0

1 t t
#3352 S [0 (a4 6 [ 77 Bua(r)dr (1137)
a=0"10

to

1
+ M365/8—250—§ ZEﬁ’),a(t) + M35—9/8—280—§ Z Ea,b(t)'
a—=0 a+b<6,a<4

Letbg = b1 =0, by = %, by = %andbl€ =2k —3fork =4,5,6. As0 < ¢ < % — 2g09, we sum
up the inequalities (11.28), (11.31), (11.34) and (11.37) with the weigh 6% for Ey; (k+1<6),and use
the Grownwall’s inequality to obtain

> (1) S 00,
k+I<6

which proves (11.24). O

As for the My-independent energy estimate in (11.24), we can also obtain the M, independent L*°
estimates of ¢ and its derivatives corresponding to Proposition (11.1) and Corollary (11.1).

Corollary 11.2. When § > 0 is small, it holds that in the domain Bsg,

|ZQ§3¢| 5 525/16*50t73/2+b(1 +t— ’I”), |ZfQ§2(;5’ < 59/8*€0t*3/2+L(1 4t T),
2120519 S S/ A (et =), (2T S 9T (=),
|8Q§3¢‘ S 525/16—80t—1/2+b’ |8f\9§2¢| 5 59/8_60t_1/2+L, ( : )
‘6f‘29§1¢’ g 55/16—80t—1/2+l,7 ’8f3¢‘ S 5—9/16—5015—1/2—“7

and

|82QS2¢| 5 69/87€0t*1/2+L(1 +t— T)il, ‘82f\9§1¢| SJ 55/167€0t71/2+L(1 +t— 7”)71,
|a2f2¢| 5 6—9/16—80t—1/2+b(1 +t— ,r_)—I’ |289S2¢| 5 59/8—€0t—3/2+b’ (11.39)
|ZOTQS | < §5/16-204=3/2+e, | Z012¢| < §9/16-204=3/2+¢,
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Compared with (11.8), Proposition 11.1 and Corollary 11.1, though the estimates in (11.24) and
Corollary 11.2 do not depend on M, yet they contain increasing time factors ¢2* or ¢*. To overcome this
difficulty and close the assumptions (11.8), we now study the equation on the difference between ¢ and
¢aq, Where ¢, satisfies

— 0} + Doy = 0,
ba(to, z) = d(to, ), (11.40)
Orpa(to, ©) = Orp(to, ).

Proposition 11.2. ¢, defined by (11.40) satisfies the following estimate on the hypersurface >y N Dy:

. ZTRQ g, 2 o420k =0,1,
/ \8Fle¢a|2dx+// | T ) ) e < (11.41)
Y+NDy Dy

(L+7— [z[)?? 5T >0,

Proof. Let
DY :={(t,2) : 0 <t — |z| <20,to <<t}

One can estimate ¢, in D by the energy method. Indeed, it is easy to check that
. 2 . 1 . .
/ 0Z%q|? + \f/~ (ILZ%¢al® + 5 102%a|?) = / 102%q|?, (11.42)
5,nDO 2 Jéysnpo r S NDO

where Z € {8,Q, S, Hy, Hy}. The initial data of ¢, in (11.40) satisfy |8Z°‘¢a|2tomDo < =0~ with [
being the number of 0 in Z. Therefore, (11.42) implies

. 2 A 1,4
/ 02 o) + f/ (ILZ%a|* + —|QZ%,|?) S 9372072, (11.43)
$NDO 2 Jéysnpo r?
By the following Sobolev’s imbedding theorem on the circle S. (with center at the origin and radius )
ho(t,2)] < =I5 0]l 2gs:
) ~ \/; L2(St)»

it then follows that for any point (¢, z) in DY,

|Z%¢a(t,2)] S HPNQ5 2% Gul 25,y S 42021005 2% Gal |2 (mnpoy S 77T,
(11.44)
In addition, T®¢, solves

L(r'2LT%¢,) = %r‘l/QLfo‘an,

which implies |L(rY/2LT%¢,)| < 627°0¢72 by (11.44) since T € {S, Hy, H>,Q}. And hence, on the
surface Cg, |[LT%¢,| < 62750t/ holds after integrating L (r'/2LT*¢,) along integrate curves of L
on 025. Then,

LT g, | + %|le¢a| < 627504732 on Oy

By an induction argument, one can get
- 1 - -
|LTFQ gy | + = |QTF QN g, | < 627504732 on Cos. (11.45)
T

Therefore,
- 1 -
/ (ILT*Q g |* + < |QTFQ pg|?) < 6420, (11.46)
CasNDy r
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It follows the property of the weight function W in (11.18) and (11.40) that

| ZTRQ g, |2
r)3/2
(11.47)

WIOTFQL gy | + //

/EtﬁDt ‘ | Dy (1 +7 -

/ W|orkQle, > + V2 W (|LT*Q ¢, |
Etof-‘lDt 2 éggﬁDt

Then the estimate (11.41) is a direct consequence of (11.47), (2.3) and (11.46)
Similarly as for Proposition 11.1, one can use Lemma 11.1, 11.2 and Proposition 11.2 to get the L>°

1 ~
+ T—Q|QF’“QZ¢@]2).
O

estimate of ¢ — ¢, in D;. Indeed, let qb = ¢ — ¢q. Then ¢ solves
2

2
— o+ Ld=2 Z 0;0010;¢p — 20, N + Z 8;00;00:0;6 — |V o> Ao,
i=1 ij=1 (11.48)
(to, x) = O d(to, ) = 0.
(11.49)

Proposition 11.3. If 6 > 0 is small and k + 1 < 5, then
kOl
|ZP Q¢’ t/ )d dt/ 552ak.

orkQ! / /
H ¢HL2 EtﬂDz Dt 1+ tl ’m|)3/2

Proof. By commuting the operator T*Q! with —0? + A\, and noting that the right hand side of the
equation in (11.48) satisfies the first and second null conditions, one then has from (11.38) and (11.39)

that
(=07 + AT
(|ZzTF1Qh g [0’ T QR | + |oTM Q1 | - | ZOT Q2 )

DY

ki +ka <k

1 +12 <1
(12T Qhg| - [Tk ¢| - |0°T Q" g

DY

k1 + ko + k3 <
Iy +1l2+13 <1

(11.50)

k
+ [or* Qv g| - |aT Q2 ¢| - | ZOT Q5 ¢))
)0 TF2Ql2¢| + 6%kt~ /24 ZoT R Q2 |}

{6%mt =32 (14t —

DY

k1 + ko <k
) 1|Zrlel1¢| +5wk2+1t—3/2+b|ark19l1¢|}

1 +12 <1
k1+11 <2
{5wk2+1t—1/2+L(1 + t—r

LD

ki1 + ks <k
1 +1l2 <1
ko +12 <2

where wp — 16 €0, W1 = S Ep, W2 = 16 Ep and w3 = 16 £p. AN ence,

I(—07 + A)ka%HL?(Eth)

Yt
min{2,k}
Z \/ Epa(t)
(11.51)

< Z 5w5t—3/2+L
p+qg<6

~Y
s=0
p<k—s+1

min{k+1,3} ~ =~
o ZirQag .
et/ Z {”mHLQ s F1 szq@)}-

+ D
s=1 p+q<5

p<k—-s+1
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On the other hand, by Lemma 11.2 and Theorem 11.1, one can obtain that

ZTrQi¢
I+t—r

Ir2(npy S 6770t 4 g% (11.52)

Substituting (11.52) and (11.24) into (11.51) yields

min{2,k} min{k+1,3}
(RN I ST EE T et
s=0 s=1

<5ak+1/8750t73/2+2L'
(11.53)

Integrate W (9,1 Q) (-0 + A)kalq'ﬁ) over domain D; with W = e2(+t=")""% 45in (11.18). Then
it follows (11.53) that

- . %1% s .
WOk o[ + // — __ZT*Q)?
/ztth | | p, (1+7— 7”)3/2| |
s [ jartatsp e [[ wiarkels)- (-0 + a)iatd
StoNDy Dy
- . 1 - .
+ / LFle¢|2 + = QFle¢ 2
C’Q&ﬂDt (’ 7'2‘ ‘ ) (1154)
t .
S/t 7_—3/2+2L”8Fkﬂl¢”%2(2TnDt)dT+ 51/4—250+2ak
0
§172%%0 k< min{1,5 -1},
" 6720 9 < k<51

Therefore, (11.49) follows from (11.54) directly since ¢ > 0 is small enough and g9 < % holds. [

Theorem 11.2. When § > 0 is small, there exists a smooth solution ¢ to (1.6) in Bos for t > tg.
Proof. Since ¢ = ¢, + gi), then Proposition 11.2 and 11.3 imply that
Ep(t) S 6% fork+1 <5, (11.55)

which is independent of My, then the assumptions (11.8) are then improved. ]
Finally, we prove Theorem 1.1.

Proof. Theorem 2.1 gives the local existence of smooth solution ¢ to (1.6) with (1.7). On the other hand,
the global existence of the solution in Ass and in Bygs has been established in Section 10 and Theorem
11.2 respectively. Then it follows from the uniqueness of the smooth solution to (1.6) that the proof of
¢ € C®([1,+00) x R?) is finished. In addition, |V¢| < 61750t~ /2 follows from (2.1), (2.2), (10.3),
and the first inequality in (11.10). Thus Theorem 1.1 is proved.

O]
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